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The Earth
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Dynamo mechanism

szczotka komutator
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Convection cells
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Taylor-Proudman theorem

2Q x u=—Vp,

(Q-V)u=0,
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a—u+(u-V)U:f—vn+i(B-V)B+vv2u,
dt Hop
%?+(U-V)B:(B-V)U+nV2B,

V.U=0 V-B=0,

where M= p/p + B2 /2uop — (2 x x)?/2.
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Means

We separate the variables into means and fluctuating parts,
U=(U)+u', B=(B)+b, p=(p)+p,

3(§‘?;w(<u> X (B))+V x (u x by + 0V (B),

and we put forward the assumption of scale separation between the
slowly evolving means and the typical spatial scale of turbulent
eddies

The EMF: &= <u’ X b'>
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Equations for fluctuations

ou’ — vV +((U)-V)u' —((B)- V)b +VI' =

ot
f-V-(uu—bb)+V- ((dd)— (b))
— (v -V)(U)+ (b -V) (B),

I 4 (U)- V)b — ((B)- V) =

ot Y
Vx (u xb' —{uxb))+(b-V)(U)—(u-V)(B),
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only two Fourier modes in time and one in space

Relax stationarity

)

v (x,t) = (ﬁ(l)eiwlf + ,’_‘,(2)eiwzt> oikx

sk) = (v b>
- % { g(Deiont 4 ,’_‘,(2)eiw2t> % <B(1)*efiw1t+B(2)*e,iw2t>]
= %9{ [g(l) w« P eisor L p2) o p)* _iAwt}
Lote [0 x 5O 4 - (2)
el (1) e
+2‘.Ke [u x b x b ]
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The non-equilibrium effect

@@(k) = %%2 [fl(l) X 3(2)*eiAwt + ,’_‘,(2) X B(l)*efiAwt

Aw - small, so that 2n/A® > T where T is the mean field
evolution time scale - EFFECT OF BEATING WAVES.
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More generally

Introducing Fourier transforms

o' (x,) = [ @k [ doi (ko).

We apply the first-order smoothing approximation and neglect the
nonlinearities. In such a case one obtains

T T 0
2 .
ati lpcoa_lk <Bz>) gtk Bl o kBl
u u u¥q Yuty Yun
where 2 () 2 (B)
Gij = ax; Mj = Ix;

2
yu:—i(a)—k~<U>)+vk2+(k'}</nB>), 7/,,:—i(a)—k~(U))+nk2
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The electromotive force

~ k' (B
Sijk<ﬁj((l),k)bk (0)’,k’)>:i "; >n€,’jk<ﬁjﬁ;<>
n

IB), 1, U1 /. o
—sykiaxpk%< >+8Uk 9% 74,< b>

Substituting for b and treating the gradients of means in a
perturbational manner

" kI (B), . n
8Uk<ﬁj(a’ak)bk (w'7"')> _1; i &k (00
n
2(B), 1 i aU), kl, ,. .
—8UkTpk?n< />+18Uk B>n 8ka7/2< UI>
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Homogeneous, isotropic turbulence

(Oi(k,)d;(k',0")) = [E (0,0, k) Pj(k)+iH (®,0', k) k] §(k+ k')

Then

Ay
£k d4qe (k-x— wt/ d4 /1(kx wt)<uj((0 k)bk(a) k’)>

= B>,/dk/da)/da)’ei(“’+“")tkH(a),a)/,k)
8 I —i(o+0) k?
—?[V ]/dk/da)/da) E(a)a) k)
. , 4
—%” (V)T //dk/da)/da)’el(“’“’)t;(QH(a),a)’,k)
n
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Homogeneous, isotropic, nonstationary turbulence

E (0.0 k) =e(0’ k) A(0,0;d,T),

H(w,o' k) =h(0® k) A(0,0";d,T),

LAY )

(ui(x, t)ui(X, t)) ~ 1+ =sin(®t).
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Homogeneous, isotropic, nonstationary turbulence

The final result
&=a(B)—-1nVx(B),

where

/(a)

0s P

=(n)
_ m , N=h
M= e,

sin (@t + ¢g)

sin (@t + ¢y)

5 1(0) (1)

(J) (D
tan¢a P tan¢n )

n i (a) nl 2(77)

The corrections from nonstationarity can be dominant.
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Force-free solution

V< (B) = K(B),
where K is a scalar constant; this ensures vanishing of the Lorentz
force V x (B) x (B) =0. On defining the magnetic energy and
phase shifts
1
Em:§<8>27 (POC:Ov (Pn:”,
we get a well suited case study - the maximal enhancement of the
field takes place when the effect of the resistive decay is the
weakest (STABLE FIELD) and vice versa - the strongest resistive
decay of the mean field is associated with the weakest amplification
by the a-effect (EXCURSIONS). In such a case we get
JdE,, _ ~ En
—— =20pK (1 +cosDt) ———,
ot ok ( ) 1+AE2
En
1+ AE2’

—2k2 [n (1+AE2) + flo — Tlo cos (@t)]



Force-free mode
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Force-free modes
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Force-free modes
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Geodynamo from beating MAC waves at the top of the core

The dispersion relation for the Magnetic-Achimedean-Coriolis waves

1 2
A2 2 2 2
©i234= 5 {a’c +20y — o3+ \/(co% —}) +4“’%“’/2w} ;

Bk k ke
oy = ) (J)C:2.Q'*, WA = ga 677
/Hop k VerT K
The eigenmodes
k.kn . ox®; kk | (ki
uf-:%,-[éz_ 2h_1 A2K v 2h ez} eltiexon),
ki OF — wy ki

(O i
b= —/lgp—2u’.— —T-u'
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And the EMF
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Geomagnetic reversals from beating MAC waves at SOC
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Geomagnetic reversals from beating MAR waves within bulk
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Dynamo number and time-scales

0.0, b |

@ - ’f, 1
ils )
Short, sign-change time scale

1
2 |2+2 ()|

Ttast — < 1, (2)

is much sorter than the typical time scale of energy evolution.

e Small value of the dynamo number 2(t) at a given time t,
followed by its rapid increase seems to be a good indicator of
an approaching strong decay of the dipole field, i.e. a reversal
or a strong excursion.

@ A short time-scale Tp(t), decreasing as the dynamo number
increases, suggests forthcoming occurrence of the sign change,
i.e. that the excursion should become a reversal.
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o Relaxed stationarity of turbulence - interactions of distinct
waves lead to non-vanishing EMF, even in the absence of
diffusion.

e Both & and 7 depend slowly on time, with different phase
shifts, leading to an Earth-like long-time behaviour of the
magnetic energy, including 'random’ reversals and excursions.

e Small value of the dynamo number Z(t) defined in at a given
time t, followed by its rapid increase seems to be a good
indicator of an approaching strong decay of the dipole field,
i.e. a reversal or a strong excursion.

@ A short time-scale g (t), decreasing as the dynamo number
increases, suggests forthcoming occurrence of the sign change,
i.e. that the excursion should become a reversal.
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Inclusion of nonlinearities - renormalization

Renormalization is based on Taylor expansions in a
parameter, which is initially assumed small (treated
perturbationally) and identification of a recursion
scheme which allows to contract the series.

f=efi+€h+....
If we are able to formulate the asymptotic problem in the
following way
df,
T
and we can solve this equation, then we contract the series.

F(k, fx),

Simplest example
1
1—x

0<x<1,  f(x)= =1+x+x2+- =1+xf(x)
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Inclusion of nonlinearities - renormalization,

@t < 1,||(B)]|-weak

Nonlinear evolution of fluctuations, i.e. we include the terms
V- (uu—bb) and V x (u x b) in the fluctuational equations in a
perturbational manner (cf. Yakhot and Orszag 1986, J. Sci.
Comput. 1, pp. 3-51, Mizerski 2020, Astroph. J. Suppl. Ser.
251:21)

N " Dy kik; Dy
<ﬁ(k,a))1§~(k’,w’)> = [kﬁo <5ij— ll<2]) g S,Jkkk} S(k+k')A (0,0
Leading order,

&= & —Gs (B)?,

Gia re — (hk) 1o vtn dley (e
6(v+n)K2 12(v+n)vKZ dt  6(v+1n)’ K2

e o () 1_3v2+13vn +4n2 9 (ey)
>~ T 1svn (v+1n) K2 sn(v+n)vk2 dr |’

The sign of the non-equilibrium corrections depends’on 9; {ey).
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TSDIA - non-equilibrium cross-helicity effect

Two-Scale Direct-Interaction Approximation, Mizerski, Yokoi,
Brandenburg 2023, submitted to J. Plasma. Phys. It is based on
introduction of point-force Green's response functions of the MHD
turbulence.

Leading order,

ar~— ot ((u-w)—(bj)),

3
b, «/ / / / o
e [ 0 ) 0 (1) 9,

where the second effect is clearly a non-equilibrium effect,
associated with the cross-response functions between the magnetic
and velocity perturbations. It can be argued that

(u' (x,7)-j'(x,7)) is proportional to the kinetic helicity, hence this
effect relies on 3 factors - non-stationarity and co-existence of the
cross and kinetic helicities.
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(A-B)=(A)-(B)+(a"-b"). (3)

The total magnetic helicity ¢, = [, A-BdV in the entire fluid
volume V is always conserved in the absence of fluid’s resistivity,

D
—/A-BdV:O — /<A>-<B>dV:J"fm7/(a"b’>dV, ‘
Dt Jv v v
(4)
The general evolution of the fluctuational magnetic helicity is
governed by the following equation

D

Dt< / b/>__2@p <B>

+V-[(u-a") (B) 4 ([((u) +u') -a’ — 9'] b') — ((a'- (B)) )]

+n(V?a'-b)+n - VD). (5)
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