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A
tion of E and B (Leenov & Kolin 1954, Marty & Alemany 1984)?� Liquid: 
urrent j = �(E�r� + u ^B); Lorentz body for
e f = j ^B� Pn : 
urrent jn = �n(E�r�n + u(n) ^B); Lorentz body for
e fn = jn ^BMigrations triggered by: E;B and � � �n!Unknown quantities: liquid 
ow and rigid-body motions u(n)(u; P ) and (U(n);
(n))?Potential appli
ations?� Solid impurities removal in 
ondu
ting liquids (liquid metals, liquid glass)� Parti
ules separation or/and deposition on solid boundaries



Previous results� Kolin 1953, Leenov & Kolin 1954. Analyti
al solution for a 
ondu
ting sphere� Marty & Alemany 1984: experiments for 
ylindri
al and spheri
al bodies� Mo�att & Sellier 2002: symmetry 
onsiderations for an insulating parti
ule� Sellier 2003, 2004, 2005, 2007: boundary formulation for arbitrarily-shaped insulating parti
ules,analyti
al solution for 
ondu
ting ellipsoids, numeri
al solutionfor 
ondu
ting and arbitrarily-shaped parti
ules, parti
ule-parti
ule intera
tions fortwo insulating parti
ules.Some basi
 issues� Case of arbitrary 
olle
tions of solid and 
ondu
ting parti
ules:asymptoti
 and numeri
al analysis. Present work!� Case of bubbles: under investigation.� Case of wall-parti
le intera
tions.Sellier 2006: semi-analyti
al solution for a sphere. To be further extended to several parti
ules.� Case of droplet? Mi
ro-mixing inside the droplets?



Adopted assumptions�Small parti
ules with typi
al length and velo
ity s
ales a and U su
hRe = �Ua=�� 1; Rm = �m�Ua� Re; M 2 = �B2a2 � 1Consequen
es: de
oupled ele
trostati
 and 
ow problemsB; j � �(E�r�); jn � �n(E�r�n)� Ele
trostati
 problemr2�n = 0 in Pn; r2� = 0 in 
; r�! 0 if r !1;�n(E�r�n):n = �(E�r�):n and � = �n on SnWell-posed. Permits to 
al
ulate the net for
e and torque exerted on Pn :F0n = �n[ZPn(E�r�n)dv℄ ^B; G0n = �n ZPnOnM ^ [(E�r�n) ^B℄dvHen
eforth, we use the de
ompositions and notationsF0n = �n[Vn(E ^B)�An ^B℄; G0n = �n[Cn ^ (E ^B)�Bn℄An = ZPnr�ndv; Cn = ZPnOnMdv; Bn = ZPnOnM ^ (r�n ^B)dv



� Flow problem for (u; p + �(E ^B):x)r:u = 0; �r2u = rp + �r� ^B in 
(u; p)! (0; 0) if r !1;u = U(n) +
(n) ^OnM on Sn- Non-uniform body for
e a
ting in the entire liquid domain!- If (u; p) has stress tensor �the 
ow exerts on Pn the net for
e and torque:Fn = ZSn �:ndS � �Vn(E ^B)Gn = ZSnOnM ^ [�:n℄dS � �[ZPnOnMdv℄ ^ (E ^B)� Additional relations U(n);
(n) ?Parti
ules of negligible inertiaFn + F0n = 0; Gn +G0n = 0- Quite a very few analyti
al solutions (sphere, ellipsoids)- Numeri
al method? Iterative pro
edure? High 
pu-time 
ost and poor a

ura
y!



Analyti
al solution for a 
ondu
ting sphere�Sphere with radius an and 
ondu
tivity �n (Leenov & Kolin 1954)
(n)0 = 0; U(n)0 = �a2nCn3� (E ^B); Cn = �n � ��n + 2��Possible to 
al
ulate the velo
ity �eld u about the sphereIt the sphere has 
enter On and xn = On; rn = jxnj thenu = �a3nCn4�rn [( arn)2 � 1℄[(E:xn)B + (B:xn)E℄ ^ xnr2n+3an4rN [U(n)0 + (U(n)0 :xn)xnr2n ℄ + a3n4r3n [U(n)0 � 3(U(n)0 :xn)xnr2n ℄ + a3n
(1) ^ xnr3n�Fruitful resultats for several distant spheres- Using the so-
alled re
e
tion method- Case of 2 distant spheres (today)- Case of several \equally" distant spheres: a
hieved (too long to present)- Spheres intera
tions: short or long range ones?- Sensitivity to (E;B)?



Case of 2 distant spheresx2
O �� �S2 
a1 P1O1O2a2 P2B = Be2E = Ee3 nn S1 x3

(�; �)

� Here d = O1O2 � a1 + a2 and e21 := O2O1=d:The asymptoti
 analysis yields

U(1) � U(1)0 + 34(a2d )�U(2)0 + (U(2)0 :e21)e21 � �a22C23� V	 +(a2d )3��a22C24� V + �a21C26� (1� 2C1)E0 ^B + a22 + 2a214a22 [U(2)0 � 3(U(2)0 :e21)e21℄	;
(1) � 34(a2d )2�U(2)0 ^ e21a2 + �a2C23� [(E:B)� 3(E:e21)(B:e21)℄e21	;E0 = E� 3(E:e21)e21; V = [(E:e21)B + (B:e21)E℄ ^ e21



By superposition suÆ
ient to deal with 5 di�erent Cases�Case (i): B:e21 = 0 and E ^ e21 = 0U(1) � U(1)0 + �32(a2d ) + (a2d )3[(8C1 � 1)a21 � a224a22 ℄	U(2)0 ;
(1) � 34(a2d )2U(2)0 ^ e21a2�Case (ii): E:e21 = 0 and B ^ e21 = 0: 
(1) still given as above andU(1) � U(1)0 + (a2d )3[1 + (1� C1)a21a22 ℄U(2)0�Case (iii): E:B = E:e21 = B:e21 = 0: This time 
(1) = 0 andU(1) � U(1)0 + �32(a2d )� (a2d )3[a22 + 2a212a22 ℄	U(2)0�Cases (iv)-(v) with E ^B = 0:E:e21 = 0 for (iv) and E ^ e21 = 0 for (v). Here U (1) = 0 and
(1) � 34(a2d )2�a2C23� (E:B)e21 (iv); 
(1) � �32(a2d )2�a2C23� (E:B)e21 (v)
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Surfa
e quantities for the ele
trostati
 problem� Ele
trostati
 problemr2�n = 0 in Pn; r2� = 0 in 
; r�! 0 as r !1;�n(E�r�n):n = �(E�r�):n and � = �n on Sn� Polarisation 
harge density q on S = S1 [ ::: [ SN4� (M) = ZS q(P )dS=PM in IR3; � =  in 
; �n =  in Pn� Inside PnF0n = �n[Vn(E ^B)�An ^B℄; G0n = �n[Cn ^ (E ^B)�Bn℄An = ZPnr�ndv = ZSn �ndSCn = ZPnOnMdv; h(M) = 14� ZS q(P )MP:n(P )PM dSBn = ZPnOnM ^ (r�n ^B)dv = ZSnf�[B:OnM℄n� (OnM:n)B℄ + hBgdS� One solely requires q and � = �n on S



Surfa
e quantities for the 
ow problem� Flow problem (u; p + �(E ^B):x)r:u = 0; �r2u = rp + �r� ^B in 
(u; p)! (0; 0) if r !1;u = U(n) +
(n) ^OnM on Sn� 6N Stokes 
ows (u(n);iT ; p(n);iT ); (u(n);iR ; p(n);iR )f 0 = 0; u(n);iT = Ænmei; u(n);iR = Ænmei ^OnM on SmAsso
iated surfa
e tra
tions f (n);iL on S and 
oeÆ
ients��A(n);i;j(m);L = ZSm ej:f (n);iL dSm; ��B(n);i;j(m);L = ZSm(ej ^OmM):f (n);iL dSm� Re
ipro
al identityZS[u:�0:n� u0:�:n℄dS = Z
[u0:f � u:f 0℄d
� Volume integralsL[f (n);iL ℄ = 8�� Z
 u(n);iL :[r� ^B℄d




Linear system� If Æn = �n=�;U(n) = U (n)j ej and 
(n) = 
(n)j ejA(n);i;j(m);TU (m)j +B(n);i;j(m);T !(m)j = ��f(Æn � 1)Vn[E ^B℄� ÆnAn ^B + L[f (n);iT ℄8� g:eiA(n);i;j(m);RU (m)j +B(n);i;j(m);R!(m)j = ��f(Æn � 1)Cn ^ [E ^B℄� ÆnBn + L[f (n);iR ℄8� g:ei� With (omitted details!)L[v℄ = ZS ZS[v(P ):PMPM ℄[r�(M) ^B℄:n(M)dSPdSM�ZS ZS v(P ):[r�(M) ^B℄PM:n(M)PM dSPdSM+ZS ZS �kmnPM [v:ek℄(P )[B:en℄[r(�;m):n℄(M)dSPdSM� In summary, one solely needs to 
al
ulate the surfa
e quantitiesq; �; f (n);iL = �(n);iL :n; �;m = ���xm ; r(�;m):n



Relevant boundary-integral equations� One Fredholm boundary-integral equations of the se
ond kind2�[1 + Æn1� Æn ℄q(M) + ZS q(P )PM:n(M)dSPM 3 = �4�[E:n℄(M);M on Sn

6N Fredholm boundary-integral equations of the �rst kind[u(n);iL :ek℄(M) = � ZSf ÆjkPM + (PM:ej)(PM:ek)PM 3 g[f (n);iL :ej8�� ℄(P )dSFor  harmoni
 in 
�4� (M) + ZS[ (P )�  (M)℄PM:n(P )PM 3 dS = ZS [r :n℄(P )PM dS- For  = � this gives � on S from r�:n = E:n + Ænq=(1� Æn) on Sn- Provides �;m on S and r�:n- For  = �;m one gets r(�;m):n on S
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Numeri
al method and resultats- P2 6-node triangular boundary elements- Gaussian elimination (dense and non symmetri
 in
uen
e matrix)� Numeri
al 
omparisons for a sphere with radius aU = �a2
(Æ)(E ^B)=�M Æ = 0 Æ = 0:5 Æ = 2 Æ = 574 -0.17447 -0.07025 0.08968 0.21399242 -0.16756 -0.06704 0.08383 0.191691058 -0.16677 -0.06669 0.08335 0.19048exa
t -0.16667 -0.06667 0.08333 0.19048� Case of 2 spheres
�� �S2P2B = Be2

O2�2 = Æ2� O1 �1 = Æ1�

x2

OE = Ee3 nn P1S1 x3
(�; �)

Cas (i): (Ee3; Be2); Cas (ii): (Ee2; Be3); Cas (iii): (Ee1; Be2)u(n)j (�) = �U (n)j�a21jEjjBj; w(n)j (�) = �
(n)j�a1jEjjBj; 0 � � = a1 + a2O1O2 < 1



Adopted meshes for 2 
lose spheres� = 0:9; a2 = 2a1 and M nodal points on ea
h SnInsulating spheres: Æ1 = Æ2 = 0M 74 242 530 1058u(1)1 -0.34687 -0.36356 -0.36519 -0.36560w(1)2 0.13461 0.13596 0.13574 0.13574u(2)1 -0.68519 -0.69862 -0.69927 -0.69962w(2)2 -0.01657 -0.01652 -0.01634 -0.01633

Condu
ting spheres: Æ1 = 2 and Æ2 = 4M 74 242 530 1058u(1)1 0.26310 0.25623 0.25508 0.25505w(1)2 -0.12968 -0.12598 -0.12568 -0.12557u(2)1 0.70147 0.67336 0.67042 0.66994w(2)2 0.00326 0.00347 0.00339 0.00339



By superposition suÆ
ient to deal with 5 di�erent Cases�Case (i): B:e21 = 0 and E ^ e21 = 0U(1) � U(1)0 + �32(a2d ) + (a2d )3[(8C1 � 1)a21 � a224a22 ℄	U(2)0 ;
(1) � 34(a2d )2U(2)0 ^ e21a2�Case (ii): E:e21 = 0 and B ^ e21 = 0: 
(1) still given as above andU(1) � U(1)0 + (a2d )3[1 + (1� C1)a21a22 ℄U(2)0�Case (iii): E:B = E:e21 = B:e21 = 0: This time 
(1) = 0 andU(1) � U(1)0 + �32(a2d )� (a2d )3[a22 + 2a212a22 ℄	U(2)0�Cases (iv)-(v) with E ^B = 0:E:e21 = 0 for (iv) and E ^ e21 = 0 for (v). Here U (1) = 0 and
(1) � 34(a2d )2�a2C23� (E:B)e21 (iv); 
(1) � �32(a2d )2�a2C23� (E:B)e21 (v)



Translational velo
ities for 2 spheres (a2 = 2a1)
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Angular velo
ities for 2 spheres (a2 = 2a1)
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tions w(1)2 (Æ) and w(2)2 (�) Cas (i),w(1)2 (�) and w(2)2 (�) Cas (ii)



Example of strong sphere-sphere intera
tions3 spheres with radius alo
ated at the vorti
es of an equilateral triangle

a x3S3O3a
x1 O1 S1a

S2O2 O
O1O2 = O1O3 = O2O3 = d > 2a; � = 2a=d�2 = �3 = 0 and �1 = 2U(1) has only one non-zero Cartesian 
omponent �a2jEjjBjui=�if E and B are aligned wiht unit ve
tors ekui(�)?



Non-zero 
omponents ui(�) versus �
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Fun
tions u1(Æ) for E = e2 and B = e3;�u1(�) for E = e3 and B = e2;�u2(�) for E = e1 and B = e3; u2(�) for E = e3 and B = e1;u3(�) for E = e1 and B = e2; �u3(��) for E = e2 and B = e1



Con
lusions� Useless to determine the liquid 
ow anddisturbed ele
tri
 �eld in the entire unbounded 
uid domain 
!� EÆ
ient boundary approa
h for arbitrary N�parti
ule 
lusters� The BEM is suitable: good a

ura
y at a resonable 
pu time 
ost!(Putting 242 nodal points on ea
h sphere is quite suÆ
ient even for rather 
lose spheres)� Parti
le-parti
le intera
tions may be either strong or weak anddeeply depend upon E;B and the parti
le nature (shape, lo
ation, 
ondu
tivity)Future investigations� Bubbles and droplets!� Solid boundaries: 
ompetition between wall-parti
leand parti
le-parti
le intera
tions


