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Abstract

Calogero-Moser-Sutherland Hamiltonians describe one-dimensional many-body sys-
tems with inverse-square interactions. They can be generalized by substituting the
coupling constants in the interaction terms with additional dynamical variables,
often referred to as internal or spin degrees of freedom. Classical, completely inte-
grable N-body systems of this type, with the internal degrees of freedom spanning
the so(N), su(N) or sp(N) Lie algebra, arise in the surprisingly opposite context,
namely energy level repulsion in quantum chaotic systems. On the other hand the
quantum Calogero-Moser-Sutherland models appear in the area of topological quan-
tum matter, Quantum Hall Effect in particular, as their eigenfunctions are obtained
as 1D representations of Laughlin states projected on a single Landau level.

The classical dynamics of the internal degrees of freedom were studied to some
extent, but the details relevant to the problem of level repulsion, such as the existence
of a finer classification of models within the orthogonal, unitary and symplectic
classes, still need to be resolved. As for the quantum case, specific models with
internal degrees of freedom have been investigated, but they typically loose this
internal structure in the classical limit. Models whose spin degrees of freedom survive
the quantum-classical transition, together with the potential presence of topological
effects, are not fully understood.

The perhaps most remarkable characteristic of the classical Calogero-Moser-
Sutherland systems, taking the interactions and internal degrees of freedom into
account, is their complete integrability. This trait is a direct consequence of the fact
that these systems can be obtained via Hamiltonian reduction of very simple (such
as free or harmonic), integrable dynamics in spaces of matrices. The reduction pro-
cedure, though defined rigorously in the language of symplectic geometry, in this
case simplifies to diagonalizing an N x N time-dependent matrix X (¢), assigning its
eigenvalues to instantaneous positions of the N particles and eliminating the eigen-
vectors from the equations of motion. So obtained functions on a reduced phase
space can be quantized canonically by the Dirac’s prescription. On the other hand,
simple dynamics in a matrix phase space can be quantized and then reparametrized
by eigenvalues and eigenvectors.

Within the framework of Hamiltonian mechanics I have shown that the Lie-
algebraic, matrix generalization of the Calogero-Moser model is equivalent to an
alternative, vectorial formulation in which the internal state of each particle in en-
coded in a complex vector. The dimension of the subspace spanned by these vectors
(equivalent to the rank of the matrix from the corresponding Lie algebra) is a con-
stant of motion which I have used to classify the models. I have proven that the
models with purely imaginary matrices encoding the initial values of internal vari-
ables have special properties: they approximate the phase space trajectories of the
non-generalized Calogero-Moser system with distinct coupling constants and have
the smallest reachable sets. Additionally, by combining the matrix and vector de-
grees of freedom and reducing it as described above, I have obtained a new integrable
model with 1/z interactions. I have obtained two different Hamiltonians from the
procedures of canonical quantization of the matrix model and reducing a free quan-
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tum model. The reduction of the quantum model introduces an additional term
—% i< % where oo = 1, 2 for the so(N) and su(N) cases respectively, which
is an attractive term in the orthogonal setting. I have identified some of the irre-
ducible representations of the Lie algebra spanned by the internal observables, for
which the internal degrees of freedom introduce diagonal matrices into the Hamil-
tonian, and I have found the spectrum and eigenfunctions for N = 3.

The classical results can be used in the further study of energy level repulsion.
The expected level spacing distribution for the purely imaginary matrices is differ-
ent from the one which is known for general su(/N) matrices. Similarily, one should
expect differences in probability distributions depending on the rank of the matri-
ces. The study of the quantum systems can be continued in two main directions:
the quantum reduction can be done in the symplectic case, as well as the spec-
tra and eigenfunctions can be found (if not exactly, then at least approximately)
for higher numbers of particles and dimensions of the space of internal states. The
finite-dimensional space of internal states, once well understood, can serve as an ad-
ditional dimension, thus yield the system two-dimensional and prone to topological
effects.

The original results presented in the thesis were published in the following papers:

o K. Kowalczyk-Murynka, M. Ku$. Matrix and vectorial generalized Calogero—Moser
models. Physica D: Nonlinear Phenomena, 440: 133491, 2022

e K. Kowalczyk-Murynka, M. Ku$. Calogero-Moser models with internal degrees
of freedom revisited, arXiv:2010.10215.
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Streszczenie

Hamiltoniany Calogero-Mosera-Sutherlanda opisuja jednowymiarowe uktady wielu
czagstek z oddzialywaniem proporcjonalnym do odwrotnosci kwadratu odlegtosci.
Mozna je uogélnié¢ zastepujac stale sprzezenia w wyrazach okreslajacych oddziaty-
wanie dodatkowymi zmiennymi dynamicznymi, ktore zwykle nazywane sa spinowymi
lub wewnetrznymi stopniami swobody. Klasyczne, catkowalne N-cialowe uktady tego
typu, z wewnetrznymi stopniami swobody rozpinajacymi algebre so(NV), su(N) lub
sp(N), pojawiaja sie w zaskakujaco innym kontekscie, mianowicie odpychania pozioméw
energetycznych w chaotycznych ukladach kwantowych. Z drugiej strony, kwantowe
modele Calogero-Mosera-Sutherlanda pojawiajg sie w obszarze topologicznej materii
kwantowej, kwantowego Efektu Halla w szczeg6lnosci. Ich funkcje wlasne otrzymuje
si¢ jako jednowymiarowe reprezentacje standéw Laughlina zrzutowanych na poje-
dynczy poziom Landaua.

Klasyczna dynamika wewnetrznych stopni swobody zostata w pewnym stop-
niu zbadana, ale jej szczegoély istotne dla problemu odpychania poziomoéw, takie
jak istnienie dokladniejszej klasyfikacji modeli wewnatrz klasy ortogonalnej, uni-
tarnej i symplektycznej, weiaz wymagaja doprecyzowania. W przypadku kwantowym
konkretne modele z wewnetrznymi stopniami swobody byly badane, ale typowo traca
one te wewnetrzng strukture w granicy klasycznej. Modele, ktorych spinowe stopnie
swobody sa w stanie przetrwaé przejscie do granicy klasycznej, wraz z ich potenc-
jatem zwigzanym z efektami topologicznymi, nie zostaly dokladnie poznane.

By¢ moze najbardziej niezwykla cechg klasycznych uktadéw Calogero-Mosera-
Sutherlanda, wzigwszy pod uwage oddzialywania i wewnetrzne stopnie swobody, jest
ich zupetna catkowalnosé. Cecha ta jest bezposrednig konsekwencja tego, ze modele
te otrzymuje si¢ poprzez redukcje hamiltonowska bardzo prostego (np. swobodnego
lub harmonicznego) ruchu w przestrzeni macierzy. Proces redukcji, choé mozna go
zdefiniowaé formalnie w jezyku geometrii symplektycznej, sprowadza sie w tym przy-
padku do diagonalizacji N-wymiarowej, zaleznej od czasu macierzy X (t), przypisa-
nia jej warto$ciom wlasnym roli potozen i eliminacji wektorow wilasnych z rownan
ruchu. Tak otrzymane funkcje okreslone w zredukowanej przestrzeni fazowej mozna
skwantowaé kanonicznie wedtug przepisu Diraca. Z drugiej strony prosty uktad w
przestrzeni macierzy moze zostaé¢ skwantowany, a nastepnie sparametryzowany przez
wartoéci i wektory wtasne.

W ramach formalizmu hamiltonowskiego pokazatam, ze macierzowe uogdlnie-
nie modelu Calogero-Mosera zwiazane z algebrami Liego jest réwnowazne innemu,
wektorowemu sformutowaniu, w ktérym wewnetrzny stan kazdej czastki opisany
jest zespolonym wektorem. Wymiar podprzestrzeni rozpinanej przez te wektory
(r6wnowazny rzedowi macierzy z odpowiedniej algebry Liego) jest stala ruchu, ktéra
wykorzystatlam do klasyfikacji modeli. Pokazatam, ze modele z czysto urojonymi
macierzami opisujacymi wewnetrzne stopnie swobody w chwili poczatkowej maja
specjalne wtasnosci: ich trajektorie w dobrym przyblizeniu opisuja dynamike modeli
bez wewnetrznych stopni swobody ale z réoznymi wartosciami statych sprzezenia, a
takze majg minimalne zbiory osiagalne. Dodatkowo, taczac macierzowe i wektorowe
stopnie swobody i przeprowadzajac opisana wczesniej redukcje otrzymatam nowy



catkowalny model z oddzialywaniami zaleznymi od odwrotnosci odlegtoéci miedzy
czastkami. Poprzez kanoniczng kwanyzacje uktadu z wewnetrznymi stopniami swo-
body i redukcje kwanowego uktadu swobodnego otrzymatam dwa rézne hamilto-
niany. Hamiltonian otrzymany z redukcji uktadu swobodnego posiada dodatkowy
—% i<j (253;?))2 gdzie o = 1,2 odpowiednio w przypadku stopni swobody
nalezacych do algebry so(N) lub su(N). Wyraz ten wprowadza przyciaganie w mod-

elu ortogonalnym. Zidentyfikowatam niektére z nieprzywiedlnych reprezentacji al-
gebry rozpinanej przez obserwable zwiazane z wewnetrznymi stopniami swodody,
wprowadzajacych do hamiltonianu macierze diagonalne, oraz znalaztam wartodci i
wektory wlasne w przypadku N = 3.

Klasyczne wyniki mogg zostaé zastosowane w dalszych badaniach nad problemem
dynamiki pozioméw energetycznych. Spodziewany rozktad prawdopodobiefistwa odlegtosci
miedzy poziomami dla czysto urojonych macierzy rézni sie od tego, ktéry odpowiada
wszystkim macierzom nalezacym do algebry su(N'). Podobnie, mozna si¢ spodziewaé
réznic w rozkladach w zaleznosci od rzedu macierzy opisujacej wewnetrzne stop-
nie swobody. Praca nad ukladami kwantowymi moze byé¢ kontynuowana w dwdoch
gtéwnych kierunkach: redukcja kwantowa moze zosta¢ wykonana w przypadku sym-
plektycznym, oraz widma i funkcje wlasne moga zostaé¢ znalezione (jesli nie Scisle,
to przynajmniej w przyblizeniu) dla wigkszej liczby czastek i wigkszych wymiaréw
przestrzeni standéw wewnetrznych. Skonczenie wymiarowa przestrzen stanéw wewnetrznych,
po doktadnym zbadaniu, moze postuzyé¢ za dodatkowy wymiar, czynigc caly uktad
dwuwymiarowym i podatnym na efekty topologiczne.

Oryginalne wyniki zaprezentowane w niniejszej rozprawie zostaly opublikowane
w nastepujacych pracach:

wyraz

e K. Kowalczyk-Murynka, M. Ku$. Matrix and vectorial generalized Calogero—Moser
models. Physica D: Nonlinear Phenomena, 440: 133491, 2022

o K. Kowalczyk-Murynka, M. Kus. Calogero-Moser models with internal degrees
of freedom revisited, arXiv:2010.10215.
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Chapter 1

Introduction

Integrability, let alone explicit solvability, of equations of motion should not be taken
for granted. Apart from the case of one degree of freedom, it is in fact not common for
a system to be symmetric enough to have completely integrable equations of motion.
In the case of many-body interacting systems on a line, defined by the Hamiltonian:

N 2

H:Z%JFZV(%—%‘)

i=1 i<j

the requirement of integrability imposes very stringent conditions on the interaction
potential. These conditions can be transferred to the quantum context as well, and
they limit V(z) to only few known cases:

the Calogero system with V(z) = % + mTwz:z:Q, usually called the Calogero-
Moser system for w = 0,

the Sutherland system defined by V(z) =

a? sin?(ax)’

the inverse hyperbolic sine potential V(z) = m.

e the Weierstrass function V(z) = ga?P(z)",
e the Toda chains with nearest neighbour exponential interactions.

The earliest work on this class of systems was done in the late sixties and early
to mid seventies, both in the classical and quantum case. One of the first studies
involved the normal modes of a classical chain with exponential interactions by
M. Toda [!] and the general method of using linear operators to solve non-linear
equations of motion associated with interacting potentials by P.D. Lax [2]. Shortly
after F. Calogero found the eigenfunctions and energy spectra for the inverse square
potential (with and without the harmonic confinement) [3—5] and for the hyperbolic
sine potential [0], while B. Sutherland studied the inverse sine square model [7,5]. The
systems combining different inter-particle and external potentials, their integrability
and scattering properties were studied by M. Adler [9]. The classical integrability
of the above systems was proven by J. Moser [10] with the method of isospectral
matrix deformations and, on more formal mathematical grounds of Hamiltonian

'Let w1, ws € C be linearly independent over R, and A = {mw1 + nws : m,n € Z be a lattice
generated by them in C. The Weierstrass function is then defined for z € C\ A as:

P(z) = P(z;w1,w2) = 2% + Z ((2:_1/\)2 _ )\12)

AEA\O



group actions, by Kazhdan, Kostant and Sternberg [11]. The results of this period
were summarised by M.A. Olshanetsky and A.M. Perelomov in two comprehensive
review articles: [12] on the classical and [13] on the quantum context. They both
emphasise the connection of the different types of two-body interacting potentials
listed above with Lie algebra representations.

Since the late seventies the Calogero-Moser-Sutherland (from now on referred
to as CMS) systems were studied extensively, as they emerged in different areas of
physics and mathematics. They entered the field of non-linear dynamical systems
through their relation with certain solutions of the Korteweg-deVries?, Kadomtsev-
Petviashvili* and Benjamin-Ono* equations [14-22]. They also emerged in the area of
energy level repulsion in quantum chaotic systems. The equations of motion related
to this class of Hamilton functions were shown to describe the repulsion of the energy
levels of quantum systems in a form H(\) = Hy + AV, with the control parameter
A taking the role of time [23—26]. This in turn, if Hy is identified with an integrable,
and V with a chaotic contribution (both in the classical limit), can be related to the
probability distribution of level spacing [27, 28], and compared with the predictions
of random matrix theory [29]. Depending on the universality class of the V' term,
meaning if it is diagonalizable wvia (a) orthogonal, (b) unitary or (c) symplectic
matrix, the level spacing distribution is P(s) o s% as s — 0, where § = 1,2,4
respectively. This means the energy levels repel, as opposed to the level clustering
indicated by the distribution P(s) = e~ * in an integrable system.

The third field, in which CMS systems made a noticeable appearance is con-
densed matter theory, the Quantum Hall Effect [30-32],and fractional statistics
[33-35] in particular.

The relationship of the CMS potentials with root systems and Coxeter groups
pointed out by Olshanetsky and Perelomov and the notion of the Calogero-Moser
spaces introduced by Kazkdan, Kostant and Sternberg sparked the interest in this
class of systems among the mathematical community [36—12].

1.1 Generalizations of the CMS systems

The interaction potentials listed in the beginning of this chapter involved a common
coupling constant for all interacting pairs. This set-up, to which I will be referring
to as the family of ordinary CMS systems, can be generalized in various ways.
For example, the positions and momenta can be upgraded to complex variables [13].
The common coupling constant can be altered to pair-dependent values, as to model
multiple species of particles in the system [11], although this kind of modifications
may in principle lead to the loss of integrability.

Perhaps the most prominent generalizations are the ones involving additional,
internal degrees of freedom modifying the interaction potential. These are often
called, despite the classical context, the spin generalizations and can be divided into
two basic types: the one-particle properties encoded in complex vectors {|e;) : i =
1,2,...,N} [15,46] and two-particle functions L;; which stem from the Hamiltonian
reduction procedure in a matrix phase space, and turn out to form the representation
of the so(N) or su(N) Lie algebra [10,12,17]. Spin generalizations of the CMS systems
in the quantum setting involve exchange operators acting on internal states [18-52].

2usually abbreviated to KdV, is a nonlinear PDE for a function u = u(t,z) of the form u +
2u — 6udzu = 0.

3often abbreviated to KP, is a non-linear PDE for a function u = u(t, z, y), defined as 0, (diu +
O3 + 6udyu) + 3028§u =0, where 0% = +1.

it is a non-linear integro-differential equation of the form O,u + ud,u + H(82u)=0, where
H(f)(¢) = Lp. fix;o gf: is the Hilbert transform.
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The vector and matrix degrees of freedom mentioned above are the main fo-
cus of this thesis. The matrix formulation arises naturally in the level dynamics of
integrable and chaotic Hamiltonians. The two-particle |L;;|* functions replace the
coupling constants in the repulsive potential. Therefore a closer look at the classical
dynamics of these functions, meaning the types of orbits and reachable sets in phase
space, as well as their influence on the spatial degrees of freedom can be of use to
the problem of level repulsion.

On the other hand, the internal properties of each individual particle, entering
the repulsion potential, seem much less mysterious and much more natural as a
model of physical interaction. The questions is how are the two formulations related
or mapped onto one another.

Another problem is the quantization of these degrees of freedom. The classical
scheme of Hamiltonian reduction as well as methods of mapping the ordinary quan-
tum Calogero-Moser systems onto the systems of free particles [53] or decoupled har-
monic oscillators [54] can be treated as guidelines towards this task. Independently
of the purely operator-algebraic approach presented in [55], a direct derivation of
a quantum Calogero-Moser Hamiltonian with internal degrees of freedom will be
of much benefit. Such a system, with spin degrees of freedom that survive in the
classical limit is expected to have a rich structure of eigenstates, and can be further
used in the study of topological effects.

1.2 Overview of the thesis

The rest of the dissertation is organized as follows: in chapter 2 I introduce the
mathematical tools, definitions and notation used in the subsequent chapters. These
involve the fundamentals of group theory and differential geometry, as well as an
overview of Hamiltonian formalism and non-relativistic quantum mechanics, and
finally the method of Hamiltonian reduction.

In chapter 3 I review the key facts about the matrix and vector formulations of
the classical CM systems. I also present the solution for the spectrum and wave-
functions of the ordinary quantum CM system, some properties of the systems with
spin state exchange and the relationship of the CM system with the Quantum Hall
Effect.

In chapters 4 and 5 I present my contribution. Chapter 4 involves the classical
dynamics of the internal degrees of freedom: the relationship between the matrix
and vectorial formulation, the uniqueness of fixed points, the reachable sets and the
influence on the motion in physical space, as well as a new model which combines
the matrix and vector degrees of freedom in an augmented phase space.

Chapter 5 is devoted to quantization schemes of the generalized Calogero-Moser
system, one of them being the direct, canonical quantization of the spatial and
internal degrees of freedom, and the other being the reduction of a canonically
quantized free system in a larger phase space, using the classical procedure as a
blueprint.

In chapter 6 I summarize the obtained results together with an outlook on future
research, particularly in the areas of quantum chaos and topological effects.

The appendices A and B contain the detailed proofs of some of the results from
chapter 4 and 5 respectively.






Chapter 2

Mathematical Tools

In this chapter I provide a review of the mathematical definitions and theorems used
in the rest of the thesis. The topics covered here are:

e the basics of Lie groups, Lie algebras and group actions,
e the fundamentals of differential geometry

e symplectic geometry and Hamiltonian mechanics,

e canonical quantization,

e Marsden-Weinstein reduction theorem,

e quantum reduction.

My main goal and focus is to introduce the mathematical tools and justify the
methods used throughout the thesis without delving into the depth of the underlying

theories. The sources I have used are [50] for Lie algebras, [57,58] for differential
geometry, [59-61] for classical Hamiltonian mechanics, [62] for quantum Hamiltonian
mechanics, [63] for canonical quantization, and [64,65] for reduction procedures.

2.1 Lie groups, Lie algebras and important examples

2.1.1 Basic definitions

Definition 1. A group is a set G with a composition operation - : G x G — G which
satisfies the following axioms:

e there is an element e € G, called the identity, such thate-g=g-e =g for all
geG,

1 1

e cvery element g € G has an inverse, g € G such that g-g ' =g ' -g=e,

e the composition operation is associative, that is (f-g)-h=f-(g-h)=f-g-h.

A group is called Abelian if all elements g,h € G commute, i.e. g.h = h.g. The
symbol of the group composition can be omitted to simplify the notation: fg= f - g.

Definition 2. A subset H C G 1is called a subgroup it is closed under the group
operations, i.e. for all g,h € H both g.h and g~' belong to H.

Groups are especially relevant to physics when they define some operations on a
physical object: they translate,rotate or permute its constituents for example. This
is captured by the notion of group actions:



Definition 3. The action of the group G on a set X is a function p: G x X — X
which satisfies the following axioms:

o the identity e € G acts as identity on every element of X :
Veexple,x) = x
e the actions compose through composition within the group G:
p(g,p(h, x)) = p(gh, z)

Depending on what G and X consist of, it may make sense for an element g to act
from the left, meaning that if x is itself a map of some type, then g acts on the result
of x, that is:

er(g,2)(;) = g.2(;) = g(z(;))-

Another possibility is to act from the right, that is to act on the argument of x, i.e.
z.g9(;) =x(g(;)), but in this case the composition takes place in the different order:
(x.9).h(;) = x.(hg)(;), this is why the right action of g which satisfies the second
aziom must be defined with the inverse, g~ ':

er(9,2)() =297 ') =z(g'()).

Whenever both kinds of action make sense, for example when both G and X are
matrices, they can be composed into conjugation:

er(g, or(g,2)) = g.x.g~".

Often the symbols of o1 r and the dot can be omitted, and the usual notation is
1

gz, xg !, grg .
The following important constructions arise when group actions are considered:
Definition 4. A stabilizer of a point x € X is a subset of G, C G such that:
Gy ={9€G:gx =z}
Every such subset is a subgroup of G.
Definition 5. An orbit of a point x € X is a subset O, C X such that:
O, ={g9.x:9€G}.
Definition 6. Fized points of X under the action of G are the following subset:
XC={zreX:VgeqG gx=uz)
Definition 7. The action of a group G on a set X 1is called faithfull or effective, if
VeeX: gx=xz — g=e.
Definition 8. The action of a group G on a set X is called free, if
JreX: grx=x = g=e.

A group can be discreet (like the permutation group) or a continuous meaning
that its elements can be parametrised by d continuously varying real numbers. It
locally looks like R thus it is a d-dimensional manifold. This leads us to the definition
of a Lie group:



Definition 9. A Lie group is a group, which is also a manifold, and the action of
the group on itself by the composition operation is a smooth map.

Definition 10. A Lie algebra is a vector space L with a bilinear, antisymmetric
operation [-,-] : L x L — L which obeys the Jacobi identity:

(A, [B,C]] + [B,[C,A]] + [C,[A,B]] =0
for all elements A, B,C € L.

Definition 11. For every Lie group G there is a uniquely defined Lie algebra, which
is the tangent space at the identity g = T.G.

A group can act on itself, and a Lie algebra g, as a vector space is endowed with
a dual space g*. Due to these two facts, for every group there are two naturally
defined actions:

Definition 12. Every group G acts on itself by conjugation:
g,h € G: U, (h)=ghg™'.

In case of a Lie group the adjoint action Ad : G — Aut(g) can be defined for every
g € G as the derivative of ¥y : G — G at the identity:

Adg =d¥,: g —g.

Definition 13. The coadjoint action of Ad* on the dual space g* is defined with the
use of the natural pairing of g and g*:

(Adyx, &) = (x, Ady—§).

2.1.2 The so(N) and su(N) Lie algebras

The formulation of the various, both classical and quantum, Calogero-Moser models
relies strongly on the properties of the so(/N) and su(N) Lie algebras. Their respec-
tive Lie groups, SO(N) and SU(N), are also an important ingredient. The general
notion of the Lie algebra was already introduced (def. 10), together with its relation
to Lie groups (def. 11). The specific examples which are the subject of this section
are introduced through the following definitions:

Definition 14. The general linear group G(N;C(R)) is the group of all invertible
N x N matrices with complex (real) entries.

Definition 15. A matriz Lie group G is a closed subgroup of G(N;C). It is said to
be compact if it is compact as a subset of complex N x N matrices My (C) = R2V?,
It is said to be connected, if for every two elements g,h € G there is a continuous
path g : [0,1] — G, such that g(0) = g and g(1) = h.

Definition 16. A Lie algebra g of a matriz Lie group G is a set of matrices V' such
that exp(tV) € G for all t € R.

The definition 12 of the adjoint action is much easier to grasp in the case of
matrix Lie groups, as the derivative can be performed explicitly:

d tv -1 -1
Ady(V) = - (9¢"'g™) li=o = gVg™".
The definition 16 implies that g is a vector space over the real numbers and it is
closed under the commutation operation:

VX,Y €g,Va,beR aX+bY €y, XY -YX=[X,Y]eg



Definition 17. The special orthogonal and special unitary groups and their under-
lying Lie algebras are defined as follows:

SO(N) = {0€G(N;R): 00" =1, detO =1}

so(N) = {VeMyR): VI =-V, TV =0}

(N)

SUN) = {U€G(N;C):UUT =1, detU =1}
()
(V) = {vemy©):vi=-v, mv=o}

2

su

Groups, and their underlying algebras are abstract sets of objects obeying certain
multiplication rules. These objects and rules can be realised with appropriately
chosen matrices and a certain realisation is called a representation. The N x N matrix
representation of these algebras, the so called defining representation defined in 17
is of particular importance, since the (ij)** matrix element encodes the repulsion
between the i** and j** particle in an N-particle Calogero-Moser system. This is
the reason why I am using pairs of numbers as labels for the basis elements defined
below.

Using the natural basis of RV, that is (€1); = di5, I introduce:

Definition 18. The basis of su(N) consists of N> — 1 traceless, anti-Hermitian
N x N matrices:

A AT A T

Tij = €i€j — €;€;
(A AT |~ T

oy = 1 (eiej +ejel->

2 k . - k+1 .
dk = U élél _kék+1ék 1>= iaklélél
Vi (2 )%

where 1 < i < j < N and 1 < k < N. The 1;; matrices span so(N). The above
matrices are orthogonal with respect to (A, B) = TrATB. The only pairs of matrices
with a nonvanishing scalar product are:

(Tijs Tht) = (045, 0m) = —20i051,  (di,d;) = —20.

All vector spaces of the same finite dimension are isomorphic, but an algebra
is more than just a vector space. It has a commutation operation built in, and the
commutation relations between the basis elements are what distinguishes one algebra
from another:

Definition 19. The commutation relations between basis elements of su(N) are the
following:

[Tijs Th] = OjkTit — OikTji — OjuTik + OuTjk
[Tijsont) = Ojkoi — diroji + 605k — 00 i,
[0ij,0:) = —6jkTit — GinTjt — OjTik — SuTjk
[dg,di] = 0
k1
[di, 73] = > au(0aoj — dj0u)
=1
k1
[di o] = > an(arj+ 6jTu)
=1

The subspace spanned by 7;;, the so(IN) algebra, is closed under the commutation
operation.



Definition 20. Commutation relations between basis elements (11,72, ...,Tq) of a
Lie algebra can be presented with the use of structure constants f5, € R:

d ([, 78] , 7e)
[Tar o) =D foter  fo= i
c=1

(Tes Te)

The dxd matrices (f1, fa, ..., fa), such that (fo)pe = —f$, obey the same commutation
relations as (71,72, ..., T4):

d
[favfb] = Zf(gbfc
c=1

which means they themselves form a representation of the same algebra, the so called
adjoint representation.

2.2 Fundamentals of differential geometry

Definition 21. A real differentiable manifold M is a topological space' with a family
of pairs {(U;, i)}, where U; are open sets covering M, i.e. M = U;U; and @; : U; —
U/l C R™ are homeomorphisms, i.e. continuous bijections with continuous inverses.
For U; NU; # 0 the function ¢; o (pi_l in infinitely differentiable. Each pair (U;, ;)
1s called a chart.

In simple words, a differentiable manifold defined above resembles, at least lo-
cally, the familiar m-dimensional real space R™. The maps ; describe every point
p € M in terms of m real coordinates ¢;(p) = (=1, ..., Tm)(p). On a non-empty over-
lap U; N U;j of two sets, there are two valid coordinate systems, ¢; and ¢; and the
transition between them, that is ¢; o gp;l is required to be smooth.

A map f: M — N between two manifolds can be expressed with the use of
charts (U, ¢) and (V,v), where p € U and f(p) € V as:

f=yofop™:pU)CR"—p(V)CR"

If f is invertible and both f and f~! are smooth, we call the map f : M — N
a diffeomorphism and the manifolds M and N diffeomorphic to each other, which
means they are essentially the same. The set of diffeomorphisms f: M — M of a
manifold onto itself, Dif f(M), is known to form a group.

As special cases of maps applied to manifolds we distinguish: functions, f : M —
R and curves, v : (a,b) CR — M.

It is not difficult to imagine a line, which is tangent to a curve, or a plane which is
tangent to a curved surface at a single point p. For a general differentiable manifold
this idea is generalized by the notion of the tangent space:

Definition 22. Let f,g € C;°, that is functions which are smooth on a neighbour-
hood of a point p € M. The set of all maps v: C;° — R, such that:

e v(af +bg) =a(vf)+b(vg)
e v(fg)(p) = (vf)g(p) + (vg)f(p)

e (av+bw)f =alvf)+blwf)

!j.e. a most general space on which neighbourhoods, open sets, closed sets and continuity are
possible to define



is a vector space called the tangent space to M at the point p, denoted by T,(M), and
its elements are called tangent vectors at p. The set theoretical union of all points
with their tangent spaces, TM = Uy(p, T,(M)), is called the tangent bundle.

Relative to a chart (U, @), with o(p) = (z1, 2, ...xm)(p) every element v € Tp(M)
can be expressed as:

S L O(foe!
’U:Z’Ui%, 'U(f):Z’U@ ( Oz )7
i=1 ¢ i=1 ¢

where the coefficients v; are uniquely defined by v; = v(x;). The coordinate vectors
{6%1' c1=1,2, ,m} form a (so called coordinate) basis of T,(M) at each point p.

Definition 23. A cotangent space T,;(M) is the dual space to Ty(M). It consists of
linear functions a : T,(M) — R and the image in R is denoted o(v) or (a,v). For
any function f : C° — R we define a unique element df € T,;(M) by requiring:

(df,v) = v(/f)

for allv € Ty(M). From this it can be shown that every a € T,;(M) may be expressed
as

mo 9 .
a:Zoﬂdxj, (dxj, —) = 03,
j=1 &%z J

in particular df = 3774 g—:fjda,’j. The elements of T,;(M) are called 1-forms or cov-
ectors at p € M. Again the union of all (p,T,(M)), denoted by T*M s called the
cotangent bundle.

Definition 24. A tangent vector v € T,,(M) assigned smoothly to every point p € M
defines a vector field, which can be described in the coordinate basis as V = Ui(p)%,
where the components are now functions of coordinates (1, ...,Tm) = @(p). The set
of vector fields on M is denoted by X (M) and is a linear space itself. Moreover, with
the commutator [V,W] = VW — WV it forms a Lie algebra.

Analogously, assigning a 1-form to every point p € M defines a covector field.

The idea of vector and covector fields can be generalized to tensor fields of
arbitrary type (r,s), where r,s € {0,1,2...}, defined by the transformation rules

under the change of coordinate system from (1, ..., Ty,) t0 (Y1, ..., Ym):
(e = (D) (O Ok
J1-er 8xh1 855hr 8yll 8yls Leeellr

which makes the vector fields fall into the (1, 0) type, and the 1-forms into the (0, 1)
type. In simple words, an (7, s) tensor field has r slots for covector fields and s slots
for vector fields and is linear in all r + s arguments. Given these r + s objects it will
result in a function.

Definition 25. A k-form is a (0,k) type completely antisymmetric tensor:
Oé(k) : Tp(M)Xk — R, Oé(k) (U(1)7 U(k’)) = (_1)sign(a)a(k) (U(U(l))? "'U(U(k))‘
A k-form field assigns a k-form at every point p € M.

The wedge (exterior) product, A, is a product of forms, which preserves the
antisymmetry condition. A wedge product of a k-form and an l-form results in a
(k+1)-form if k 4+ 1 < m. If k + [ > m the exterior product vanishes identically. The
direct sum of the spaces A*(T,,(M)) of k-forms, where k = 0, 1, ...m constitutes an al-
gebra with the wedge product. The coordinate basis of k-forms on an m-dimensional

manifold has (') elements given by:

d:L‘ll/\dl‘lQ/\.../\dajlki 1I<h<lb<..<lp<m.

10



Definition 26. The map called the exterior derivative, d : A¥ — A*t1 is defined by
the following conditions:

o for f € C®(M) = A% df(v) = v(f)

e for a,B € A*: d(aa + b3) = ada + bdj

o forac A¥ and e A:d(anpB)=danB+ (—1)Fands
o for any a € A*: d*a = d(da) = 0.

There is also a map from A* to A*~!, which requires the existence of a smooth
vector field V', at least on the neighbourhood p € U C M:

Definition 27. The interior multiplication of o € A* is denoted by vy a,o(V)a or
Voa. It satisfies the following conditions:

e for a function (0-form) f:U — R: 1wy f =0

e for any I-form a € A': wya = (o, V).

o for a, B € A¥: 1y (aa + bB) = arya + by 3

o forac A¥ and B € Al: wy(a A B) = w(a) AB+ (—=Dka Aw(B)

The final important operation is the Lie derivative. For an arbitrary tensor field
it returns a tensor field of the same type. It also requires a vector field, and may
be understood as derivation along the flow of the vector field, i.e. a function o :
(—a,a) x U — M, that describes the curves passing through every p € U C M at
t = 0 with the velocity given by V(p) € T,M:

0.0 =p,  Solt.p) = Violt.p),

It has the following properties:
e when it acts on a function: Ly f = V (f),
e when it acts on a vector field Ly W = [V, W],
e when it act on a 1-form Lya = wyda + d(wya).
e for any two tensors of the same type Ly (a1 + bT3) = aLly Ty + bLy Ty,
e for two tensors of arbitrary type Ly (11 @ Ta) = Ly (T1) @ Ta + T1 @ Ly (T3),

from which the expressions in coordinate basis can be derived.
Lastly, for a smooth map ® : M — N between two manifolds two induced maps
can be defined:

Definition 28. Let f € Cg°, where ¢ = ®(p) for some p € M. Then F'= fo® €
Cp°. An induced map @, called the push-forward is defined as follows:

O, : T,M — T,N, Vyver,u(®.V)(f)=V(fo®).

Definition 29. An induced map called the pull-back ®* is defined in the following
way:
o* . T;N - T;M, vaeT;NvVGTpM(q)*a)(V) = Oé((IJ*V).

It can be generalized to k-forms in the following way:

(®* a1, ..., Vi) = B (@, V7, ..., BV},

11



2.3 Hamiltonian mechanics

The generalised Calogero-Moser systems studied in this thesis are formulated within
the Hamiltonian formalism. The Hamiltonian formulation provides us with the no-
tion of a phase space, in which we can look at the trajectories traced by the coordi-
nates (usually the positions and momenta) from a purely geometrical point of view.
This point of view, expressed in the language of symplectic geometry, is reviewed
below. The formalism of Hamiltonian dynamics is also necessary for us to transition
to the (non-relativistic) quantum world. The quantum Hamiltonian formulation and
the canonical quantization procedure are also reviewed in this section.

2.3.1 Classical Hamiltonian mechanics

The phase space, that is the space of all states of a mechanical system is an example
of a symplectic manifold.

Definition 30. Let M?" be a differentiable manifold of even dimension. A symplec-
tic structure on M?" is a closed, nondegenerate 2-form w on M?™:

dv =0, Yv#03w:www)#0, (v,weT,M) (2.1)
The pair (M?",w) is called a symplectic manifold.

The space R?" with coordinates (g,p) = (q1,q2, - Gn>P1, P2 s Pn) and w =
>oieqdp; A dg; is an example of a symplectic manifold. The coordinates ¢ € R™ are
the available positions, and p € R™ are the available momenta. Yet the available
positions, that is the configuration space, need not to be the full Euclidean space.
They may be constrained to a different n-dimensional manifold (like a circle or
sphere in the case of a pendulum). Let us call it V', the configuration space. Then
the cotangent bundle T*V with coordinates (g, p), where g € V, p € 17V and with
the form w = Y7 dp; A dg; is a symplectic manifold. It is also the phase space of a
system with the configuration space V. The cotangent bundle of the configuration
space covers most of the cases relevant in physics. Yet for a completely general case
of a symplectic manifold there is the Darboux Theorem which states that locally
there always exists a coordinate system (g, p) in which the symplectic form can be
written as w = > 1" ; dp; A dg;. From now on I will express every introduced object
in (g,p) coordinates to stay in touch with its physical meaning.

Definition 31. There is an isomorphism of tangent vectors and 1-forms defined by
the symplectic structure (M?",w). To every v € T,M we assign a 1-form w, € T} M
such that:

Vw € TpyM : wy(w) = w(w,v). (2.2)

We denote the inverse of this isomorphism as I : TyM — T, M.

Definition 32. Consider a function H : M — R. Then dH is a 1-form on M, and
I(dH) is a vector field on M. We call Vg = I(dH) a Hamiltonian vector field, and
H itself - the Hamilton function.

Let us express the Hamiltonian vector field in coordinates (g, p). For w = dp A

12



dq,and H : M — R we have:

dH = %I;dq_—l- %];dﬁ
Vg = hqaaq + hp(;aﬁ,
0 0
v o= vqfafq_ + vpa_,
w,I(dH)) = dH(v)
L _ OH oH
—Nplg + qVp = 67@’0@ + %Uﬁ
v, — 2HJ oHO
op 9q  0q op

Having a vector field, we may ask what are its integral curves v : R — M. In the
case of a Hamiltonian vector field:

V() = (q(t),pt))
— = Vu(y(t))

d(q\ [ %
wlr) = ()

they are the solutions of the Hamilton canonical equations.

Definition 33. Equivalently to the integral curves we can think of a group of one-
parameter diffeomorphisms v : M — M defined by the Hamiltonian vector field:

da

dat’
This group is called the Hamiltonian phase flow with Hamilton function H, and will
be denoted as ;.

"(@)le=0 = Vi (x).

Clearly, the value of H is, by definition, constant along the integral curves of Vi,
in other words H is the co called first integral of the system of ordinary differential
equations defined by the Hamiltonian vector field. But there can be other, nontriv-
ially different first integrals of V7, and we need to know how to identify them. This
motivates the introduction of the Poisson bracket:

Definition 34. Let F,H : M — M be two functions on a symplectic manifold
M. The Poisson bracket of F' and H is defined as the derivative of F' along the
Hamiltonian flow of ;-

(R HY(w) = SF O ()limo

which is again a function on M.

This definition implies that the Poisson bracket obeys the Leibniz rule:
{Fng, H} = Fl{FQ, H} + FQ{Fl, H}

It also indicates that a function F is a first integral of the Hamiltonian flow ~%; if
and only if the Poisson bracket {F, H} vanishes. Using the definitions of %, and
the isomorphism I, we may write two other, equivalent definitions of the Poisson
bracket:

{F,H} =dF (Vyg) = w(Vy, VE).

13



The latter makes it apparent that the Poisson bracket is billinear and skew-symmetric
in F' and H. It allows for an efficient calculation of the Poisson bracket in (¢, p) co-
ordinates:

(poty—o (212 90 90 _OFOy_OFOH_oron
e op 0Gg 03 op Opodg 0Ogop) O3 Op  Op 07

The above expression (or some more general results about Lie derivatives) can be
used to prove, that the Poisson bracket obeys the Jacobi identity:

({F,G}, H} + {{G, H},F} + {{H,F},G} = 0.

Recalling the definiton of a Lie algebra, 10 we clearly see, that the Hamilton functions
on a symplectic manifold form a Lie algebra,and the operation in this algebra is given
by the Poisson bracket. Moreover, the first integrals of the Hamiltonian flow form
its subalgebra (that is a subset, which is also an algebra and is closed under the
algebra operation).

It is important to mention, that vector fields on a manifold also form a Lie
algebra, with the operation called a Lie bracket or commutator. They act as deriva-
tives of functions along the integral curves of the field. In particular, we have the
Hamiltonian vector fields on a symplectic manifold, and they act in the following

way:
[V, Vil = Ly, (F)(z) = %F(vﬁ(fﬂ))!mo ={F H}(z), zeM.

Integrability

The standard physical interpretation of the constructions presented above is that
the function H : M — R represents the total energy of the system. The equations
for integral curves v : R — M of the Hamiltonian vector field associated with H
parametrised with time,

V() = (q(t),p(t)), () = Va(r(1)), (2.3)

can be rewritten equivalently as the Hamilton canonical equations?:

. 9H . oH

;= ) P = — . 2.4
6=, P 94 (2.4)

Their solutions tell us what happens with the positions and momenta of the bodies
the system defined by H consists of, given the initial conditions. This, among many
other reasons, may motivate us to ask, is the single H function giving us enough
data to solve the equations (2.4)? Or, more generally, we may ask, how many first
integrals do we need to know in order to solve the system of differential equations
by quadratures®? In other words: what are the conditions for integrability of (2.4)?
Let us first consider a general dynamical system:

T; = fi<$1,l’2, ...,l'N), f(O) = (1'170,1'270, ey .Z'N70). (2.5)

The existence of r constants of motion (F}, Fy, ..., F,.), which are functionally inde-
pendent, that is dFy A dFs A ... AdF, # 0 reduces the dimensionality of the problem
from N to N — r. The way it works is that each constant of motion has a defined
value F; = F;(z(0)) at the initial Z(0), defining an N — 1 dimensional surface (so

2In the case of H = ﬁ pr + V(z1,...,zn) they may be directly transformed into Newton’s
equations of motion.
3i.e. through algebraic operations, as well as taking integrals and partial derivatives

14



called leaf) of points the integral curve of (2.5) is allowed to pass through. Intersect-
ing 7 such leafs decreases the dimensionality of the allowed submanifold to N —r. In
particular if » = N —1 this results in a curve which is in fact the solution of (2.5), per-
haps up to reparametrisation. One can also think of the vector field V = Zﬁil fia%i
(the solutions of (2.5) are its integral curves) and search for vector fields X,, where
a =1,..,s, such that [X,,V] = [X,, Xp] = 0. Having such vector fields, one may
change the coordinates to (yi, ..., yn), where:

_ 0
 OYa

al )
a=1,..,s, V= Z 9i(9)=— (2.6)

X, .
i=st1 Ay

and (2.5) in these coordinates turns out to automatically have s constants of motion:

=0, i=1,...,8, Ui=giy,..yn) i=s+1,...N (2.7)

Having r constants of motion and s = N —r —1 vector fields ( such that X;(F};) =
0),that is all in all N — 1 pieces of information ( or N if we are counting V' as well)
makes the system (2.5) integrable.

Does this mean that the integrability of (2.4), which is a special case of (2.5)
with N = 2n needs indeed 2n — 1 pieces of information (i.e. independent constants of
motion or commuting vector fields)? The Arnold-Liouville theorem [60] states, that
n functionally independent constants of motion, (F} = H, Fy, ..., F},) are enough for
the integrability of (2.4), but the additional condition is, that they have to be in
involution, that is their mutual Poisson brackets must vanish:

(Fi, F;} =0, i,j=12 .,n. (2.8)

In case of a system with many degrees of freedom this is a significant improvement.
The reason for it lies in the symplectic structure. Having n constants of motion
we may of course limit the search of the integral curve of (2.4) to an 2n —n =n
dimensional submanifold of M?" given by the intersection of level sets containing
the initial (g,)(0). But thanks to the symplectic structure M is endowed with, we
may also construct the Hamiltonian vector fields Vf, corresponding to each con-
stant of motion. The tangency condition is fulfilled due to the vanishing Poisson
brackets Vg, (F;) = {F;, F;} = 0. The n — 1 Hamiltonian vector fields define the
coordinates Vg, = % in which n — 1 equations have the form g; = 0 and a simple
solution y;(t) = yi(()%. These n — 1 constants of motion carve out an integral curve
in the n-dimensional submanifold of M we got from the intersection of level sets

Fi(q(t),p(t)) = Fi(q(0),p(0)).

2.3.2 Quantum Hamiltonian mechanics

The classical trajectories in phase space provide us with very precise information
about the physical objects: where they are and how fast they move in every instant
of time. Quantum mechanics, on the other hand, offers us probability distributions
of observing different results,together with their time evolution.® The description of
the quantum world is realised through normalized state vectors |¢) € H, where H
is a Hilbert space defined by the degrees of freedom present in the system.

Definition 35. A Hilbert space H is a complex vector space with a Hermitian prod-
uct. Finite dimensional Hilbert spaces used to describe the spin degree of freedom are
isomorphic to C". Infinite dimensional Hilbert spaces used to describe particles in a
configuration space M are the L*>(M) spaces of square-integrable functions.

4These probability distributions converge to classical trajectories in the limit of the Planc con-
stant h ~ 6.6 - 1073*Js being negligible in comparison with the values of action typical for the
system.
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Physical quantities are represented by linear Hermitian operators, so called ob-
servables acting on vectors from H. Each such operator has a diagonalizing orthonor-
mal basis:

A = ;Gi|ai><ai|, <ozi|ozj> = 5,']', Z ‘az><al| =1 (29)

W) = D Jaid i) = Yaules), ARy =3 aibela) (2.10)
izl izl =1

A measurement of the quantity A represented by A is realized as a projection of
the state vector on one of the eigenspaces of A. Each coefficient Yai € C is the
probability amplitude, and pq; = |¢a,i|2 is the probability of obtaining the result a;
in a measurement of the quantity A taken for a system in the state [¢). This prob-
abilistic interpretation allows for calculating the expectation value of the quantity
A in the state |1), that is (| A[¢)) = 271 a;pa, as well as its higher moments. An
experiment, on the other hand would involve preparing the quantum system in the
quantum state [1), repeating the measurement of A many times and gathering a
sample of {ay, ..., a,} values comparable with the theoretical predictions. Probabil-
ities must sum to unity (we are certain obtain one of the results) and this imposes
the requirement for the state vectors to be normalized to unity:

7/1|1/) Z wa,jwal O[]|Oél Zpa,i =1 (211)
=1

3,j=1

It is important to stress, that even if we are interested in a single observable fl, it
may happen that the eigenspaces of A are more than one-dimensional and within
each such eigenspace we may want to know a complete decomposition of the state
|¢) into orthogonal projections on one-dimensional subspaces. What is needed is a
complete set of commuting observables, fli,i = 1,2,...,1 which may be seen as a
quantum analogy of the complete set of first integrals mentioned in section 2.3.1.

All the expansions above were discrete and finite, but they can be easily gen-
eralised to infinite sums. The generalization to the continuous case, that is to the
observables with a continuous spectrum is worth taking a closer look.

The continuous spectrum

The most important examples of observables with a continuous spectrum are position
and momentum. In the simplest case of a single spinless particle on a real line the
state is represented by the wavefunction ¥ (z) = (z|¢)):

i = /x|x><$|dx, (@' |z) = 5(z' — ), /\x _ (2.12)
[10alo) = [v@la)de, o) = @), (213
@) = e, e =D [P =1 @

<
I

The wavefunctions are elements of the infinite dimensional Hilbert space L?(R),
that is the space of square-integrable functions. The value |¢)(x)|? is the probability
distribution, therefore the probability of finding the particle in the segment [a,b] C R
(for example some screen or detector) is given by f(f |¢(z)|?dz. The relationship
between the position and momentum operator:

(£, p] = ihl (2.15)

lies at the heart of quantum uncertainty on one hand, and is the sibling of the
classical conjugation relation {x,p} = 1 on the other.
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Many-body quantum systems on a real line

This thesis is focused on many-body systems confined to a real line. Usually in the
many-body case the problem of indistinguishability of quantum particles arises. In
the Calogero-Moser systems the particles repel with a 1/2? potential which makes
the tunneling between states with exchanged pairs of particles impossible, and allows
us to consider the wavefunctions on sectors of configuration space with fixed ordering
of particles, for example x1 < z2 < ... < zx.

The time evolution of states and observables

The time evolution of the state is given by the Schrodinger equation:
L d -
ih— |¥) = HW) (2.16)

where the operator H is the Hamiltonian, the operator associated with the energy
of the system. In the case of a time independent H the solution of this equation is
straightforward:

() = e () = THl0), ﬁ:iEi\w»wir (2.17)

=1

WO) = Y wmilv),  [00) =3 tme T ), (2.18)
=1 =1

where the eigenstates of the Hamiltonian are called stationary states, since they only
acquire a phase |¢g ;) — 67"% |YE,i) as time ¢ passes. The task is more complicated
when the Hamiltonian depends explicitly on time, but in essence it is still the problem
of finding the unitary operator U(t) which takes the state |1)(0)) to the state | (t)).

The information about the quantum system is not accessed directly from the
state vector [1(t)), but from the expectation values of observables calculated in this
state. This is why we may just as well as treat the states vectors as evolving in time
and operators as constant, attribute the time evolution to operators:

(A)(t) = (@) Alp(1) = (WITTOAT(B)]9) = (WIA(D)]9). (2.19)

The description of state vectors as changing in time is called Schrodinger picture,
while the one with evolving operators carries the name of Heisenberg. Moreover, as
we have the Schrodinger equation for time evolution of state vectors, we have the
Heisenberg equation for evolving operators:

d . 1

ZAM) = — [A(t), ] (2.20)

2.3.3 Canonical quantization

The equation (2.20) resembles the equation for the time dependence of phase space
functions along the integral curves generated by the Hamilton function:

Vo trm (2.21)

d
and as it was stated in section 2.3.1, functions defined on the phase space form a Lie
algebra with the Poisson bracket as the algebra multiplication. This motivates the
following approach towards quantizing a classical Hamiltonian system: let us take
the algebra of relevant functions and define its representation I' on a Hilbert space.
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For two functions f, g this would mean a possibility of defining operators f , g, such
that:

L(f)=Ff Tl=3 [().T(9)]=ihl({f g}) (2.22)

The correspondence with classical mechanics should serve as a guide to obtain a
canonical definition of the map I'. The simplest example of an algebra of functions
on phase space M of a system with n degrees of freedom is spanned by (g;,p;, 1),
where 4,5 = 1,2,...,n, that is the Heisenberg algebra with commutation relations
{gi,p;} = 6ij - 1{qi,1} = {pj,1} = 0. Its representation is proven to be unique
(up to unitary equivalence) by the Stone-von Neumann theorem [66] and given by
operators acting on L?(R") as:

. . 0
[g) = di=a, T(pj)=p= —iho (2.23)
q;

This algebra is clearly too small to model any physical system: it does not contain
any reasonable Hamilton functions, not even the one of a free system. The question
is how can this set be extended so that the map I' is still well defined. Degree two
polynomials of ¢; and p; may be included:

N . 1. . A .
U(qiqj) = Gid;,  T(pipj) = pips,  Tlaips) = 3 (GiPj + Pidi) - (2.25)
If i # j the operators commute and their order does not matter, but in case of
i = j the symmetrisation of I'(¢;p;) is important, as one can check for example
by comparison of {¢?,p?} and [¢?,p?]. This allows the inclusion of the Hamilton
functions of n free particles or harmonic oscillators. In fact Hamilton functions in a

form:

1 n
i=1

allow for a consistent I' representation which meets the condition (2.22). As stated by
the Groenewold-van Hove theorem [7], higher order terms including both conjugate
variables, such as qip? do not admit an unambiguous result of the I' map. The
problem lies in the ordering of operators in such a way, that (2.22) would be met for
all the functions in the algebra. The discrepancies which arise due to this ambiguity
are of order of A¥, where k > 1, so they may be considered small of higher order
than the commutators, and they clearly vanish faster than the commutators in the
classical limit. Yet we must bear in mind, that the quantization procedure is hardly
ever unambiguous. After all it is an attempt to guess a richer model from its limit,
while some information was lost when the limit was taken. In fact different plausible
quantum models could in principle have the same classical limit, and some examples
of this fact are present in this thesis.

2.4 Symplectic reduction

Reduction procedures serve as a method of obtaining complicated dynamical systems
from simple ones. They are vital to obtaining many-body interacting systems, which
are also completely integrable, such as the Calogero-Moser system. The necessary
ingredients for such a procedure are an equation of motion on a carrier space M,
such as the phase space for example, giving rise to a solution ® : R x M — M, an
invariant submanifold ¥ C M, i.e. ®(Rx¥) C ¥ and an equivalence relation between
points of ¥, such that if m = m’, then ®(R,m) = ®(R, m’). The reduced dynamics
is defined on the manifold of equivalence classes. The submanifold ¥ introduces
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nonlinearities and couplings between the remaining degrees of freedom. The simplest
prototype of this procedure involves a free particle moving in R3. Its motion is of
course 7(t) = 7(0) + t7*(0), but instead of looking at the Cartesian components of
7(t), we may consider the equations of motion in the spherical coordinate system,
where 7 = rn, n-n =1 and r > 0. The equations of motion simplify to # = r (ﬁ)Q,
the equivalence relation is given by the action of the rotation group SO(3) on initial
positions and momenta, and the invariant submanifold can be chosen to have a fixed
value of angular momentum. This results in a condition 1% = r* (ﬁ)2 and an equation
7= % for r(t).

In this section I am reviewing the special case of Hamiltonian reduction, when
the equivalence relation between points of the phase space is given by the action of
a compact and connected Lie group. The quantum counterpart of this procedure is
briefly summarised as well.

2.4.1 Group action on a symplectic manifold

The group action (def. 3), together with the notions of a stabilizer subgroup,orbit
and fixed points (def.4-6) were defined for an unspecified set. When this set is a
manifold, a vector field can be associated with every element of the Lie algebra g:

Definition 36. For an action a: G x M — M of a Lie group G on a manifold M,
we may consider a map a,, : G — M and its derivative day, : g — TmmM, which
maps an element of the Lie algebra to a vector attached at m € M. Applying this
definition at every point m we obtain a map from g to vector fields X (M), and for
every £ the resulting vector field £y is called the fundamental vector field.

The fundamental vector field £y; has the following geometrical interpretation:
an element £ € g generates trajectories in M trough the action a. These trajectories
are the integral curves of the fundamental vector field &,,.

When a group is acting on two manifolds, a map between the manifolds can be
compatible with the group action:

Definition 37. A map f: M — N between two manifolds a group G is acting on
is called equivarant if:

Vge G,me M : f(g.m) = g.f(m).

One of the central notions which arise when a Lie group G is acting on a sym-
plectic manifold (M, w) is the moment map:

Definition 38. A moment map p: M — g* is a map such that:

vﬁeg:w(;an) :d<M7§>

A tautological example of a moment map would be simply the Hamilton function
for G = R acting on M by translations in time, that is

t.(q(to), p(to)) = (q(to + 1), p(to + 1))

Other examples are the momentum p for G = R™ acting by translations a.(g,p) =
(@ + a,p) and angular momentum for G = SO(3) acting on M = R® by rotations
on positions and momenta: O.(g,p) = (Og,Op). It has to be stressed that not
every action admits a moment map. The above definition of p could be rephrased:
the fundamental vector field £,; is the Hamiltonian vector field of the function
(u(;),€) : M — R, and not all vector fields are Hamiltonian. This distinguishes a
special type of actions together with the symplectic structures they are applied to:
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Definition 39. A Hamiltonian G-space is a symplectic structure (M,w) with an
equivariant moment map, i.e.

Vg € G,m € M : u(g.m) = Ady(p(m)).

The equivariance of the moment map implies that for two elements &£, € g of
the Lie algebra:

{(w, €, (o} = (p, [, €]),

which means that p gives rise to a Lie algebra homomorphism between g and func-
tions on M under the Poisson bracket.

In fact the moment map can be understood as a Hamiltonian version of the
Noether theorem. Let us consider a Hamilton function H which is invariant under
a group action:

H(g.(3,p)) = H(c*.(q,)) = H(q,D).
This means that:

d

0= T H(e.(a.9))x0 = dH (éx1) = w(Enr, Vir) = —(d(p, ©) (Vir) = {H. (. &)},

that is (i, &) is a constant of motion.

2.4.2 The Marsden-Weinstein Theorem

One of the central applications of the Hamiltonian G-spaces and moment maps is
the Marsden-Weinstein reduction theorem [08]:

Theorem. Let (G O M,w,u) be a Hamiltonian G-space. For a regular value x €
g* assume the action of the coadjoint stabilizer G, on u~'(x) is free. Define the
embedding

ip N (z) — M,

and the projection
ey () — M, = p~(2)/G.

Then (My,w;) is a symplectic structure, where wy defined as:
k%
Iow = MWy

18 unique.

This theorem fits the general scheme described in the beginning of this section:
having ®(t, (o, Po)) as the integral curves of Vi passing through (go, pp) € M and a
group action which leaves the Hamilton function unchanged, we choose the invariant
submanifold by choosing x € g* and we have the equivalence relation between points
in M given by the group action. What is special about the reduction applied to a
Hamiltonian G-space is that the resulting dynamics takes place in a symplectic
structure. This is especially fruitful for the physical interpretation of the reduced
systems.

Quantum reduction

The simplistic picture of the quantum Hamiltonian reduction is that the functions
pe = (1, &) can be quantized as discussed in the previous section, together with the
Hamilton function, and that the Poisson brackets will translate to commutators,
as usual. Then the domain on which the quantum operators act is restricted to a
quotient domain with respect to the group action. On the other hand a classically
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reduced system could also be quantized, although the reduced symplectic manifold
M, is rarely a familiar R?” phase space, for which it is clear how to define a Hilbert
space. The conjecture that reduction and quantization commute i.e. result in the
same space of quantum states no matter the order in which they are carried out,
was first presented in [69] and proven in [70].
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Chapter 3

Generalised Calogero-Moser
system preliminaries

The simplest case of the ordinary CM system

HCM,g sz +5 Z

2#] N xj)

can be extended to arbitrary values of coupling constants

Hemg = sz + = Z QU (3.2)

1753 - )?

mimicking some artificial charge carried by the particles for example. A further
generalisation, which is the focus of this thesis consists of additional dynamical
variables, sort of internal degrees of freedom instead of coupling constants:

1 1 Ay (t)
HCM,Q:gZp12+§Z(ZE.i$,)2 (3:3)
i i#j ! J
In this chapter I am reviewing the various formulations of the latter generalisation
and some results which were the foundation for my research.

3.1 Classical generalizations of Calogero-Moser systems

3.1.1 Matrix Calogero-Moser system

One of the ways of obtaining a system described by (3.3) is the reduction of a
linear Hamiltonian system on the space of matrices [10]. The configuration space
in this case is the linear space of N x N complex Hermitian matrices: M = {X €
Mp(C) : XT = X}. The corresponding symplectic structure consists of the space
M=T"M=MxM={(X,Y): X=X, YT =Y}, and the canonical symplectic
form:

w=>Y_dYy ANdXj; =Tr(dY AdX). (3.4)

i?j

The Poisson brackets are constructed as stated in section 2.3.1:

of g g of of 9g  0dg Of

{f7 g} = Z - =Tr ( > )

T 429X, 0Y; 90Xy 0Y; 0 \0X9Y 9X Y
2y

(3.5)

and the equation of motion for an arbitrary phase-space function f generated by a
Hamilton function H : M — R reads, in terms of the Poisson bracket, as
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Let us consider the following Hamilton function on M:
H = %TrYYT = %TrYQ. (3.7)
The corresponding equations of motion,
X=Y, Y=0, (3.8)
have a simple solution,
X(t)=Xo+t-Yy, Y(t)=Yop, (3.9)

which is just a straight line in the space of Hermitian matrices. I will now express
X (t) and Y (¢) in the diagonalising basis of of X (¢) (assuming X (0) = Xy is diagonal):

U(t) ( i/(g)) )U(t)T = ( 1‘38 ) , (3.10)
with D(t) diagonal. Denoting A := UUT € w(N) and L := [D, V] = U(t)[Xo, Yo]U (t)"

su(NV) leads to the following equations of motion

D=V +[A,D], V=[AV], L=I[ATL]. (3.11)

Relabeling x; = X;, and p; = Vj; and eliminating the entries of A as A;; = L;;/(D; —
D;)? results in a system of nonlinear differential equations:

jfi = P; (3.12)

. —2L;k Lk

pi = VEE— (3.13)
kZ# (zi — og)?

. 1 1
Lij = Y LiLy; ( 7~ ) ; (3.14)

ki (i = )

which could be written shortly as:

,U’L:fl(v)a U= (xla--nyvplv"'apN7L127"'7LN,N—1)' (315)

The pairs of matrices (V; A) and (L, A) are the examples of the so called Lax pairs
defined by the equations B = [B, A]. The existence of such linear operator equations
associated to a nonlinear differential equation is very useful in the construction of
the first integrals [2]. By applying (3.11) and the cyclic property of the trace one
can check that

Iy kg ey = Tr(LF1VE2 o pRar-rykary (3.16)

are the integrals of motion of the system (3.12)-(3.14) where k1, ...kps are arbitrary
natural numbers and V' is expressed in terms of z;, p;, and L;j. [71]. Of course only
a limited subset of the integrals of motion is independent. Which and how many of
the integrals belong to this subset can be found in [72].

Equations (3.12)-(3.14) are still Hamilton equations of motion derived from the
old Hamilton function, H = %TrY2 = %Tﬂ/2 expressed in the new parametrisation,

1 1
Hemr = 521)3 - 52
i i#]
They describe the dynamics of N interacting particles on a line. Note that the L
matrix is anti-Hermitian and L;;Lj; = —|L;;|? thus the interaction in (3.17) is always
repulsive.

G (3.17)
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Energy level repulsion

The task of diagonalising an N x N Hermitian matrix is of course familiar to every
physicist in the quantum context. As a special case, one can consider a perturbed
Hamiltonian in the form:

H=Hy+\V (3.18)

where the ﬁg is diagonal. The eigenvalues €;(A) of the perturbed Hamiltonian depend
on the parameter )\ as the positions of a one-dimensional gas of repulsive particles
described by (3.17) [73].

The harmonic and inverse sine squared potential

The same change of parametrisation applied to H(X,Y) = 3Tr(w?X? + Y?) leads
to a similar system of repelling particles, but in an external harmonic potential [12],

1

1
HqL:—g p?+w2x?—f§
2~ 2« .(.%‘Z'—.’Ej)
i i#]

(3.19)
As an intermediate step, the equations of motion in the big phase space will be:

X=Y, VY=-uX, (3.20)
and their solution:
X))\ cos(wt) L sin(wt) Xo (3.21)
Y(t) )] \ —wsin(wt) cos(wt) Yo |’ '
an ellipse in the phase space tends to the linear solution as w — 0.
Applying the same procedure to a Hamilton function H(X,Y) = %Tr(X Y)?

results in a unitary matrix X (t) = e~ 0~ X0 and its eigenphases repel like particles
in the Sutherland potential:

iyl LijLji
O P PR O Te) (322

The symplectic form and the Poisson brackets

The symplectic structure on the big phase space M is of course modified by this
change of parametrisation. The tautological one-form 7 = Tr(Y'dX) is much easier
to translate to the (z,p, L,U) variables, than w = dr = Tr(dY A dX). Once 7 is
reexpressed, the expression for w is straightforward:

T = Tr(YdX)=Te(U'VUdU'DU)) = Te(VdD — [D,V]dUU") =
Tr(VdD — LdUUT)
w = dr =Te(dV AdD) — Tr(dL A dUUT) + Te(LAUUT A dUUT) =

N
= Z dp; Ndx; — Tr(dL AN a) + Tr(La A a) = wgp +wru (3.23)
i=1

The matrix-valued one form a = dUUT is a special case of a Mauer-Cartan one
form [74] with the property da+aAa = 0. There is a separation of the (x,p) degrees
of freedom in a canonical symplectic form w, , and and the (L, U) degrees of freedom
in a less obvious wy, 7, which is an example of the Kirillov-Kostant-Souriau form [75].
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The Hamiltonian vector field corresponding to a function f : (z,p, L,U) — R is the

following:
_N0f 9 _of 9 <3f ) {( of [of )8}
Vf_;apiaxi Ox; Op; Tr aLTUaLT UaUT-i- aLT,L 50T [
(3.24)

and the arising Poisson brackets of two functions on the phase space:

of dg  9g Of
{fi9} = w(Vy, Vi) = Zaxz dpi  Ox; dp; "

of Og dg 3f) of Og )
_ﬁ{U <8UT oLT ~ aUT OLT }+ﬁ (L [8LT’ 6LT}

The Poisson brackets of the relevant dynamic variables, (x,p, L) take the form

{xipj} = 0ij,  {Lij, L} = 0uly; — duLa, (3.25)

while all the other Poisson brackets vanish.

The Lie algebra spanned by the L variables

The L matrices, anti-Hermitian and traceless, belong to the su(N) algebra, so it is
expected that the The Poisson brackets (3.25) of L;; variables will somehow reflect
this fact. Indeed, let me define the real and imaginary parts of L;; as:

Lif = —Lij+ Lyi, Li; = i(Lij + Ly) (3.26)

and carefully calculate the Poisson brackets:

{LE, LY = 6Llf — dulli — 6 Lfk + 64 L%, (3.27)
{LE, kl} = 0Ly — 6Ll + 6 LYy, — 6Ly, (3.28)
{LU, Ly = -0l — 5i,€L§§ —6LE — 5ilLf,€. (3.29)

These are exactly the commutation relations of the su(V) basis elements (7;;, 04;)
stated in the definition 19 after a simple substitution:
[7] - {7 }a Tij — Lg, Oij — LZI] (330)

This means, that L and L! variables span the off-diagonal subspace of the su(NV)
algebra and the L variables alone span so(IV).

The orthogonal and unitary setting

It is clear, that if the initial conditions given by (X, Yp) belong to the real symmetric
subspace of M, the dynamics of the system is confined to this subspace as a special
subset of solutions to the equations of motion (3.12)-(3.14). On the other hand the
same construction on the cotangent bundle of real symmetric matrices, T*M%? =
MEXxME={(X,Y): XT = X, YT =Y} will lead to the same equations of motion
for the (z, p, L) variables. The only difference is, that since X (¢) and Y (¢) ale real and
symmetric matrices, and the diagonalizing matrices are no longer unitary U(t) but
orthogonal O(t). Moreover L(t) is now real antisymmetric with the Poisson bracket
equal to (3.27) up to a factor 3, reflecting the fact that now L belongs to the so(V)
algebra [25,71].
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Gauge symmetry

It is a simple yet important observation that the matrix U(¢) which diagonalises
X (t) is clearly not unique. Every matrix EU(t), where

E = diag(e'®*,e'?2 ... eN). (3.31)

is just as good. This results in a gauge invariance of (3.11) and consequently (3.12)-
(3.14). In the orthogonal setting ¢ € {0, 7}, which means that F € Z5", while
in the unitary setting ¢ € [0,27) and E € U(1)*". This means that we can look
at the trajectories L(t) = U(t)L(0)UT(t) in the set of equivalence classes [L] =
{L’ = ELET}, where E belongs to an appropriate set.

L and L’ belong to the same equivalence class, i.e, [L] = [L], if and only if
L}; = Lie'®i=%), (3.32)

Writing L;; = |L;j|e*? and L = |ng|ew2]' i < j we clearly get |L;;| = |Lj;[, but
there must also exist such ¢y, @9, ..., o € [0, 27), that for all ¢ < j:

Yij = pij + i — @5 (3.33)
If such N phases exist, every triple (i, j, k) of indices must satisfy:
Pij + O+ Phi = Pij + ik + Pri = Pijie. (3.34)

On the other hand if (3.34) is satisfied, ¢1, ¢2, ..., are well defined by (3.33).
Indeed, let us define ; = <,0;-7Z-+1 — ¢iit1, 0 =1,2,..., N — 1. Then, since L and L’
are anti-Hermitian, i.e., p;; = 7 — @y, j; = 7™ — ¢;, we get from (3.34) ¢, —pjx =
aj + ...+ ag_q for j < k — 1. Now defining ¢, = a1 + a2 + ... + a1 we easily
obtain (3.33). Therefore (3.34) is both sufficient and necessary for two matrices to be
gauge equivalent. The physical quantities, such as positions, momenta and repulsion
strenghts |L;;| are gauge independent, as expected.

Ordinary Calogero-Moser subspace

The equations of motion for (x,p) variables defined by (3.1) can be realised with
a specific choice of initial conditions (X, Yp) in the big phase space. The chosen
Lo = [Xo, Yp] must remain in its gauge equivalence class as it evolves with time:
[L(t)] = [Lo]. Since L;;(t) = 0, |L;j|(t) = g and L(t) = U(t)LoU'(t), the appropriate
matrix is

Lo=ig(le)(e] —1), (e]=1(1,1,...,1). (3.35)

Indeed, L(t) = ig (|f){(f| — 1), where |f) = U(t)|e). For the diagonal elements to
vanish, L;;(t) = ig(|fi|> — 1) = 0, every component of |f) must be of the form
fi(t) = €%® which in turn means that |f) = Ele) thus L(t) = E(t)LoE'(t) and
[L(#)] = Lo-

The reduction procedure

The Hamilton functions (3.17) and (3.19) and the corresponding equations of motion
were obtained by changing the variables (X,Y) — (z,p, L,U) and silently eliminat-
ing the unitary degrees of freedom, as if all points (z,p, L,U) where U € U(N) were
equivalent to a single point (z,p, L) in some new, reduced phase space. It is in fact
guaranteed by the Marsden-Weinstein reduction theorem stated in section 2.4, that
this procedure will work.
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Let us take a closer look at the symplectic manifold (M,w = Tr(dX AdY")) with
G = U(N) acting by matrix conjugation. The fundamental vector field vy, € X (M)

corresponding to an element v € g = u(/N) can be found by its action on a function
feC>®(M) at a point m = (X,Y) € M:

d 0 0
@ (f(etv.m.e—tv)) ’t:(] - [ }z] 8){{] —+ [U,Y]ija)/];. (3.36)

v (f)(m) =
According to the definition w(vy;, ) = d{(u,v) the moment map corresponding to
this action is given by u(X,Y) = [X,Y] = L. All the points (X,Y) € p~1(L) divide
into equivalence classes given by (D,V) = U(X,Y)U', where D is diagonal and
these equivalence classes form a symplectic manifold.

3.1.2 Vectorial Calogero-Moser models

A different generalisation of the CM systems arises when the interaction term is
described by strictly one-particle degrees of freedom, rather that by the dynamical
variables L;; measuring the coupling strengths between two particles [15], [46]. In
this case the extended phase space is parametrized by canonical variables (z;, p;) of
N particles on a line and vectorial degrees of freedom assigned to each particle. The
vectors |e;) € C?%, and their duals (e;| = |e;)f, 4 =1,2,..., N and define a symplectic
structure by the following symplectic form,

N
w=_dp; Ndx;+i-d(e| Adle) (3.37)
=1

The vectorial generalisation of the CM system is defined by the following Hamilton
function on this phase space:

Z ¥z Z 6169 (ejles). (3.38)

175] i =)’

and applying (3.6) gives us the equations of motion:

: OH

fo= g, TP (3.39)
) OH 2(e;ler)(er|e;

pi = — = Z M’ (3.40)

8xz~ ki (JZZ — (Ek)3

dle;) . oH _ Me»
at ae| ;(x xk)g\ i)- (3.41)

The set of N equations (3.41) have the form |é;) = —iM;|e;), where M; are Hermitian
matrices, and it is useful to keep them in this form. Yet rewriting the symplectic
form and the arising Poisson brackets in terms of the real and imaginary parts of

le;) vectors (rescaled by 1/v/2):

N d
w o= Z (dpi Ndx; + Z dez{k A defk> , (3.42)

i=1 k=1

N d
B of 99 99 9f
ok = ALgbew + 22 5o 51~ e

i=1 k=1

3.43
(9@Z & ( )

shows explicitly that there are IV - d additional degrees of freedom due to this ex-
tension, and that the canonically conjugate variables (analogical to positions and
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momenta in the additional subspace) are the real and imaginary part of each com-
ponent: {efk, ej{l} = 0;j0k;. There are two valuable conclusions from (3.41). Firstly,
the scalar products (e;|e;) are constant in time. Secondly, the dimension of the vec-
tor space spanned by |e;) vectors is effectively d < N [45]. This stems from the
fact that |e;(t)) € span{lep;)}, and as there are N vectors, at most N of which are
linearly independent, hence the space spanned by the evolving vectors is at most
N-dimensional (and fixed by the vectors given at t=0).

An extended phase space

A much broader set of systems may be defined in an extended phase space {(X,Y, &)}

where XY are N x N matrices, while £ = (|e1), |e2), ..., |en)) are rectangular matrices
build of N d-dimensional column vectors [15]. The symplectic form
w=Tr(dX ANdY) +i-Tr(dET A dE) (3.44)

together with a Hamiltonian function H(X,Y, &, F) gives rise to the following equa-
tions of motion:
OH . OH ; OH

X (3.45)
Different assumptions about {(X,Y, )} matrices will lead to various matrix flows,
which could be studied. Yet for the tools introduced in section 3.1.1 to be appli-
cable in this case it is assumed that X,Y and £TE are Hermitian N x N matri-
ces. Moreover, we restrict the possible Hamilton functions H(X,Y, ) to those with
U(N) symmetry, such as the functions of Tr(X™),Tr(Y™) or Tr((£7€)"). The solu-
tion (X(t),Y (t),E(t)) of the equations of motion (3.45) can be acted upon by the

matrix which diagonalizes X (t), as it was done in the case of the (X,Y") system:
(D(), V(1)) = U@)(X(), Y (£)U(t)  E(t) = @)U (). (3.46)
The equations of motion:
D=[A,D|+UXU', V=[AV]|+UYU', E=-EA+EUT, (3.47)
where A = UUT can be fully expressed with (D, V, E) variables for a specific solution

of (3.45).

3.2 Quantum Calogero-Moser system

3.2.1 Ordinary CM system, spectrum and wavefunctions

The quantum N-body Calogero-Moser Hamiltonian considered in [4] consisted of
both harmonic and inverse-square repulsion potentials between the particles:

. 292 mw? 1
H=—omdoapt 1 Lw-al+od o (049
i=1 ?

.22
i<j i<y T T

In this section I will consider a slightly different Hamiltonian, where the harmonic
potential is external:

- 92 mw? 2 1
S S S S Ry ye (3.49)

) 2
2m (= Oz; i<j i (@i =)
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and review the method used to find the spectrum and eigenstates in [1] by applying it
to this case'. The negative values of g clearly correspond to an attractive interaction,
and the scope of my research would allow not to consider them at all, but as discussed
in [1] and in more detail in [62], g € (—%,O) is allowed and does not affect the
results presented below. A stronger attraction between particles would lead to a
Hamiltonian which is unbounded from below and a 2-body collapse. The system
is one-dimensional and the particles cannot overtake each other, therefore we can
choose a sector of the configuration space with a fixed ordering, for example x; >
Zg > .... 2 zy and then extend the solution by ¢(Pzx) = npy(x) where P denotes
the permutation of positions and np is equal to one in case of Bose statistics, and
to sign(P) in case of fermions. The solutions of the Schréodinger equation

h2 NOoo2 o mw?
Z@x Zm +gZ ~E|¢y=0 (3.50)

z<]

are assumed in the form:

V(R 7, 2) = 2T 2p(r)p(R), (3.51)
where
1 & 2 1 2
= NZJU,, ré = NZ(SUZ—LL’J) , 2= H(azl—x]) (3.52)
i=1 1<j 1<j

Careful calculation of Hi leads to the separation of R and r variables:

2
( d‘jR R? - 25*) p(R) =0, (3.53)
2
( 52 iCan? 2E>¢()_0 (3.54)
,/m“JN i = 1/—r (3.55)
=N—2+( N(a+1/2) (3.56)

The crucial identity is:

(3.57)

which yields the term (g - %Q(a2 - 1/4)) >
to disappear for

%a:j)? in the Schrodinger equation

2 F' (3:58)
Of course only the positive root is acceptable, since we require the z%t1/2 factor
to vanish whenever the values of any two position variables coincide. The center of
mass contribution to the solution is clearly the harmonic oscillator (or free in the
case of (3.48)) eigen equation with the well known solutions:

~ 1 d " R? 1

I The sole difference between the two Hamiltonians is visible after separating the center of mass
degree of freedom: in the former the center of mass is free and in the latter it is confined by a
harmonic potential.
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The solution for ¢(7) is less straightforward to find but has a simple form as well:

72 -1
onP) = TLYP), B="T1 Ea=he@nifr1),  (360)

where Lg(x) are the generalised Laguerre polynomials, that is the solutions of the
following ordinary differential equation:

2y (z) + (B+1—2)y (z) + ny(z) =0, n=0,1,2.. (3.61)

The complete solution to the (3.50) eigenproblem, assuming the form (3.51) is:

_ mw(NR?4r?) N
Unpm, = 23 HnR( e R) 7 <m”r2> (3.62)

fom 1 g (N (+1)
nr Ty B 9 a B

It has to be stressed, that the functions of (3.51) type exhaust the full set of solutions
only for N = 2. In general, for V > 3 after separating the R and r variables we are

Eppm, = hw . (3.63)

left with a differential equation on the SV~=2, and a modified equation for ¢(r):
& N-2d , b 2E
— — — r — — r) = .64
( R AR T R (3.64)
2 _ _
(—ASNz + %f(a) - b?) xi(8) =0 (3.65)
=Yt (3.60)
FO =S ———| _ & 3.66
o (2 — a5)2 % (r0)

The index [ accounts for all the N — 2 remaining quantum numbers, and the corre-
sponding energy levers acquire an additional fwb; term. The angular problem defined
above is considered in [70].

In the case of a free system the solution in the relative variable r will be:

¥(r) = Vra(kr) (3.67)

3.2.2 Systems with spin state exchange

There is an interesting class of quantum Calogero-Moser systems, in which the spin
states of the particles influence the inverse-square interaction potential [50-52]. They
have a matrix structure similar to the classical one outlined in (3.1.1). Yet, as ex-
pected of spin degrees of freedom, the internal variables do not survive when the
classical limit is taken. One of the characteristic traits of these systems is that in
the matrix formulation the Hamiltonians have the form

. 1 .

H=o- > (v )j (3.68)
for an appropriate matrix-valued operator V instead of Tr(ffz) = (‘72) . The
diagonal terms result in a Hamiltonian acting diagonally on the internal degzléees of
freedom, that is an ordinary system with coupling constants possibly depending on
the spin states.
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Simple spin state exchange

The Hamiltonian presented in [50] is the quantum version of the Calogero-Moser
system with a spin degree of freedom. The operators P;; are matrices acting in spin
space, exchanging the states of the i*" and j*" particle. The terms without F;; should
be understood as identity matrices in spin space. The z;,p; are standard position
and momentum operators. The parameter a is a dimensionless number.

~ 1 S a’> —a- P
=—>y p+—> —2 (3.69)
2m ; ¢ m i< (xz — x])
By analogy to the classical CM system this Hamiltonian has a corresponding
pair of Lax operators V,A:

1ahP;;
J J 3 g — z;
iah Py
A = — i E + (1 —=9;) Y (3.71)
Tom ( = a:w " (- xn?)

Note that the matrix elements of these operators are themselves matrices in spin
space. The properties of the V', A operators are the following:

L1 )
o= 2m r (V )ij (3.72)
) 1 .

Vij ifh[sz,H] =[A,V]; (3.73)

By analogy with the classical case we introduce operators D;; = d;;x; and L;; =
[D,V];j, and calculate the time dependence with  and A. The results resemble the
classical case:

ng = zhéw + iah (1 - (5”) Pij (3.74)
The time dependence of D and L:

1 » bi Vvu

Dy = iH=—=— 3.75

o ) = 2= (3.75)

[A,D],, = 0 (3.76)

V.

A D], = -2 3.77

4,D), = -2 (3.77)

L; = 0 (3.78)

Ly = m[Lw’H] [A, L];; (3.79)

where (3.77) serves as a consistency check.
In conclusion, the equations for D,V and L time evolution are the following:

. \%
D = [A D+ — (3.80)
m
V. o= [AV] (3.81)
L = [A1L] (3.82)
The closed set of equations for D;;,V;; and L;; looks like this:
Dy = — 3.83
m (3.83)
. 1 —2L;;L;; + 2ihL;;
Vi = — L 4 3.84
m Z (D” — Djj)3 ( )
J#i
L Z L ( ! ! ) (3.85)
i = - iks kg - .
’ ™ iz "\(Dii = Dw)®  (Dj; — Diy)?
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Weighted spin state exchange

The Hamiltonian presented in [51] is a generalisation of (3.69) in which interactions
depend on the spin states:

BB af yBa
05 906 (95 X7 XD + X0 X!
( . ) (3.86)

.1 o 22
Mo gm Vit 2

i<j (@i — ;)

the «, 8 indices run over spin degrees of freedom, the X" A matrices turn the state
of the it" particle from a to 3. The matrices act on single particles, so the X matrix
products should be understood ( for ¢ < j) as:

XX =1"exP e g X g1V (3.87)

The summation over spin degrees of freedom for some general values of g, results

in:
~ 1 h2 E2 +Ez‘j
O R e e

(3.88)

fx ]ﬁ “ exchanges the spin states of iy,

where Ef] is diagonal, and Eij = >, 5 9apX;"
and j*" particle multiplying the state vector by a state-dependent factor.
By analogy with the (3.69) case,and looking at (3.70) and (3.71) it is possible to

guess the form of the Lax pair in this more general setting:

Vi = bupi+ (1= dy) (3.89)
Ay = Sy s (1) — L (3.90)
m\ iz (@i — @) (i — ;)

The definitions D;; = d;;x; and L;; = [D, V];; do not change, and it turns out that:

1

» 2
- 91
n 2m r (V )ij (3.9)
. 1 N
Vij = %[sz,%] =[A, V] (3.92)
Dy = Dy =A D]--+@ (3.93)
v ih 13 - ) ] m .
Whereas for the L operator:
Lij = zhéw + ih (1 —9; ) Eij; (394)
There is an additional commutator with a diagonal operator:
. 1 ~
L;; = %[Lij,H] =[A+ Ap, L]ij (3.95)

which can be eliminated by the appropriate gauge transformation L — ELE.

3.3 Relation with Quantum Hall Effect

One of the features of the Calogero-Moser system which motivated my research is
its link with the Quantum Hall Effect presented in [31]. The core idea is that in
the strong magnetic field regime the states of the Quantum Hall system can be
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projected onto the subspace of a single Landau level. The elements of this subspace
admit a 1D representation, which turns out to be identical to the wavefunctions of
the Calogero-Moser Hamiltonian. To see exactly how it works, we need to start from
the Hamiltonian of a single electron confined to the (z,y) plane in the magnetic field
B=DBé, =V x A:

~ 1 . N N N ~
HH:%(W:%'FTFZ), mzpi—f—eAi. (396)
In the position representation p; = —ihd,,, and therefore [, T,] = —iheB. This

relation lets us efficiently show, that:

. 1 B
Hy = m(aﬂa+), w="2, (3.97)
2 m
1
~ _ ~ N ~ AT _
a = Ty — 1Ty) , a,a'| =1. 3.98
Vanep e i) @] (3.98)

The eigenstates of this Hamiltonian can be constructed with the anihilation and
creation operators ¢ and a exactly as it is done for the quantum harmonic oscillator:

At n
iy =0, = (j% v Huon=ho(nt3)vn (399

and in this context the quantized energy levels are called the Landau Levels. Just
as we would get for the classical phase space functions with the use of the Pois-
son bracket, we obtain the time derivatives of the operators with the use of the
commutator,i.e. the Heisenberg equations:

d {7 -1 T —WT
— | | =—— |Hpy, | .* = Y. 3.100
dt(@) ih[ H(@)] ( W, ) ( )

The solution is of course a pair of operators rotating with the cyclotron frequency

B,
7:rx () = CF)swt —sin wt T:FI (0). (3.101)
Ty sinwt  coswt Ty
Instead of (Z,y) we will use the centre of mass position operators which commute
with the Hamiltonian:

X # = b d (X -1, (% 0
(Y):<y+:f:> dt(f/)z_m[HH(y)]:(O). (3.102)

The algebra of the four operators (X Y, R, ty) is the following:

w =

(X,V] = il [fe ) = —iheB (3.103)

[Xm — [Y,fry —0 (3.104)

[X, fry} = [Y, frm} =0 (3.105)

where [ = %. Instead of X and Y we may define yet another pair of operators, b
and I;T, such that:

b= \/lﬁz (f/ —zX) [6, BT} —1, [3, &} - [13, aq —0 (3.106)
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The existence of such B, bt operators means that the eigenvalue of m = bibis a good
quantum number and we may create a ladder of states numbered by m within each
Landau Level:

avoo = boy =0, (3.107)
Ynm = \/T%(&T)n(fﬂ)mwo,o (3.108)

In a strong magnetic field, that is when the level spacing hw is much larger that
kT, we may treat the system as confined to the lowest Landau Level (LLL) with
the 7, and 7, frozen by the condition a1y = 0. The remaining two variables describe
an effectively one-dimensional system, since in the diagonal basis of X, that is for
states |s) such that X|s) = s|s) the operator ¥ can be treated as the conjugate
momentum: Y = —il29, = f—g.

Until now all the definitions were gauge independent, but to work out the wave-
functions in the 1D representation, a specific gauge is necessary. The choice made

in [31] is the symmetric gauge, A = %(—y,:ﬂ, 0), which allows for the use of very
convenient complex variables (z, z*) = ﬁ(w + iy, x — iy). The operators a, b and

their Hermitian conjugates can be expressed in these variables’:
X , z* o z
a = —i|(0,+ 5 ), al=i —0y + B (3.109)

il ? Y N
z<az+2), b z< az+2) (3.110)

oo
I

The LLL wavefunctions defined by aiy = 0 have a general form:
El

$lz,27) = p(z)e T

To change the representation of a state |¥) from W¥(z,2*) = (22*|¥) to ¥(s) =
(s|¥), we need to calculate:

(3.111)

U(s) = (s|¥) = /<s|zz*><zz*|llf)dzdz* = /<s|zz*>\Il(z,z*)dzdz* (3.112)

where (s|zz*) is the complex conjugate of normalized eigenstate of X with the eigen-
value s written in the z, z* variables:

A l *
X = g—l—ilQay =7 (ZJ;Z 40— 6,2) (3.113)
| ARV S € et 2
Us(z,2") = (22%|s) = Jint/a¢ A ’ (3.114)
XU (z,2%) = sUy(z,2%). (3.115)
The integral for ¥(s):
1 _i 2sz 22 2
U(s) = i 72¢ 22 [T T (%) e 1 dadet = (3.116)
T
1 2 2 V3sz
= ﬂﬂ1/4e 22 e_%ag/e_lz|2+2fgo(z*)dzdz* = (3.117)

$2 2
x e 2%exp <—l48§> ® <\/Z§S> , (3.118)

2only in this specific, symmetric gauge, which enters into the a,b operators through the gauge
dependent 7,y
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\fsz . .
where we use the fact that %g—; (e L ) = % and the coherent state identity:

1
—/e_‘z|2+ach(z*)dzdz* = p(a). (3.119)

™

Extending this result to many-body wavefunctions

Y218, 25 ) = Q(EF oy 2l e 2zt 8 (3.120)

-----

and using a dimensionless parameters §; = @ leads to:

N s 2221322

U(5y, ..., 5n) = e 1 2imfie o(51, ..., 5n) (3.121)

In the case of the Laughlin state (27, ..., 2) = [1;<;(2] — 27)™ and the 1D repre-
sentation:

N .
U(5y,..,5y) = e a2t DI =G -5 (3.122)
1<J
In the strong magnetic field the length [ = % is small and the long distance

approximation |§; — 5;| >> 1 may be used. In this approximation the derivatives:

0 ~ 59" —m 1 5. — 5 )™ 5 —5:.)™
%(g(si_sj) >_ (%ék—@) (g(z ) )<< (g(z i) )

so if we expand the exponent with the derivatives acting on (]_[Z < j(§i — §j)m), the

zero order term will be dominant. This means that in the strong magnetic field:

1<j

W31, ..., 5y) ~ e 3 i & (H(gi —§j)m> (3.123)

which is the ground state of the Calogero-Moser Hamiltonian:

Hen = hw(—z Z +Z(7:2_$2). (3.124)

1<)

36



Chapter 4

Classical Results

In this chapter I am presenting the results of my research on the classical generalisa-
tions of the Calogero-Moser system formulated in section (3.1). The accomplishments
in this area can be summarised as follows:

1. T have proven the equivalence of flows defined by the Hamiltonian functions
(3.17) and (3.38) under the condition, that all vectors |e;) are equally nor-
malised. In this case L;;(t) = i(es|e;)(t), which means that the seemingly
two-particle quantities L;; are in fact defined completely by the internal states
of individual particles.

2. Within the vectorial formulation I have proven that there are no initial condi-
tions recovering the (3.2) dynamics unless g;; = g.

3. I have proposed a model which combines the matrix and vectorial degrees of
freedom as outlined in (3.1.2). A coupling between the two types of variables,
after a unitary reduction, gives rise to 1/z;; interaction potential. This is a
very interesting result, as this is the only known integrable many-body model
with this type of interaction.

4. T have solved the equations of motion given by a classical counterpart of a
modified Hamiltonian (3.68).

5. I have examined the influence of the internal variables L;; on the external
degrees of freedom (z, p) and shown that a matrix model with L;;(0) = ig;; can
be used recreate the (x,p)(t) trajectories defined by (3.2) with high accuracy.

6. I have studied the influence of particle collisions on the values of L;; variables.

7. T have analytically found the reachable sets of the L degrees of freedom for a
Calogero-Moser system of N = 3 particles. I have also made an attempt to
generalise this result to N > 3.

4.1 Relation between the vectorial and matrix models

A careful look at (3.41) and (3.14) leads to an observation that £;; = i-(e;|e;) obeys
an equation of motion which is similar to (3.14):

d 1 1 il
— L = Lin L _ . (e ), i1
dt J k;] k~kj ((mz _ xk)Q (.%'] _ xk)g) 33'22] ( ' ) ( )

where ¢; = (e;]e;). It coincides with (3.14) if all the vectors are equally normalised
(e;le;) = g. Moreover, the Poisson brackets obtained with the use of |e)-dependent
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part of the symplectic form (3.37)

(Lo Lot} = i (Z d(eilej) Olexler)  Alexler) 8(&\63’)) = (0;uLa — 6uLy;), (4.2)

m |em) (em| em) (em|

coincide with {L;;, Ly} = 8Ly — 0y Lk; (3.25). This means that once we find such
initial |eg;) that recover a given anti-Hermitian Ly matrix via Lo;; = 1 - (ei0lej0),
and (e;olein) = g, the two flows will be equivalent. Expressing the above with
a rectangular matrix £& = (|e1)|ea)...]ex’)), We can say that any matrix £TE with
a constant diagonal defines a repulsive (3.38) system. Once the initial conditions
coincide, L;;(0) = i(£78);;(0), and the diagonal elements are all equal (£7€);;(0) = g,
the trajectories will coincide as well: L;;(t) = i(£7€);;(t). Now two questions need
to be answered: 1. does every L matrix decompose into appropriately normalized |e)
vectors, 2. does every vectorial model translate to an L formulation (3.38)7 In other
words: do (3.17) and (3.38) coincide, overlap or one contains the other?

To answer this question let us decompose an L matrix into |e;) vectors. Every
Hermitian, positive definite N x N matrix M can be written in terms of a Cholesky
decomposition M = £TE, where £ is upper (or lower, depending on the convention)
triangular, and its column vectors {|¢;)} span the full N-dimensional space. A pos-
itive semi-definite matrix can be decomposed likewise, only the column vectors of
£ will span a subspace of dimension N — u¥, where p° is the multiplicity of the
0 eigenvalue. Negative (semi-)definite matrices will be simply M = —&£T€. The L
matrices are anti-Hermitian and non-definite, yet we can easily adjust such a matrix
to a decomposable form

+il + 1g = EJ&,, (4.3)

with a large enough value of g, to make it positive semi-definite. This adjustment
is, of course, not unique, but I am choosing the one which minimizes the dimension
of span(|e;)). The extreme eigenvalues i|Ay| and —i|A_| of L give us two positive
semi-definite matrices to choose from,

+il +1|hi| = ELEL. (4.4)

The one with the higher multiplicity results in the smallest possible subspace spanned
by the column vectors |¢;) and will be denoted as £. The column vectors of £ give a
valid expression of the initial conditions given by L,

Lij =i(elej),  (eile) = [A+]. (4.5)

The symmetry of the (3.38) and resulting equations of motion (3.41) imply that
having found the {|e;)} decomposition of L, we automatically obtain a vast set of
other choices:

lei) = Wlei), W eU(N) (4.6)

The Cholesky decomposition allows every valid L matrix to be expressed with a
set of N vectors of equal length. Yet the vectorial formulation does not restrict the
norms of the |e;) vectors to be equal. This means that the role of the non-vanishing
¢; — ¢;j term has to be checked. If it can be removed by a choice of gauge, that is
if there exist ¢;(t),i = 1,2,..., N such that all i(e;|e;)e’(? %) obey (3.14), then the
ETE matrices with different diagonal elements are equivalent to the L formulation
as well. Let us write the time derivative of Eijei(¢i_¢j) and find the equations for
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the suitable gauge:
d

dt (ﬁz‘jei(@_%)) — Lm0 = L0 — ¢y) = (4.7)
= LQ(C]' - ci)Lijei(¢i_¢j), (48)

xs.

1

. . 1
¢i — ¢j = xT(Cj - Ci). (4.9)

For a set of functions ¢1(t), ¢2(t), ..., dn(t) to exist, every triple (k, 1, m) of equations
must sum up to 0 at every instant of time:

0= b — b1+ — bm+ dm— b = %(Cﬁ%)wL%(Cm*Cl) %(Ckfcm) (4.10)
Lkl Lim Lk

The numerator of the right hand side expanded in xx; = a, Zy, = b, T, = a — b
will have coefficients that vanish for any a,b only if ¢, = ¢; = ¢;,,. Therefore, as we
are free to choose any initial positions z;(0), and momenta the (4.9) conditions have
no solution. Of course we can tune the initial positions so that they are met at time
t =0, but in ¢ = §t it will no longer be true. The conclusion is that EE matrices
with different diagonal elements do not translate into an L matrix formulation. They
define a flow of i(e;|e;) matrix elements which is not gauge equivalent to any L;;
evolution.

The final observation of this section is that just as the L matrices in Section 3.1.1,
the vectorial variables also fall into equivalence classes due to gauge symmetry. In
case of vectors this is the simplest possible U(1) symmetry: [|e;)] = [le})] <=
lel) = €'®|e;) and it translates automatically to gauge equivalent L matrices formed
as Lij = i(eilej) and L}; = i(ei]e;)e’®i%) = L;;¢%=%) Tn other words equivalent
\‘;Q)C(teqfs define the same one-dimensional eigenspace of a projection operator P; =

gWe can conclude that the vectorial |e;) formulation is equivalent to the L = [ X, Y]
formulation of the Calogero-Moser system if and only if the diagonal elements are all
equal: (e;|e;) = g. In this case L can be expressed via the Cholesky decomposition
with a set of N complex vectors of equal length. If the diagonal elements are different,
the differences appear in the equations of motion and are impossible to remove with
a choice of gauge. This means, that the unequal values of (¢;|e;) take us beyond the L
matrix formulation. This section can be summarised as folows: The L;; variables of
the generalized Calogero-Moser system (3.17) do not need to be treated as
two-body, independent, dynamical interaction strengths, but may always
be viewed as arising as functions of one-particle observables with internal
degrees of freedom.

This is a valuable hint for the quantization of the system.

4.2 Orbits of L classified by rank

A set of complex vectors £ = (|e1)|e2)...len)) of the same length describes the
repulsion forces in the CM system equivalently to an anti-Hermitian L matrix. The
equations of motion

dle;) _ _Z.Z |€k)2(€k:| le:) = —i - Mi(t)]e:), (4.11)

dt ooy T3

where z;;, = x; — xg, imply that the dimension of the subspace spanned by |e;(t))
does not increase with time. It does not decrease either, due to the unitary evolution
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of L(t). This means that d = rank(£) = rank(L) is constant and the orbits of L
fall into separate classes given by the value of d = dim(span(|e;))). This value
can be translated into the number of independent variables needed to describe the
internal (non-spatial) evolution of the CM system. The N vectors belong to an d-
dimensional subspace of CV. Therefore we can choose a basis in C in which at most
first d components of {|e;)} are nonzero, and treat them as elements of C?. Each
complex vector in C? is described with 2r real variables, yet one has to be excluded
due to fixed lenght, and another one due to gauge symmetry,which leaves us with
2d — 2 real parameters per vector:

r=(2d—1—-1)N =2(d—1)N. (4.12)
The general solution of (4.11) is the following:
|eq)(t) = Ui(t)]ei) (0) (4.13)

where U;(t) = Texp (—i I Mi(T)dT) € U(d). The unitarity of U;(t) expresses the
fact that (e;|e;) are constants of motion. These matrices are, of course, very sensitive
to the initial positions x;(0) and momenta p;(0), but I am interested in the properties
of |e;) variables independent of the initial conditions other that |e;)(0). In particular
I am going to solve the problem of the conditions for |L(t)| = |L(0)].

4.2.1 Rank d =1 as the ordinary CM system

The vectors |e;) evolve within the span of the initial vectors and their length is a
constant of motion. Therefore, if |e;)(0) = e'®|e), which corresponds to d = 1, the
evolving vectors will stay in this one dimensional subspace, their length is constant,
and all that can change in time is the phases: |e;)(t) = €'?(®)|e). In fact regardless
of the phases and the choice of the vector |e) this initial condition corresponds to

In this case |L;;(t)] = |Lij(0)| = g thus it corresponds to the ordinary CM system
(3.1). The initial condition in matrix form is equivalent to (3.35). This result is in
full agreement with (4.12), which indicates that for d = 1 we get r = 0 thus no room
for nontrivial change of the interaction strenghts.

4.2.2 Rank d = 2 dynamics on the Bloch sphere

Before looking at the general features of CM systems with d > 1 I will explore the
d = 2 case. For simplicity I set g = 1 and I parametrise the unit vectors |¢;) € C? as

follows:
0
le;) = ( el:;o:ll(lz’(%) ) . (4.15)

I map the vectors to S? sphere in a standard way:
U; = (cos ¢; sin 0;, sin ¢; sin 0;, cos 0;), (4.16)

just like the states of a qubit are depicted on the Bloch sphere. The interparticle
repulsion strengths can be expressed with Bloch vectors:

1+ - 7
Lyl = I(esles) P = =52, (.17
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By applying (4.11) to 9; € S? I obtain the following equations:

Ji; _
% = ; X U, a; = U;C (418)
k;éz

d,_ _ o _ o _

i) = (U xg5) - (@i — ) = (0 < j) - > fijr().  (4.19)
ki)
where f;; i(x) = :%2 — x% This means that the motion of each #; on the Bloch sphere
ik ik

is generated by an infinitesimal rotation arround the superposition of all the other
vectors with position dependent weights . Moreover the time derivative of v; - v; has
a geometrical interpretation as well: it is the projection of the sum of the weighted
vectors onto the direction of v; x v;.

If all the vectors are set initially in one plane, the derivative (4.19) vanishes at
t = 0. Yet, we may expect the second derivative to be nonzero, since the vectors
rotate according to (4.18) and start deviating from the initial plane. Indeed, the
second derivative

d? d(’L_)iX@j)
ae\v ) = ——

has terms of different geometrical types:

ki, j ki,j 10,5k z
— (U0 — ay* + (05 - @) (05 &) + (03 a5) (0 - @) — 2(0; - &) (0 - @) +
v; - (Pa;) + v - (Pitray) vi - (Pioy) ;- (Prop)
+ —2 21ty 3(21 ) _ Y 5 fijr(2),

Lij ki Lik Lk

2 . v v
iz( ‘Uj) = (17i><17j)'(zl7kfij7k(fﬁ))+W% (Z S U ))+

where Pt = 1 — 9,0, . The first term is of the same type as (4.19) and will vanish if
all the vectors v,,a =,1,2,...N belong to the same plane, yet in this case the other
terms will depend on the positions x = (z1, ..., zx) and will not generally result in
a vanishing derivative and a constant value of |L;;| = |(e;le;)].

4.2.3 Rank d>1

The example of d = 2 suggests that for any rank d > 1 there is room for nontrivial
evolution of |L(t)|? = |(eilej)|?(t). A heuristic argument for this is that for (e;|e;)(t)
to differ from (e;|e;)(0) only by a phase factor, the two vectors should aquire phase
factors only (as in the d = 1 case) or rotate in a strictly synchronised way, which
is likely only for isolated positions and momenta. Let us therefore reexpress the
condition |L(t)| = |L(0)| in the language of vectors and look for such sets of |e;)(0),
that result in stationary couplings:

Vigjl(esles) () = |(eile;)[*(0). (4.20)

All time derivatives at ¢t = 0 must vanish for a constant function, but the vanishing
of first two is a necessary condition:

jtl(ez!@g)\ 0) = i > (eillPr, Pille:) fij () (0) = 0 (4.21)
k’#m

d2

l(eden20) = k; S llPe Pled fn@)] ) =0 (4.22)
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The first step is to search for vectors which satisfy (4.21), regardless of the initial
positions. The ( ) position dependent factors are expressed only by N — 1 inde-
pendent relative distances. This is why it cannot be automatically assume that all
(€i|[Px, Pj]|e;) must vanish. Yet it can be shown (see Appendix A.1) that when we
expand (4.21) for a fixed pair ¢ < j in terms of independent distances (for exam-
ple x; j+;) over a common denominator, the obtained polynomial expression will be
identically zero if and only if all the coefficients, that is (e;|[ Py, P;]|e;), vanish. This
condition can be rewritten as:

Vg Im((eilex)(eklej)(ejlei)) = 0 (4.23)

There are only two types of initial conditions which satisfy this set of equalities:
either all vectors project on the same one-dimensional subspace: |e;) = €!®i|e) (this
is, of course, the d = 1 case discussed before) or all vectors are (gauge equivalent
to) real |e;) = |ef?). It can be shown (see App. A.2) that in case of d > 2 this is the
only possibility to satisfy (4.23).

In the next step we find the sets of real vectors which satisfy (4.22) as well. The
time derivative can be expanded as follows:

d? , d :
Talele)0) =3 > — [(eil[Pr Pllea)] fiju(®) + (eil [Pk, Pille:) fiju(w). (4.24)

k#i,j
In cases when (4.21) is satisfied, the terms proportional to (e;|[ Py, Pj]|e;) vanish and

we are left with

1 1 d

> (= = ) & el Blle) =0. (4.25)
k#i,j ik ]k

Further expansion of the derivative:

& [(edlPe, Pilled] = (@il lPes Bylled) + (eallPes P11 + (eil 5 (1Pes Py]le) =
—i(lez(ei\[ﬂ,[Pk, 1Iles) +Z ([P [P Pl]]\ei))—i-
I 1#
—i—szz (il [P}, [P, Prllles) (4.26)
I#k Th

makes use of the fact, that P, = i1k x,;f [Py, P]. The last equality in (4.26) applied
to (4.25) gives us a double sum with many terms which are difficult to manage in
general. Yet we require (4.25) to be true for any initial distances x,,, so we can
choose for example a special configuration in which two particles, i and (i 4 1)*,
are close to each other, while the others are much further away: |z; ;11| << |zg].
This lets us take only the dominant term, proportional to |z;;41|~* (others are of
order |z; ;1| 2|zg| 72, or even smaller |zy;|™2|Zmn| %) and demand that it vanishes,

2(eileisn)|?
A (ICealen)” = lewalen)P) = o. (4.27)
1,241

We assume nonzero repulsion between adjacent particles, |(e;|e;4+1)| # 0. This leads
to a condition:

Vi gl (eiles)* = |(esriles)? (4.28)
For d > 1 all the vectors must be real, |e;) € R? and in this case (4.28) simplifies to

Vij(eilej) = £(eir1les), (4.29)
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where we can choose any pair of N — 1 nearest neighbours, thus the scalar product
must be the same, up to a + sign, for all possible pairs:

Vizjkri(eile;) = £(exler). (4.30)
This corresponds to a system of evenly distributed vectors, i.e:
Vizj(eilej) = cos(¢ij) = (=1)"7g,  (esfes) =1, 0<g<1, (4.31)
or in matrix form:
Lij =ig(1 — &;)e™™ i, ny; € {0,1}. (4.32)

Importantly, the condition arrising from the colliding particles approximation al-
ready excludes the possibility of a matrix model recovering a system (3.2) with
different coupling constants.

In the case of N = 3 this is a rank 1 matrix equivalent to Ly found in Sec-
tion 4.2.1. Indeed, the characteristic equation of (4.32) in this case reads:

M3 F2=\+£1)*AF2)=0, (4.33)

where the + sign is given by (—1)™2% (nj, = ni + nji + nki), but regardless of
the sign there is always a double eigenvalue 1. This means that we can shift it as
explained in Section 4.1 and obtain an d=1 matrix:

L = £ig {2|v1)(v1] = [v2)(v2| = [v3)(vs|} — L Figl = £3iglvy)(v1|.  (4.34)

Of course if V;|e;) = +le), the condition (4.30) will be satisfied for N > 3 as
well (this is again the known d = 1 case). But what happens if there are repeating
vectors among |e;), but some are different? It means that for some fixed i, 7, k we
have |ej) = =£le;), (eilej) = £1 and |eg) # =£le;), |(esler)| < 1. Such a set cannot
satisfy (4.30), and we are left with two options: all vectors are the same up to a sign
le;) = *£|e) (this is the case of d = 1) or all N vectors are non trivially different, i.e.,
they project on different directions.

We need to know what is the rank d in the second case and instead of looking at
the characteristic equation we will take up a more geometrical approach. We have
N real vectors pointing at N different, but evenly distributed directions defined
by (4.31). What is the dimension of a real space in which such a construction is
possible? Of course RY is enough since it contains N different orthogonal vectors
forming a standard basis {é; : i = 1,2,..N}. Projecting this set of vectors onto an
N — 1-dimensional subspace orthogonal to e, = ﬁ Zi]\;l é; reduces the necessary

dimension to N — 1. This is equivalent to subtracting 1\, from (4.31) and making
it positive semi-definite if the corresponding eigenspace is one-dimensional.

For some particular configurations of n;; the eigenspace of the extreme eigenvalue
can have dimension higher than one, thus the span of |e;) vectors can be reduced to
d < N —1. The possible ranks, that is the dimensions in which N > 4 vectors can be
packed, are presented in table 4.1. For example in R? there can be up to 6 vectors -
they point to the vertices of a regular icosahedron. There are 12 of them, but once a
vertex is chosen,its antipodal vertex must be excluded. For N = 8,9,10, 11 vectors
defined in (4.31) fit in N — 1, N — 2 or N — 3-dimensional real space. An anomaly
occurs for N = 7 since R* accepts only up to 6 vectors.

In the last step we look at the second time derivative (4.22) in an arbitrary con-
figuration of initial positions. Expanding (4.25) with the use of (4.26) and expressing
the left hand side with a set of independent distances (see Appendix A.3) results in
a condition:

Vitjzhi(€il [P, [Pr, Pyllle:) = 0. (4.35)
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N d
A 1,3
5 1,3,4
6 1,3,4,5
7 1,5,6

8,9,10,11 | I, N -3,N -2, N —1
Figure 4.1: In R? up to six |e;) vectors
can satisfy (4.31). They point at the ver- Table 4.1: Possible ranks of N x N (4.32)
tices of the regular icosahedron, and once matrices calculated numerically for dif-
a vertex is chosen, its antipodal must be ferent combinations of + signs.

excluded.

in case of real vectors satisfying (4.30) this is equivalent to
Vit jtk#IMij + Nt = Nk + Mg = Mg + N, (4.36)
which gives (]Z ) sets of equalities. In case of N = 4 there is just one, that is:
n12 + N34 = N13 + Nog = N14 + No3. (4.37)

Keeping in mind that n;; € {0,1} and that by addition we mean addition modulo
2, we can transform these equalities into

Nn1g + Nog + N3y = ni2 + Nog + Ny = N3 + N34 + Ng1 = Naog + Ngg + Nygo. (4.38)

The simple relation between n;; and the phases ¢;; defined in Section 3.1.1, that is
©ij = 5 + ngm, leads to the conclusion that all cyclic sums ®;;;, defined by (3.33)
must be the same, and the resulting L matrix is equivalent to Lo;; = ig(1 — d;5)
found in Section 4.1. The generalisation of this fact onto N > 4 is simple: the (]Z)
relations ®;;, = ;5 = Py = Py imply that Py is the same for all choices of
a,b, ¢, and this is the definition of matrices which are equivalent to Lg;; = ig(1—0d;;).
This proves that the matrix found in Section 4.1, that is the one which corresponds
to d =1, is the only one (up to gauge equivalence) which recovers the ordinary CM
model. Any higher rank d allows a nontrivial unitary evolution.
We summarize the findings of this section as the following observations,

1. Orbits of generalized Caloger-Moser systems can be classified by
rank, i.e., the dimension of the space of internal, vectorial degrees
of freedom

2. Rank d = 1 corresponds to the ordinary Calogero-Moser system.
This is the only rank for which we can obtain constant values of
| L(t)]-

4.3 Beyond the repulsive CM model

In this section I present a model which couples the matrix and vectorial degrees of
freedom. This coupling leads to a new integrable system with additional % interac-
tions between particles in the reduced phase space.
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4.3.1 The CM model in the extended phase space

The special case of the Calogero-Moser Hamiltonian H = %Tr(YQ) leads to a very
simple solution of (3.47), for which the (D,V, E) dynamics is similar to what we
know from Section 3.1.1. Let us define an anti-Hermitian matrix valued function S:

S=[D,V]—iE'E, S§=IA,S8] (4.39)

Initial conditions (X, Yy, &) that satisfy Sy = [Xo, Yo] — igggo = —ig - 1 define
special orbits for which S(¢) = Sp. When restricted to these orbits, trajectories of
L;; and (e;|e;) coincide (this is exactly the equivalence stated in Section 4.1). Other
choices of S(0) will result simply in a unitary evolution E(t) = &UT(t) with no
influence of these degrees of freedom on the (X,Y’) dynamics.

4.3.2 Example of interacting matrix and vectorial degrees of free-
dom

The matrix and vectorial degrees of freedom can be coupled through a modified
Hamilton function on the extended phase space. One of the simplest examples of
such a coupling is:

Hp = %Tr((Y +££16)%) (4.40)

where the free system is modified with a ££T€ Hermitian matrix, and €71 has the
dimension of X. The resulting equations of motion are:

X =Y +£E, Y =0, E=—it&(Y +£D), &=I[itY,d], (4.41)

where ® = £TE. The solutions for Y and ® are straightforward, while £ contain a
nontrivial u(t, ®) € U(N) modification which cancels in the ® evolution:

Y(t) =Yy, @) =00 Poe N0 (1) = u(t, ®)Ee 0 4 = —i’du.
(4.42)
The equation for X becomes:

X =Yy + £el0ppe Y0, (4.43)

If [Yo, ®g] = 0, the solution is very simple: X (t) = Xo + t(Yp + £Pp) and equivalent
to the case discussed in section 3.1.1. If it is not the case, we obtain:

t . )
X(t) = Xo+ 1Yy + ¢ / V0TV g (4.44)
0

which is easiest to interpret when expressed in the diagonal basis of Y} as:

(X(1)ij = Xo,ij + 1[04 (Yo,ii + EPoii) + §6(Ayi;) Do ij] + ‘W%@ (4.45)
i

where Ay;; = Yo — Yo j; and f(7) = sin(7) + i(1 — cos(7)). Clearly X (t) performs

a spiral motion. The direction of its linear component is dictated by Yy (with an

additional boost given by the projection of ®g on this direction, if we think of the

Hermitian matrices as a vector space with (A, B) = Tr(AB)). The periodic motion

takes place in the subspace perpendicular to Yy (again in the sense of (A, B) =

Tr(AB) scalar product). This system turns out to have a constant of motion:
[X(t),Y(t)] —i®(t) = [Xo, Yo] — iPo = So. (4.46)

ie. [X(t),Y(t)] —i®(t) is a constant of motion, just like for the simple Y dependent
Hamilton function. The X (t) trajectories, though more complicated than simple
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lines obtained in 3.1.1 are still numerically accessible and it is worth looking at the
dynamics of their eigenvalues. This is why in the next step I parametrize the flow
with eigenvalues of X (¢) in the known way, with the use of (3.47). From now on
the E = (Je1(t), lea(t), ..., len(t)) degrees of freedom will be tracked with entries of
Q(t) = U(t)®(t)UT(t). The obtained equations are:

=[A,D|+V4+£Q, V=[AV], Q=[A+iV,Q], L=IA L] —¢V,9],
(4.47)
where L = [D, V], and A(t) = U(t)U*(t) as usual. An anti-Hermitian matrix (4.39)
can be introduced for a general system defined by (3.47). It may not necessarily be
a Lax operator due to an additional term:

d

$= [AS]+UL%

CORUE igfg)} Ut (4.48)

but in the considered case this term vanishes, as stated in (4.46). This means S =
[D,V] —iQ is a Lax operator and just as for the matrix dynamics in Section 3.1.1,
we have a vast set of constants of motion,

Ity g oy = Tr(SFIVF2 . Ghmoryrhm (4.49)

where ki, ...,k,, are non-negative integers. The Hamilton function (4.40) in the
(D, V,Q, L) parametrization reads:

1
Hp = STr((V + £Q)2). (4.50)
In the (xl = Dii’pi = ‘/7;7;, L, Q) variables

2 23‘ELZ~Q;*-
| &R ’ ])+§2\Qij~\2 (4.51)

1 L;
HE(xavavQ) = 5 Z Di +£QZZ Z ‘ Zj i
i 1<J l]

and it suggests that the additional degree of freedom introduces a long distance,
1/x;; interaction potential between particles. The symplectic form (3.44) differs from
(3.23) by the iTr(dET A d€) term, which results in replacing L with S = L —iQ:

N
Wg = Z dp; A\ dx; + id(e;| Adle;) — Tr(dS A a) + Tr(Sa A a). (4.52)
i=1

The variables x; = D;; and p; = Vj; are still canonically conjugate, but the mechan-
ical momentum, let us call it 7;, contains £2;; = iS;; terms as well. The equations
of motion for (z;,m; = p; + £Q4;) contain terms with not only 1 /a:?J and 1 /xfj as
expected at first glance (and present in the p; = —0,, H equation), but 1/z;; as well:

Zz a2 AER(S;Q8) 262S(S5
7.1'1‘ _ |S] 'i_?)ll j| + € ( 2.7 j) 5 ( )’ (454)
j#i 1) ] J
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while the equations of motion for S;; and €;; are even more involved:

2R(8i;%5)  263(85;9%5)

Qi = 1S = Z 3 (4.55)
A T i
. Sik + 1Y Q; Ski + 1%, Qi
Sij _ Z(zk 22 k‘i‘gzk)Skj— ik(kj 21 k‘j_’_g kg>+
ki, Lik Lik Lj Lk
+i ( ! +2Z iy S J) (Qii — Q) (4.56)
.CUZ-]- Tij
T <Sm + il | 1551k> s — e (Sk] +iky | sz@) N
ki, Lik Lik Lej Lkj
Sij + 185 | 18555 ,
— ( J le J 4 Zi]?) (QM — ij) + lfQij(ﬂ'i — 7Tj). (457)
ij ij
A set of initial conditions such that:
d d .
V#ja (S’L]Q]Z) =0, & (|Sl] + ZQZ']'|2> =0 (4.58)
would lead to a dynamical system with a clearer physical interpretation:
b=, =Y a2 B (4.59)
i<y Yig Ty L

My next step is to explore this possibility.

Exact solution for N =2

The simplest case of N = 2 can be solved analytically. Let us define the initial
conditions via Pauli matrices:

Xo=2z00, Yo=yo(ny-0) Pg=¢o(ng-0o), (4.60)

where 7y, iy are unit vectors, and yo, ¢o are positive constants. Note that in this
definition all the matrices are traceless. The equations of motion for traces (which
correspond to the center of mass motion) separate, and the equations for the traceless
part reflect the relative motion. Naturally the Y (¢) matrix is constant, and:

() = ¢ol(nylng)ny + cos(28yot) (g — (Ny|ng)ny) — sin(28yot) (7t X 7ig)] - 6 =
= 3" 4 cos(2eyet) BT + sin(2eyt) WY P (4.61)

X(@t) = Xo+t (YO + S(I)HYO) + 221/ (Sin(%yot)(bJ‘YO +(1- cos(2§y0t))\IJlY0’q’°)
0

If we treat the above matrices as vectors in R3, we may say that the component
of ®(t) parallel to Yy is constant, and the perpendicular one circulates with fre-
quency 2€yg. The trajectory of X (t) is therefore a spiral, as expected. If we interpret
the eigenvalues of X(t) as positions of the particles, the distance between them,
r(t) = 2|d(t)|) oscillates. The oscillations are vanishing slowly, which shows that
there is a long distance interaction between particles. The trajectory of X (¢) and its
eigenvalues are illustrated in Figure 4.2. Let us express the matrices in the diagonal
basis of X (t):

D(t) = T(;)az, Qt)=Q(t)- o (4.63)
iS(t) = 35(t)-0 = (rvy + Qz)os + (—1ve + Qy)oy + Q0 (4.64)
V() = o(t)-5= (2 = 52)ow + (Sy = Yy)oy + p(t)o. (4.65)
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The Hamilton function (4.50) in this case is equal to |o + £0/? and in the new
parametrisation it has the form:

§—QF2 26(5x0),
HZ(r7p73x33yanaQy) = (p+£ﬂz)2+ ’S ) ‘ + €<8T ) +£2(Q§+Q§)' (4'66)

Adjusting the equations (4.47) equations to the vectorial form we obtain:

v=2i(axv), Q=2i(a+iv)xQ, 5=2i(axs) (4.67)

From a geometrical point of view we have two vectors, {2 and 5 rotating in R? around
two different axes. If some choice of 3 and  were to recover (4.59), their difference
5 — Q0 = il would have to have a constant length. But this would imply:

0:1\5—012:—21(5-9):455-(17><Q) (4.68)

dt dt ’ '

thus the three vectors, 5,0 and ) stay in the same plane. We know from (4.67) that
both 5 and ¥ rotate around the same axis, so in their rotating frame  will leave their
common plane if it rotates around any other axis. For that not to happen we must
require ¥ x ) = 0,which in the language of matrices means that [V (¢), Q(¢)] = 0. This
vanishing commutator means that in the initial basis [Yp, ®9] = 0 and the system is
equivalent to the system without additional degrees of freedom, that is just the two
particle Calogero-Moser system with ¢; > 0 and ¢a = ¢3 = 0 in (4.59).

Generalization to higher values of N

As stated in (4.45), the spiral motion in the matrix space is not a unique feature of
the N = 2 case. For any value of N we can express X (t) in the diagonal basis of Yj:
(X(1)y = Xog+t(Yo+€0) 4 [¥p, oliy (1 — ¢ 4¥5")  (4.69)

1) Ayij
(@)7)i; = 0%04; + (1= 0:5)0(Ayij)®0ss, Yo, 8] =0 (4.70)

where Ayij = Y0,ii — Yo,j; and

Therefore X (t) — Xy has a linear part stemming from Yy and the part of ®q
which commutes with Yj and a circulating part given by the entries of [Yp, ®¢li; =
Ay;iPo,5. The frequency of oscillation of the ij?" entry is wi; = £Ay;j. Oscillations of
matrix elements will be reflected in oscillating eigenvalues, and the only ®g for which
the oscillations vanish is the one which commutes with Yy and ads nothing but a
boost to the (X,Y) matrix motion. Eigenvalues of X (¢) are interpreted as positions
of particles in an N — body one-dimensional system. If the positions of the 15! and
N particle oscillate in time, it means that the interaction potential continuously
changes between attractive and repulsive. This is why we should expect that for a
general N once we have [Y), o] # 0, a stationary case (4.59) cannot be recovered.
Nevertheless, the conditions (4.58) need to be solved with the use of (4.47):

%(\Sij +i07) =0 = %:Z (18 +i025[2) =0
%Tr((S +iQ)?) =0 = Tr(S[Q,V])=0 (4.72)
% (8iji) =0 = %Tr(SQ) =itTr(S[Q,V]) =0.  (4.73)
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Figure 4.2: The trajectories and lengths of d(t).The black lines represent the unex-
tended model with &y = 0. The legend applies to both plots.
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Both conditions in (4.47) imply a weaker condition (an N-particle counterpart of
5- (v x Q) = 0), which can be now expressed in terms of (X,Y, ®)(¢):

Tr(S[Q,V]) = Tx([D,V][®,V]) = Te([X(1), Yol[®(£), Yo]) = 0. (4.74)
This must be true for all ¢t > 0, therefore:

d

TH([Xo, Yol @0, Vo)) =0,

[Tr([X(2), Yo][®(¢), Yo])] [e=0 = 0. (4.75)
The first equation implies one of two possibilities: either [Xo, Yy] = in® for some

neRor [®g, Yy] = 0. The second, after applying the Leibniz rule and the equations
for (X, ®)(t) reads:

Tr([®o, Yo]*) + i€ Tr([Xo, Yo][[Yo, ®o], Yo]) = 0. (4.76)
It is automatically satisfied if [®g, Yo] = 0. If [ X, Yo] = in®y, it implies:
(1 = &n)Te([®o, Yo]*) = 0. (4.77)

The chosen ®( should recover (4.59) for arbitrary initial positions encoded in Xg, so
7 is unrestricted. Therefore Tr([®g, Yy]?) = 0 which corresponds to an non-extended
system. The constant potential is then realised by [Xg, Yy] = Lo given by (3.35),
Sl'j = —igdij and Ccl1 = g2, Cy = C3 — 0.

4.4 Classical counterparts of models with spin state ex-
change

The Calogero-Moser models presented in 3.1.2 have not been quantised yet, but in
section 3.2.2 we have seen quantum extensions with spin degrees of freedom, where
in the place of L;; variables we have matrices acting on spin states. Let us recall
that the above models are not a quantum analogue of H = %Tr(Vz) but of a sum

of all terms,
1

H=2Y (V) (4.78)

2%
which motivates us to look at the classical equations of motion for such a Hamilton
function.

4.4.1 The general solution

The classical counterpart of the discussed Hamiltonians in the (X,Y") phase space:

1

H=2Y (V2 (4.79)

1]

results in the following equations of motion:

. 1 1 .
Xij=Yij+ 5> Yie+=> Yy, Yy =0, (4.80)
2 — 2 .
k#j m#i

which is again a straight line in the space of Hermitian matrices:
t
X(t) = Xo+5[M Yol+,  Y(t) =Y, (4.81)
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where M;; =1 and [...]4 is the matrix anticommutator. It is much more interesting
to look at the harmonic case:

1
H=g S (Y4 wX?), (4.82)

i,J
where the equations of motion take the following form:

w2

. 1 .
X = §[M?Y}+7 YZ_?[MaX]+ (4.83)
Just as in the simple harmonic oscillator case, we can solve the second order differ-
ential equation for a single matrix:

U)2
X = *Z[M’ (M, X]4]+, (4.84)

(the same for Y'). One of the possibilities is to vectorize the matrices and solve the
problem using standard diagonalization, but there is a simpler way: we notice that
M = Nlep){ep|, where (eg| = ﬁ(l, 1,1,...,1), is proportional to a one-dimensional
projection. Therefore we can express the equation (4.84) in an orthonormal basis
containing |eq):

Lio  Lij

XZ(JJTO :co> M:(J(\)f 8)7 X:—%[M,[M,X]AJ” (4.85)

i.e., explicitly,

(o) et ), (a0
Tig  Tij 7} 0

Tio
where z;0 = (eg| X |e;) is a row vector of length N — 1, x;ro - a column, and z;; =

(e;]X]ep) - an (N —1) x (N — 1) matrix. The same procedure applies to Y, and with
the use of the first order equations:

io @0 \ [ Nyo Swio % Yo \ [ —Nw?zg - NT“ﬂwio 7
Tio Tij 2 Yi0 Yio Yij —72 Tio 0

we find the solution:

2o cos(Nwt) + L sin(Nwt) @0 cos(Het) + Lo gin(Het)
X(t) = 2 4.
(t) ( (CCzO COS(N“)t) + yzO Sln(Nwt))T i ) ( 88)
Y(t) = yo cos(Nwt) — wxpsin(Nwt)  yio cos(%) — W4 sin(%) (4.89)
— \ (o cos(P5) — wao sin(F50))T Yij T

where the x, 0, ; are the elements of the initial X, Yy matrices in the chosen basis.
We see that the |eg){eg| component oscillates with the frequency Nw, the |ep){e;]
and |e;)(eg| components oscillate as well, but with a twice smaller frequency while
the block which is orthogonal to |ey) stays constant. If we take the limit w — 0 of
(4.88) and (4.89), we will obtain (4.81), that is the dynamics of the Hamiltonian
(4.79). In the last step we may return to the diagonal basis of X, although then the
results become less transparent - they are just linear combinations of constants and
oscillating functions.
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4.4.2 The N =2 case

We shall illustrate the above considerations with explicit solutions for N = 2. Let
us define the evolving matrices in terms of functions, together with the initial con-
ditions:

X(t) = zo(t)1 +2(t) - 0, Xo = zo0l + 2,00, (4.90)
Y(t) :yo(t)l—i-g(t) -0, Yo :yool-i-go - 0. (4.91)

The solution of the linear case is simple:
X(t) = Xo + t(Yo + Y000z + Yoz1) (4.92)
As M =1+ o,, the basis which we use in the harmonic case is the eigenbasis of o:
leo) = (1,1)/v/2,]e1) = (1,—1)/v/2. Let us set w = 1 and write down the equations
(4.84) and (4.87) in this basis:
zo(t) 4 ao(t) w(O)+iz, () \ | Awolt) +zalt) wa(t) + iz (1)
x,(t) —ixy(t) wo(t) — z4(t) x,(t) — ixy(t) 0

(
iry(t) [ 2(0() Fya()  ys(t) +iyy(t)
y=(t) — iyy(t) 0

—+

d2
dt?
i ( wo(t) + () x.(t)
dt \ z.(t) —izy(t) xo(t) —xx(t)

and the solutions are the following:

zo(t) = %{xoo(l + cos(2t)) + (400 + yor) sin(26)}, (4.93)

yo(t) = %{(?JOO + Yoz ) cos(2t) — woo sin(2t) + yoo — Yoz }, (4.94)
xo(t> — Zo0

z(t) = Yoy sin(t) , (4.95)

xo; cos(t) + yo. sin(t)

Yo(t) — Yoo + Yo
y(t) = Yoy cos(t) . (4.96)
—Z0, sin(t) + yoz cos(t)

Their linear approximations coincide with (4.92). The traces of X (¢) and Y (¢), that
is 2x0(t) and Tr2yo(t) respectively, oscillate with a period T" = m. The difference
between them is a 7 shift in time and a constant. This is why they easily combine
to a constant of motion:

(TrX (t) — 200)” + (TrY (£) — yoo + Y0z)* = 250 + (Yoo — Yoz)? (4.97)

The z(t),y(t) vectors move along periodic trajectories, which can be viewed as de-
formed ellipses. In particular, if the initial condition has no o, component, the
resulting loop will be 2-dimensional.

The attractiveness of this model is revealed in higher dimensions, where out of
all N2 degrees of freedom only N2 — (N —1)? = 2N —1 evolve in time, while (N —1)?
remain constant. Its major drawback on the other hand is such that the Hamilton
functions constructed from the sum of all matrix elements instead of traces lacks
U(N) symmetry. The unitary reduction along the lines presented in Section 3.1.1 is
generally impossible. Yet U (NN — 1) transformations preserving the |eg) direction are
valid symmetries in this case, and the possible consequences of this symmetry can
potentially be useful.
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4.5 Evolution of the internal degrees of freedom

This section is focused on the interplay between the L;; variables and the spatial
degrees of freedom. Firstly I examine the influence of L;; dynamics on the motion
of particles in real space (as compared to the constant couplings g;;), next I look at
the dynamics of L;; variables during particle collisions.

4.5.1 The influence of the internal degrees of freedom on the dy-
namics in physical space

The equations of motion of the ordinary N-body Calogero-Moser system (3.2) with
gij coupling constants are the following:

. g
Tig = Dig» Pig =2 Z :“ (4.98)
k}?él 7‘ g

while the equations of motion for (z;, p;, Li;j) variables which stem from (3.17):

. 2Lk 1
EiL =piL, Pl =Y Ll , L= LiLy ( x>, (4.99)
sz J

k#i Zk L k#i,j ik, L

where z;; = x;—x;, and the g and L subscripts distinguish the trajectories generated
by (3.2) and (3.17). The difference of the two trajectories:

Aa;i (t) xT; L(t) — X; g(t)
= ’ ’ , 4.100
( Api(t) ) < Pir(t) — pig(t) (4.100)
for the two systems starting in what we may call the same state, that is
2i,g(0) = 23, 0(0),  pig(0) =p;L(0),  gij = [Li](0), (4.101)

will be influenced by the dynamics of the internal variables L;;(t). This influence
can be detected in the Taylor expansion of Az(t) around ¢ = 0. The chosen initial
conditions yield:

Az;(0) = Api(0)=0 (4.102)
. 2|1Lixl? 243

Ap(0) = [ ’3’“‘ ~ ik | (0) =0 (4.103)
ki 'rik',L xik,g

which means:

Azi(t) = Axzi(0) +tAp;(0 +Z Apz 0) +O(t") =

#3 1 d|Lik| )
= = (0) +
3 ki x?k,L((]) < dt

tt L P|Lip]* A& d|Li|
oz

+

19 2 3
12 T dt? T 1 dt

) (0) + O(t%). (4.104)

Once we have expanded the expression for the positions, the result for the momenta
is straightforward:

12
Api(t) = tZZ > 1(0) (d‘f;t’“‘ )(0)+ (4.105)

1 d?|Liy|*> A4 d|Li)? 4
— : 0 O(t*). 4.106
(Z 2, e Do, di 0) +0@"). ( )
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The deviation of trajectories generated by (3.2) and (3.17) in the physical space
appears as a 3"% order effect in time, so it does not appear immediately, but should
be well expected at longer time scales. On the other hand, in the system defined
by (3.17) the particles interact for a short time, and then scatter like almost free
particles. Therefore to see the long time influence of the additional degrees of free-
dom, one can look at the system enclosed in a harmonic trap (3.19). Importantly,
the harmonic confinement does not affect the 3"¢ and 4** order terms of the Ax;(t)
expansion (as well as the 2" and 3" order terms in Ap;(t) expansion). The reason
for this is that the n'® order coefficient in the expansion of Ax;(t) will be modified

by (n —2)"® order derivatives Axl(n_z)(O), and for n = 3,4 these vanish.

The orthogonal vs. unitary setting

As it was mentioned in Section 3.1.1, the real and symmetric subset of initial condi-
tions (Xo, Yp) leads to a special subclass of trajectories confined to the subspace of
real symmetric matrices (X,Y). The L matrices arising in this, as we already called
it, orthogonal setting, belong to the so(N) Lie algebra: LO € span(rij : 1 < i,j <
N). A complementary possibility corresponds to L which is purely imaginary and
symmetric with zeroes on the diagonal. I will denote them as L € span(oj : 1 <
i,7 < N). The two subspaces are orthogonal, and together they form an N? — N
dimensional off-diagonal subspace of the su(/N) algebra (spanned of course by 7;;
and o;; from definition 19).

The most interesting difference between the orthogonal and unitary cases is the
first time derivative of absolute values of the matrix elements. It can be directly
checked from (3.14) that

Ly = 2n

11
Lij Y LjkLy ( 2)] : (4.107)
ZL‘,L-k T

k#i,j
and therefore:

d| L] 0o v dyL

vLI dt , LO

=4LY N LS ( 12> . (4.108)
xzk

k#i,j xjk

The special initial condition Lq (3.35) is of course of L’ type, but it turns out that
all imaginary L matrices give rise to coupling which does not change at least for
a short time. In the orthogonal case there is no stationary point in L space, the
couplings |L;;j| between particles change immediately.

Application of L/ matrices to gij systems

The restriction of the flow ¢;(xo,po, L) = (z,p, L)(t) with LZ-Ij = ig;; to the (z,p)
phase space can be used as an approximation of the (x4, p,4)(t) flow. In case of L’
matrices the influence of L variables on the positions (4.104) is of order of t*, since the

12
terms with %(O) vanish and the first significant terms are a linear combination
207,12
of Tl o).

dt?
A dQ%’“P(O) 5
pot) = Tp(t) - +O() (4.109)
9 L 12 kzﬁ (25,0 — xp,01)(0)
d?|L], |?
pal®) = p® -5 Y oo, g
i,9 L 3 ki (%,Ll - xk,LI)?’(O) 7
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where:

T o1 U)X (U (t))s
( p:iI >(t) - ( ((U((t))YEt))UT((t;))ii ) (4.111)
Xoi; = 0iaig(0 (4.112)
i9ij
Tig(0) — 7,4(0)
d™(2g,i—2L,i)

Higher order terms, g with n > 5 could be used to improve the order
of convergence even further, yet the computational cost of such an improvement
should be compared with other known methods, like the symplectic Runge-Kutta
algorithms [77].

I wish to conclude this subsection with an illustration of the above ideas. The first
row of figure 4.3 shows the numerical solution to the equations of motion (4.98) for
coupling constants g9 = go3 = g34 = 10, g13 = g24 = 20 and g14 = 30 together with
solutions of (4.99) for LY = sign(i — k) g, and L{, = i-g;x. The choice of initial posi-
tions and momenta, common to all cases, is & = (1,2,3,4) and p = (10,5, =5, —15).
In the second row the repulsion is an order of magnitude stronger and in the third
- an order of magnitude weaker. In the moderate and strong repulsion regime the
L' matrix gives clearly a much better approximation of the motion governed by
(4.98) than LY, even without the 4'" order correction included in (4.109). In the
weak interaction case there is little difference between the trajectories generated
by the L and LY models, but they both differ significantly from the trajectory of
(4.98), especially in the long time scale. The possible reason for this is that when
the repulsion is weak, the particles stay relatively close to each other thus the time
derivatives of L matrix elements are significant and the rapidly changing repulsion
strengths make the trajectories of (4.99) deviate more from the ones given by (4.98),
where the repulsion is (by definition) constant.

)
Yoij = 0ijpig(0) + (1 —3d;5) (4.113)

4.5.2 The dynamics of L variables during collisions

The equations of motion

Lij= Y LacLij (12 - i)
k4,5 Lik xkj

suggest that there is perhaps not much happening with L;; if the particles are far
apart, but rapid changes should be expected whenever the i** or j** particle takes
part in a collision. This is noticeable in our numerical example 4.3, where the biggest
relative deviation between the matrix models and models with constant couplings is
visible when the relative distances are small. My goal in this subsection is to examine
the influence of collisions on the L;; variables in two cases: 1. when the system is
initially fully interacting, that is for all pairs 4, j there is a non-zero L;;(0), and 2.
when the system is divided in two subsystems (the L matrix has a block structure)
which weakly interact through |Lj 41| << |Ly|, where k,l entries belong to the
interacting blocks.

It is convenient to parametrise the entries of the L matrix with their moduli and
phases, L;; = |Lij|ei¢ij, where ¢j; = m — 5, so that Lj; = —L7;. The equations of
motion can than be separated into:

d 1 1
&’sz\ = Z | Lik || L | (2 - 2) cos(®Pik;) (4.114)
kg Tik Tk
dy;; 1 1 .
ki, ik ki
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—— L} dynamic variables

—— L3 dynamic variables

—— i as constants

x(t)

x(t)
x(t)

-4 4 — L}, dynamic variables
—— LY dynamic variables

—— g as constants

0.000 0.001 0.002 0.003 0.004 0.005 0.006
f1/2n]

4.5
301 —— L), dynamic variables
—— L3 dynamic variables 4.0 7
—— g as constants
20 g 35
A A n
i
3.0 ¢
1. A . \ — L}, dynamic variables
S A o | S 1
\ |

—— LY dynamic variables

—— gik s constants

001 002 003 004 005 006 007 008
t1/2m t1/2m]

Figure 4.3: The positions of N = 4 particles interacting wvia constant g;; values
(black), in the orthogonal setting with LY = sign(i — k)g;; (red) and with purely
imaginary L{k =i - g, (blue). The left column shows the long time scale dynamics,
the right column - the beginning of the motion. In the first row the repulsion is
moderate, that is dz;x - dpi ~ |Lik|, where dx;; and dp;, are the initial relative
distance and relative momentum. In the second row dz;x - dpir =~ 0.1|L;x| (strong
repulsion), and in the third dx; - 0p; ~ 10|L;| (weak repulsion). Initial positions
and momenta are the same for all cases.
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where ®;; = @i + Y1 + @4 coincides with (3.34) and is gauge invariant. Even per-
mutations of indices leave it unchanged: ®;;; = ®1;; = ®j;; and odd permutations
invert it around m: @51, = Ppj = Pjp; = T — Py

Collisions in a fully interacting system

In this case we assume that all |L;;(0)] > 0, and that two adjacent particles, for
example the 15 and 24 are much closer to each other than any other two particles,
that is |z12] << |z1k|, |vok|, |xr| = X for k,1 ¢ {1,2}. This means we have two typical
distances, small z12 and large A. The values of derivatives (4.114) and (4.115) are

dominated by terms proportional to x% Let us sort the terms by order of magnitude:
12

%]Lu] = 0(21227%) (4.116)
%|L1k| = MHQJ%QL?“COS(@MHO(A—?) (4.117)
%\Lgky = ’Lli’%‘flk’cos(@mk)—i—O()\_Q) (4.118)
%|Lkl| = 0(3 ) +0 (A7), (4.119)

The time derivative of ®19; within the above approximation reads:

Aok |Lig] <|L1k’ | Lokl
dt 23y \|Lak|  |Lik|

) sin(@q0) + O ()\_2) +0 (x12A—3) (4.120)

With the use of the fact that cos(®a1;) = — cos(P12x), and the chain rule dc‘z;(f) =
—sin( f)%, after discarding the small terms, we get a closed system of differential
equations for (f = [Lix|, g = [Lax|, ® = P12x):

f = agcos(®) (4.121)

g = —afcos(®) (4.122)
A

a (g _ f) in(®), (4.123)

L . .
where o = % can be treated like a constant, since

12

. 1 d\ng\ 2j:12> C1y_3 2219
= ——= )1 =0 A — ——(0 4.124
o a:%2 ( dt 719 (775 ) x% (0) ( )

and the initial relative velocity £12(0) of the colliding particles can be set to as small
value as needed. From (4.121) and (4.122) it is clear that f2 + g% = const.. If we use
the angular parametrisation (f, g) = p(sin(n(t)), cos(n(t)), we get:

= acos(®) (4.125)
d = —2acot(2n)sin(P). (4.126)

In the special case of the orthogonal setting we have all ¢;; € {0, 7}, and the solution
of the above system in the linear approximation will be simply

(1, ®)(t) = (aat +n(0), 2(0)) + O(t), (4.127)

where ag = acos(P(0)) = £a. This means that depending on the value of ag, the
point
(| L1k ()], [ Lok ()]
VILk(0) + [ Lok (0)]?

~ (sin(aat + 19), cos(aat + n9)) (4.128)
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can be anywhere on the quarter-circle. In the other extreme case, that is when
L(0) is purely imaginary, we have all ®;;; = +7, 1(0) = 0 and in the quadratic
approximation:

n(t) = n(0) + a*t*cot(2n(0)) + O(t%), (4.129)
where o > 0. This means, that if initially
e 0 <n(0) <7 (thisis 0 < |L1x(0)| < |L2x(0)]), n(t) will increase with time,
o 7 <n(0) < F (thisis 0 < |Lgk(0)| < |L1x(0)]), n(t) will decrease,
e 7(0) = 7§ ( that is [L1(0)| = |L2x(0)]) it will be stationary.

All in all, at least for short times, n(¢) will cover only the angles between 1(0) and

™

Z-
In the intermediate case, that is when L(0) has both a real and imaginary part

and @5, ¢ {0,£%, 7}, we may conclude that
n(t) = 1n(0) + at cos ®(0) 4+ a*t*cot(2n(0)) sin? ®(0) 4+ O(t?), (4.130)

so this time depending on the initial values of (0) and ®(0) we have two possibilities:
— cos $(0)
acot(2n(0)) sin? &(0)
the sign of cot(2n(0)), so the angle n(t) will stay in the segment between 7(0)
and T
4

o if ty = < 0 the sign of the time derivative is still dictated by

e if ty > 0, the available segment will be larger. For ¢t € (0,t9/2) the time
derivative will have an opposite sign than dictated by cot(27(0)), and the
extreme available angle will be:

s = 1(0) — itan(zn(()))cot%p(c)) (4.131)

that is clearly smaller than 7(0) it n(0) < § and larger if n(0) > 7.

The main conclusion of this subsection is, that as long as the made approximations
are valid, (|Lig|, |Lok|)(t) = /|L1k|? + |L2k]?(0)(sin(ng(t)), cos(nk(t))), that is the
pairs of interaction strengths undergo a smooth exchange independently for every
particle outside the colliding pair. The angles available for 7 (¢) depend on the initial
phases ®;;1(0), which distinguish the different settings, the orthogonal, its imaginary
complement and the combination of the two. In particular for the orthogonal setting
the angles may vary freely depending o = %, so the repulsion strengths |Lqx| and

|Laj| may achieve any values, as long as the sum of their squares stays unchanged.
On the other hand for the imaginary case the angles are confined to a segment
between 1(0) and 7, which means that ||Lq;| — |Lgx|| is not allowed to increase. In
particular if |Liy| = |Log| are equal, they will stay equal, at leas up to 2"¢ order in
time.

Collisions between weakly coupled subsystems

In this subsection I am examining the influence of collisions on a different Calogero-
Moser setup, that is of two subsystems one consisting of particles enumerated by
i = 1,2,...,1 and the other j = I + 1,1 4+ 2,...,1 + J. The subsystems are fully
interacting and almost completely decoupled, that is initially |L;;| = 0, apart from
a weak interaction on the edge via a small |L; 41| I am interested in the influence
of a collision between the subsystems on the values of |Ly ;| and |L; 41| - that is
the interaction of the edge particles with the bulk particles of the other subsystem,
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as well as |L;j| with ¢ < I and j > I + 1, that is the interaction between particles
in the bulk. It is convenient to introduce the above system through its Yy matrix in
the initial, unreduced phase space:

0 .. 0
IxI 0 0
0
Yo=1 0 e (4.132)
0 0 0 J x J
0 0 0

with a free parameter €, where |e| is small. We can assume that the distance between
the edge particles 6 = |z; — x741| > 0 is small as well, while all the other distances
are of order of A >> ¢§. The important parameter of the previous subsection was

a= “;T”‘ Using the new definitions we have |Lj ;41| = d|e|, which indeed is a small
12

parameter (of second order), while a = |e|d~! is in fact an arbitrary positive number.
Some of the results of the previous subsection may be reused, after adjusting the
indices:

d ,
Sl = 0 (27%) (4.133)
d _
$’L1k‘ = a’L[+1jk‘ COS(@I’I+1J§) + @ ()\ 2) (4.134)
d -2
Ll = —alLpfcos(@rri1) + 0 (A7) (4.135)

%\Lm - 0 ()\,2) +0 (5/\*3) : (4.136)

The first conclusion is, that indeed the edge particles immediately start to interact
with the other subsystem. This happens through the familiar exchange (| L/, [L14+1%)(t),
only in this case n(0) € {0, 7/2}:

(Ll [LreaD(8) = [Lri(0)|(sin i (t), cos mi(t)), m(O):g
(ILrjl |Lreag1)(®) = Loy, (0)|(sin;(2), cosm;(2)),  n;(0) =0

for i < I and j > I + 1. The interaction between the bulk particles, that is between
i< Iandj>TI+1will arise as O(t?) terms but only if we allow the distances z;;
and x; 741 to be of the order of § << A.

4.6 The reachable sets of L variables

The question of finding the set of points accessible from given initial points in phase
space under certain dynamics is important in many problems of control theory [78].
The considerations of the previous section, where I asked for limitations on the angles
n(t) for chosen initial conditions (n(0),®(0)) were an example of such a question.
In this section I will consider a more general problem. Namely I will ask what are
the matrices L(t) € g that can be reached from a chosen L € g (so(IN) or su(N)
depending on the setting) assuming complete freedom of choice of initial positions
and momenta. Predicting such a set of matrices, let us call it the reachable set of L,
with respect to the Calogero-Moser dynamics

Rem(L) ={L =ULUT : U(Xq + tYo)UT = D(t), [Xo, Yo] = L} (4.137)

is the goal of this section. Clearly as Roas(L) is obtained by conjugating L with
unitary matrices, it will be a subset of what we would get by acting with the entire
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Lie group, Rg(L) = {I' = ULU',U € G}. The motion in physical space depends
on the absolute values |L;;|, so I will also consider the projection of Rcas(L) onto a

N
region of R(2).
Sem(L) = {2, ligs s Inoan) 2 1y = | L5, L € Rem (L)} (4.138)

The reachable set Ry (L) € Re(L) may be computed numerically by gener-
ating trajectories L(t) = U(t)LUT(t) € g for different choices of Xy and Y, with a
fixed commutator [X(, Yy] = L, but my main objective is to predict it analytically.

Let me recall that if there are only N = 2 particles interacting, the dynamics of
the L matrix is trivial. We may see it from (3.14), that with no k£ # 1,2 indices to
sum over automatically Lis = 0. This is why I am starting with the smallest non-
trivial case of NV = 3. The number of variables in this case is small enough to make
direct predictions and to present them visually. Next I will generalise the results to
N > 3.

Connectivity of a Calogero-Moser system

It will be useful in the upcoming considerations to define the notion of connectivity
in the context of a Calogero-Moser system. If we think of the N particles as vertices
of a graph, then |L;;| # 0 will represent an edge connecting the ith and j** vertex.
I transfer the notion of paths and path lengths between two vertices directly to this
context, and I call a CM system connected if there exists a path (not necessarily
direct) between every two particles. On the other hand a single particle or a subset
of particles that has no connection to the rest of the system I will call a subsystem
disconnected. Below I am considering only connected systems, because a connec-
tion cannot arise between disconnected subsystems. The reason for this lies in the
structure of matrix dynamics. Let us recall the derivation in section 3.1.1, where we
had the Lax equation L = [A, L], and A;; = Lz-jzvi_f, so the A matrix has the same
non-vanishing entries as L, only rescaled, in particular it inherits the block structure
of L. As we already discussed in 4.5.2 disconnected subsystems correspond to block
structured L matrices. In case of two subsystems we have L = L1 ® Lo, A = A1 P As
has the same block structure, and so has [A, L] = [A1, L1] & [A2, Lo], therefore no
changes can occur outside the blocks.

4.6.1 Reachable sets for N =3

In the first step I am going to predict the projected reachable sets Scar(L) of an
N = 3 particle Calogero-Moser system. The parametrisation I choose for the L and
L(t) matrices is the following:

0 l126i¢12 l31€_i¢31
L = il ljgeioe 0 lozei®2s || (4.139)
[51€931  [53e 1023 0
0 lu(t)é’wu(t) l31(t)€_i¢31(t)
L(t) = i| La(t)e i¢r=® 0 lyg(t)ei2s(®) | | (4.140)
lgl(t)eid}?’l(t) lgg(t)e_id)%(t) 0

where l;; = |L;j| > 0" and @123 = d12+¢a3+d31 € [—7/2,7/2] (this is a sufficient set
due to gauge invariance). For L(t) € Rcoa (L) the two matrices must first of all have
the same eigenvalues. Moreover the CM evolution preserves the vanishing diagonal,
that is L;;(t) = 0. In the orthogonal setting this is true for the entire SO(N) group

LAt least two of the three values need to be positive for a connected N = 3 particle system

60



acting on the Lie algebra so(V), but in the unitary setting this is not the case, and
this condition imposes additional limitations on L(t) € Roa(L). The characteristic
equation at time ¢ reads:

)\3 — |Z(t)|2)\ + 2 COS((I)123(t))llg(t)lgg(t)lgl (t) = O, (4141)
where [(t) = (l12,l23,131)(t). The constrains for the time dependent /;; and ¢;; func-
tions stem from the initial values:

|l_(t)’ = |l_|, COS(@lgg(t))llg(t)lgg(t)lgl(t) = COS((I)lgg)llngglgl. (4142)

The first equation states that [(¢) is confined to a sphere of the radius given at
t = 0 (and it is equivalent to the conservation of TrL?). In the orthogonal case
®193 = +7/2 and the first equation is the only constraint.

The second equation says that [(¢) is a point on a paraboloid = -y -z = pg, from a
family of paraboloids given by py = cos(®123)l12l23l31/ cos(P123)(t) > cos(P123)l12l23l31.
The two equations limit I(¢) to those paraboloids which intersect with the sphere.

I
_
of the cap is the circular intersection of the sphere and z - y - z = cos(®123)l12l23l31.
The closer cos(®i23) is to unity (and ®ji93 - to zero), the smaller is the cap. In

particular for l19 = log = I31 = % and ®103 = 0, that is for the stationary Ly

They cut out a spherical cap centered at the point x =y = 2 and the edge

matrix (3.35), it shrinks to a point. From this point of view, Lg is stationary be-
cause there are no other (not gauge equivalent) accessible matrices with the same
eigenvalues. The figure 4.4 illustrates the above predictions compared to numerically
generated trajectories projected to a sector of a 2-dimensional sphere representing
the points [(t). The first image, with ®193 = 3, corresponds to the orthogonal set-
ting and shows that there is no limitations on [(t) apart from constant length. The
last image, ®123 = 0, is the purely imaginary case, and it shows that the distance
between I(t) and Iy = (2,2,2)/v/3 (the stationary point in the centre of the circular
region) cannot increase. The two middle illustrations, with ®193 = 5 and § show
the available region growing with ®123. This in accordance with the results of the
section 4.5.2: for example if we fix the value of |l12| the available values of |/;3] and
|l23| are limited to a segment of a circle in (ly3,l23) plane determined by the initial
ratio of [13 and lo3 and the phase ®193. It seems plausible, that there are no further
limitations on Scar(L) for N = 3, but to show this I will use a different approach,
which works for general N > 3.

4.6.2 Reachable sets for N > 3

The reachable set of a group action (at least its component connected to unity),
whether it is SO(N) or SU(N) acting on its Lie algebra, can be described by:

{I! =eLe™™ :t€Ry,v € g} CRa(L) (4.143)

This can be translated to the directions in the Lie algebra in which L can be moved
by the group action:

L'=L+tL+0(*), 6L=[,L]cg. (4.144)

The choice of v € g is unrestricted. Therefore if we express 6L, v and L in the basis
defined in section 2.1.2, definition 18 (for the SO(N) case we put all the L and v!
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components equal to 0):

N-1
6L = > 6Lty + 0LYyoa + Y 0Lgada (4.145)
a<b a=1
N
SLY, = Y umLih — vap Ly — Liyvis + Ligviy (4.146)
k=1
N
0Ly = Y vmLiy+vi iy — Liviy — Ligoky, (4.147)

k=1

we see that L can be moved in almost any direction in the Lie algebra by appropriate
choice of v. The excluded directions are the ones completely disconnected from L,
that is such that all L,; and Ly entries vanish. Clearly, the full Rg (L) consists of
all L' € g matrices with the same eigenvalues. Yet this local expansion around L
is now comparable to the local expansion of Reps(L). The Calogero-Moser matrix
dynamics imposes limitations on the directions dL. As it was discussed in section
3.1.1:

SL = L(0) = [A(0), L], A(0)cg, Aij= %(0). (4.148)

ij

This means that instead of commuting L with any element A € g, we are now
restricted to elements A € g which are in a sense similar to L, i.e. they have the
same vanishing and non-vanishing components, only rescaled by positive factors :c;f
Let us call g7, C g the subspace spanned by the non-vanishing components of L. Of
course A € gy, and the choice of positions x1 < x2 < ... < xy is completely free.
Yet since the factors given by xi_jz are not independent, we do not have access to all
elements of gr. Using the results from section 4.5.2, we may say that we have access

to all elements defined as

R I
LiGiiaTiier + L 10441

Amqu = 2 + O()\_Q), 1=1,2,.., N —1, Tig+1 << A
i+l
(4.149)
Each such element generates a rotation in the (Lﬁg, Lfil’k, LiIk, LiI 41, 1) subspaces for
all k # 4, + 1:

d Lﬁe azR —af Lfii k

— = ’ 4.150

dt ( Lf,k of of Lf+1,k ( )
d { LE. —alt —of LE

Sl =0 TR ) (4.151)
14 i1,k a; a; ik

RI _ LML, . L . .
where o; 77 = ——. In the orthogonal setting, where all the imaginary entries vanish,
iyitl

and R superscripts may be dropped,this simplifies to:

— = ’ 4.152
dt < LiJri,k: ) ( — QY 0 ) ( Li+l,k ( )
and the solution:

/ .
ik cos(a;t)  sin(ayt) Lk R L 4
— } ’ — ; ’ y 153
( L;Jrl’k > ( —sm(ozit) COS(O[ZT) Li—‘rl,k (Th) Li-i—l,k: ( )
where the rotation angle 7; = «;t is unrestricted due to the free choice of x; ; ;1. The

— N
antisymmetric L matrix can be represented by a vector [ € R(2) such that Lij =

62



sign(j —4)l;;. The effect A; ;41 has on L in this parametrisation can be described as:

I'=[P(R(n;) ® R(n;) @ ... ® R(n;) ® 1) P, (4.154)

where P; permutes the components of [ so the first 2(N — 2) components are the
pairs (lix, lit1) affected by the R(n;) € SO(2) rotations, and then are the other
(g ) — 2(N — 2) which stay unchanged. The_angles n; € [0,27] parametrise a loop
on a (g] ) — 1 dimensional sphere of radius |I|. The projections of this loop on the
(lik, li+1,%) planes are full circles. In the unitary case we need to define two angles,

n; which parametrises the loop and 3; which encodes the phase of L; ;1:
ni = ty/(af)?+ (af)? = |ailt, (4.155)

R !
% % ) . (4.156)
| | R)2 4 (al)?

(cos B;, sin 3;)

The solution reads:

Lgf Cos 7); 0 sinn; cos 3; —sinn; sin (; LﬁC
ng . 0 cosm; siny; sin B;  sinn; cos (; LiIk
LQEL ¢ | | —sinmcosB; —sinmn;sin B cos 1; 0 Lz]il, .

He sinm;sin3;  —sinn; cos G 0 cos n; o,

This, together with the phases of the complex entries Ly = i|Ly;|e’®* (the imaginary
unit is factored out like in section 4.6.1) can be used to express the absolute values
| Liy,| and |L§+1,k;’¢

ILil® = |La|® cos® i + |Lijs|* sin® m; — sin(2n;)| Lig| | Lit1k | sin (g 1)
ikl = |Lig1kl® cos® i + | Lik|* sin® n; + sin(20;)| Lig|| Lig1 k| sin (Pigir1) |

so just as it was discussed in the previous subsection, for the purely imaginary
initial L (®;xi+1 = 0), the available values of |L;;| and [L;, , ;| are restricted to
the segment between the initial [L;,| and [Ljj1 |- As ®; 41 grows from 0 to § the
available segment grows as in the case of N = 3.

We may freely use the linear combinations of the elements corresponding to dis-
joint pairs of particles, for example A19,A34,...,A25,—1,2n, Where n = [N/2]. Such a lin-
ear combination generates rotations in the subspaces of real dimension 8 (or 4 in the
orthogonal case). The coordinates in these subspaces are (Lgi_mj_l, Loi—125,La;i2j—1, La; 2j
that is (Loo, Log, Lro, LEE)S-’I where 1 < i < j < n and we use O and F as short-
hands for odd and even. The generator of the rotation in such a subspace is described

)R,I

)

Loi—1.; Loi19; .
by two complex parameters, ay = % and ay = % We may write the cor-
2i—1,2¢ 271,25

responding equation for the four component vectors L? and L':

d (L% AR Al LE

where
0 ot a0 0 o —al 0
AR _ -t 0 0 ol Al ok 0 0 —af
T —af o0 0 off |’ -l 0 0 o)
0 —aff —aff o 0 -af of 0

(4.158)
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In the orthogonal case this simplifies to:

Loo 0 ay ar 0 Loo
d Log —0og 0 0 ar Lok
- — . 4.159
dt | Lgo —ar 0 0 ay Leo ( )
Lgg 0 —-ar —ay 0 Lgg
and the solution is:
Loo Loo
!
L
07| = Rpi-1) @ R(pj-1) LOE . (4.160)
EO EO
Ly Lgg

— N
In terms of vectors I € R(2) we may write:

' = [P((R(m)®R(m3))®(R(m)QR(15)) ... (R(n2n—3 R(n2n—1))@1) P, (4.161)

where again P is a permutation matrix which rearranges the components in the cor-
rect order and each 4 x 4 block R(72;,—1) ® R(n2;—1) acts in the appropriate subspace.
The n = [N/2] angles 72;_1 = «;-t are unrestricted as previously. In the unitary case
we again observe how the phases ®y,,, where k, [, m are distinct triples from {2i —
1, Qi, 2j—1, 2]} affect the accessible values of (’LQZ‘_Z"Q]‘_1|, |L2i—i,2j‘7 |L2i,2j_1|, |L2i72j |)
The easiest way to see it is from (4.114):

‘Loo‘ 0 ‘CKJ‘SiD‘I)l \aj\sinfbg 0 ’Loo|
i |LOE| . —|aJ|Sin<I>1 0 0 |Oq|Sin(I>3 |LOE|
dt ‘LE()‘ o —‘04]|Sin¢)2 0 0 ]ocJ]sin<I>4 ’LE()’
|LEE| 0 —|Oq|SiIl(I>3 —|aJ|SiIl(I)4 0 |LEE|

where the indices from 1 to 4 in ®; 2 3 4 stand for (2i—1,25—1, 25),(2i—1, 24, 25),(2¢, 2 —
1,27) and (27,25 — 1,25) respectively. The rotation generated by the above equa-
tion has again the form of R(&;) ® R(&;), but the angles are modified by the phases
Dy 934:
1
& = 55 (Va+b+ vVa=b) (4.162)
1
i = ——=(Va+b—vVa-0> 4.163
&§ = 55 (Vath-va=i) (4.163)

a = |as|*(sin® @y +sin® @) + |az|?(sin® By + sin® ®3) (4.164)
b = \/a2 — 4(|aes]? sin @ sin @4 — |y |? sin Pg sin P3)2. (4.165)

One can check that if all @12 34 = 7, we obtain the result for the orthogonal setting.
The question is how adding more than disjoint colliding pair components to A € gr,
is further increasing the reachable set. Let us assume all the nearest neighbours are
connected. In the orthogonal setting the elements A12,A34,...,A2,-1,2, allow us to
act on the initial L matrix with all matrices O, = R(n1)® R(n3) ®...® R(n2n—1) (the
subscript ¢ refers to collisions). On the other hand we know that all matrices from
SO(N) look like O, in some basis (that is in the canonical form), so we have enough
free parameters to perform any rotation. The only thing we need is to change the
directions in g preserved by the rotation generated by A from (7i2, 734, ..., T2on—1,2n)
to a different set of n directions. These n directions are precisely the basis elements
of a subspace commuting with A, and the choice of these directions is limited only by
connectivity of L. It is very similar in the unitary case, only the phases of complex
L;; elements give rise to limitations on the absolute values of ]Léj\ as we have seen
in the simplest cases.
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(C) @123 = 7T/6 (d) @123 = 0

Figure 4.4: Scs(L) regions for the initial condition I = (1,1,+/2) (black dots) and
various values of ®193. Each image consists of 5000 trajectories generated from ran-

dom initial positions and momenta. The numerical results coincide with the analyt-
ical predictions and serve as an illustration.
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Chapter 5

Quantum Results

In this chapter I am presenting the results of my research on the quantum general-
isations of the Calogero-Moser model. My main objective was to study a quantum
version of the model defined in sections 3.1.1 and 3.1.2 and I chose two different ap-
proaches towards this task. The first one was the direct insertion of s0(N) or su(N)
matrices in the numerators of 1%2 terms. The second one was the canonical quanti-

ij
zation of a free (or harmonic) system in the phase space of matrices followed by the
reparametrisation with matrix eigenvalues. The main accomplishments within these
two lines of thought can be summarised as follows:

1. I have studied the three-particle Hamiltonian with spin operators s, , . in the
role of quantum L operators depending on the value of total spin. I have writ-
ten the Hamiltonian acting on the 2s+ 1 components of the wavefunction and
and diagonalized it exactly in the case of s = 1. I have partially generalized
this result to IV particles and N x N matrices I:ij = ih7;; (the defining rep-
resentation of s0(/N)). In this case all the squares f)?j in the interacting terms
are simultaneously diagonalizable. I have also made use of the result of section
4.1 and proposed a model with f/ij = 171[2T ®l}, that is the quantum analogue of
the vectorial model. The commutation relations for L operators turned out to
imply [l},l}r

oscillator state which determines its interaction with other particles.

} = 0;j. This means that each particle carries an internal quantum

2. I have performed the change of variables in a quantum Hamiltonian of N + d
free particles from the positions X;; encoded in a Hermitian (or real, sym-
metric) N x N matrix X to the eigenvalues (Dq,..., Dy). The value of d is
N? — N in the Hermitian and (]g ) in the real symmetric case. I have obtained
a quantum Calogero-Moser Hamiltonian:

fo BN ROy (2 a)
~ 2m &< 9D}  4m 7 (D; — Dj)?

where (i) means i # j or ¢ < j in the Hermitian and the real, symmetric
case respectively, and the operators j\ij obey the commutation rules of the
generators of the appropriate Lie algebra (su(N) for Hermitian and so(NV) for
real symmetric matrices), « is either 1 in the real symmetric case or 2 in the
Hermitian case. I have found the reduced wavefunctions in the simplest case
of N = 2 by projecting the plane waves defined for the initial free systems on
eigenspaces of the single Lis operator.
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5.1 Direct quantization of the generalized CM system

The classical Calogero-Moser system defined in section 3.1.1,

N 2 2
2 Ly
= 2m  mi (i — x5)
{zipit = 0y A{Lij, L} =Y fLmn (5.2)
{zi, L} = {pj, L} =0 (5.3)

where f/7); are the structure constants of su(N) or so(V) (listed in (3.27)-(3.29)),
depending on the chosen setting, can be quantized canonically in the known way.
The phase space variables (z;,p;) get promoted to operators on the Hilbert space
L?(R™). The Poisson brackets translate to the commutation relations of these oper-
ators acting on functions from L?(RY) :

T; — Zi,  pj— pj = —ihOy,,  [T4,Dj] = ihd;.

As for the L degrees of freedom, we again may promote the functions on the phase
space to Hermitian operators acting on some Hilbert space V, with the commutation
relations preserved:

Lij — i}ij, {ﬁija ﬁkl} = ihz fZJerlzmn

and the only decision to make is what should these operators act on. In other words
we need to choose a representation of the algebra spanned by the L operators. This
is the su(N) or so(V), and they are known to have finite-dimensional irreducible
representations acting on V,, = C". Therefore we may define the quantized system
with a Hamiltonian

H= h2N82 14!
;xl@ +—2

s (i)

j;ij ﬁL + IA-/L ﬁij
2

7 & (5.4)

1
(i —

acting on a product H = L?(R") ® C". Careful examination of the commutation
relations (3.27)-(3.29) shows that there is no ambiguity due to the ordering of oper-
ators. The summation over (ij) pairs means ¢ < j for the orthogonal and i # j for
the unitary setting.

5.1.1 The orthogonal setting
I will explore the properties of the above Hamiltonian in the orthogonal setting,
starting with the simplest nontrivial example.

Three-body system and so(3)

In the case of N = 3 we can use the familiar spin operators and obtain

3 2 2 22 a2 A2

. R mw 1 S S S

AP =3 -2 + ——a? + — L+ Y+ 2 5.5
—~ 2m "2 m\ (z1 —22)° (w2 —23)° (21 —a3)° (55)

The relevant wavefunctions are (2s+1)-dimensional spinors and the time-independent
Schrodinger equation has the following form:

AP, = BV, UL(21,20,23) = (s, Ys1, .0, ¥s) (w1, 22,73)  (5.6)
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The particles carry a joint internal state, let us call it spin, and its projections onto
orthogonal axes determine the strenght of interactions. The axes are completely
equivalent (as long as we do not add any external field which would distinguish any
of them) and the choice which axis we assign to which pair of particles is arbitrary.
Here we have (1,2) — z,(2,3) — v, (1,3) — z, but permuting them is equivalent
to expressing the matrix operators in a different basis (note that this will no longer
be true for N > 3). As a mater of fact, U3, .UT, U € U(3) will be just as good. An
important choice to make is the eigenspace of the % operator, where

P4+ B8] =0 (5.7)

The eigenspaces are given by half-integer numbers s = 0,1/2,1, ... and each eigen-
value h?s(s+1) corresponds to a (2s+1)-dimensional matrix representation of so(3).
For s = 0 the representation is trivial and results in the ordinary CM system. For
s = % we have §; = %ai, where o, . are Pauli matrices. They square to identity,
02-2 = 199, which means that (5.5) in this case is the ordinary system as well. The
first nontrivial case is s = 1. Let us express the inverse-square potential part of (5.5)

with 82,82 and §1 = §, £ i3,

. K2 mw?
B = - 4 —a? )
s ( i 2m8xi + 5 xi | + (5.8)
1 1 1 §2— 82 §2
+ = + 242 + (59
m K(Cﬂl —22)? (22— 953)2) 2 (1 — 23)°

1 1 1 2 4+ 52
+ = ( 5 — 2) - (5.10)
m\ (r1 —x2)” (r2 —w3)

The (5.9) part acts diagonally on W, while (5.10) connects each ¢, component with
Ym4+2. Changing to R = %(xl + 29+ x3),x = %(l’g — 1),y = %(azl + x3 — 229)
and then expressing x = rsin ¢, y = r cos ¢ makes the variables in the eigenproblem
(5.6) separate into Ws(R,7,¢) = R(R)p(r)®s(p), where:

1 d? 3R2 2m
1 _ “"p 11
( sdRz T )R(R) 12 R (5.11)

d? 1d 72 b2 2m
e Lae om0 - g 12
( i rar THET r2> )= G (5.12)
M®(p) = b*®4(0) (5.13)

and [? = % The solutions for R(R) and p(r) and their discrete eigenvalues are
known:

2
Ra(R) = Npe 57 H® (‘/}S’R> , (5.14)
2 r2
pun(r) = Norle 2Ly | o5 (5.15)
En = m<n+;> Ey = hw(2n, + b+ 1), (5.16)
E = ER+ET:M<n+2nT+b+:;> (5.17)

The variable R is of course the position of the centre of mass. The definition of
r implies 2r2 = (21 — 22)% + (z2 — 23)? + (23 — x1)?, which means mr? can be
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understood as the moment of inertia of the system. In particular » = 0 corresponds
to 1 = xo = x3 - all particles in one place, so to say, which should not be observed
in a system with singular repulsion. The factor r® with b > 0 ensures that. For
the Calogero-Moser system without the harmonic trap R(R) will be plane waves
and p(r) will be given by /rJy(kr), where Jp, is the Bessel function and k is given
by the energy in the centre of mass reference frame. The angular equation is not
affected by the harmonic potential, but this is the only one which mixes the different
components of Wy:

M. = _d72+i 1 — 1 (52 §%)
T dp? o 4R? |\ sin?(p +27/3)  sin®(p + 47/3)

+ o 28 + ! + ! (8% - 382
2h2 | sin? @ sin?(¢ +27/3)  sin(p + 47/3) N

Knowing the matrix elements of §1 in the §, diagonal basis we can write the resulting
equations (5.13):

d? m? —s(s+1 m?
<b2 + dicpz + 2(4_)](.—&-(90) - Sin2((p)> wm = (5'18)
= OV ) At DR~ (n ot D2gat (5.19)
+ @OV = D2 == D (520
f+ = ! + ! (5.21)

sin?(¢ + 27/3) ~ sin?(¢ + 47/3)

Before we try to diagonalise this system of 2s+1 equations, we notice that M acts
separately on two subspaces of the internal states Hilbert space. Let {e,,, : m = s, ...,
be the orthonormal basis of §, eigenstates. Then in case of integer values of s we have
an s + 1 dimensional subspace span(es,es—2,...,6_s) and a smaller, s-dimensional
span(es—1,...,6—s+1). When s is half-integer, we have two s + % dimensional sub-
spaces span (€, ..., exst1).

Eigenvectors and eigenvalues of M,

For the smallest nontrivial value of s, that is s = 1 the diagonalisation is very simple.
The set of equations:

d2 1 1 0 0 1/J1
2+F -~ 0 00 Yo = (5.22)
© sino | o o 1 "
300 00 3 U1
=3/e@) | 010 [ r(e)| 0 00 o (5.23)
0 0 3 5 00 W1
separates into three independent equations for ¥ and 4 :
, o
b+ — -V =0 b+ — — V. = .24
( +d(p2 o(cp)> Yo =0, ( +d¢2 i(so)> Yr =0 (5.24)

where Vi(gp) - V;I:((,O+7T) - sin12<p + sin2(7r1/3:F<p) and ‘/0((‘0> - sin2(7r1/3—go) + sin2(7r1/3+<p) :

Since Vo(p) = Vi(¢ — 7/3) and V_(¢) = Vi (¢ + 7/3), it is enough to find ¢, and
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the other two are functions will be shifted accordingly: 1o(¢) = ¥4+ (¢ — 7/3) and
_(¢) = 4 (p+7/3). The equations (5.24) are special instances of

d? g1 92 93
(¢)

s+ + =0"(p)  (5.25)
dp?  sin’@  gip? (<p + %7[') sin? (cp + %77)

derived in [3] for the three body ordinary quantum Calogero system. It was solved
analytically in two cases: g1 = ¢g,92 = g3 = 0 and g1 = g2 = g3 = g. The equation
for i corresponds to g1 = g2 = 1,93 = 0 and it does not admitt a solution in a
closed form. Yet, since the singular points of V. (¢) are regular, the eigenfunctions
can be found in a form of a power series up to as many terms as we wish with the
Frobenius method. As it is shown in Figure 5.1, for ¢ € [0, 7] Vi (¢) has the form of
a double, asymmetric and infinite potential well. Thus there are two orthogonal sets
of solutions: le () localised in the higher potential region and wlL(go) in the lower
potential region. The eigenvalues are obtained from the symmetry or antisymmetry
conditions. The solutions presented in Figure 5.1(a) are 1, and after a shift by
+7/3 we have the eigenfunctions ¢y and ¢_ as well. The full solution of the (5.13)
equation expanded in the eigenbasis of the matrix system reads:

ol (0) = e M (p)es + B (0)em + g (0o (5.26)

e+ = (1/v2,0,£1/vV2)T, ¢y =(0,1,0)" (5.27)

For fixed values of » and R the ¢ variable encodes the relative distances between
particles, as shown in the bottom of Figure 5.1(b), and we can interpret the ¢
dependent eigenfunctions from the z1 23 perspective. First of all, the ground state
components: |¢(]il=0‘2 is concentrated arround x; = z3 and maximal |xo — x1 3],
while it vanishes whenever x5 is in between x; and x3. This is understandable, since
52(0,9,0)T = 0 and does not contribute to the repulsion between z; and x3, while
§3,,7y(0,w0,0)T # 0. Likewise, W’i,l:0|2 present the same behaviour, but with x; 23
variables cyclically permuted. The lowest energy H-type eigenfunctions, @ZJ(I)L{Z:O and
Yi,_, are localised in regions of distinct ordering (and its reverse), maximize for
x; - xj = xj — x), that is when the particles are most evenly distributed, and vanish
when any two positions coincide. Last but not least, we notice, that the symmetric 1)
states (the ground state in particular) are allowed only in case of bosonic statistics.

N particles and the N-dimensional representation of so(V)

One of the key conclusions from the study of the NV = 2s + 1 = 3 case is that the
observables governing the interparticle repulsion have a common eigenbasis, that is
the é4,ép basis. In fact we would obtain the eigenvector of M,_; in the form of
(4, 0, v-),if we expressed §; , . in this basis in the first place. The interpretation
of the components in straightforward: 14 contributes to the repulsion of x; from
x2,3 (but not between x5 and x3),1 - to the repulsion of x5 with the others, but not
between x1 and x3, and finally 1_ - to the repulsion of x3 with the others, but not
x1 and xo. This can be extended to N particle systems:

~ (N) h2 N 2 mw2 N 2 1 i’zzj
miz i=1 1<i<j<N \Fi T L

A

If we choose N-dimensional Hermitian matrices (Ljj)qp = th(di00jp — 0ivdja), that is
the defining representation of so(N), their squares will be (f/%j)ab = h? (0ia0ib+05a0p),
that is diagonal with 1 in the i*" and j** row and 0 in the others. The set of equations
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(a) Eigenfunctions ¥¥ (¢) (red) in the narrow, higher potential region and 1% ()
(blue) in the broad, lower potential region together with discrete values of b;.
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(b) Potential functions Vi, V_, V, are mutually shifted and eigenfunctions wfIlL (p) =

O E (o —7/3), v (o) = (o + 7/3) are shifted accordingly. The squares of
+,1 0,1 Ty

wé{il:o are presented together with x1,2,3(¢) values for fixed (R, 7).

Figure 5.1: Eigenfunctions ¢ (¢) divide into two orhtogonal subsets: @bf,l(go) which

contribute to the energy whith b ~ 4.75+ 3l and w{;,l(‘/’) with bF ~ 2.5+ 1.51. Note
that the eigenvalues of (5.24) are actually b?.
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for the N components is the following:

FL2 N ) mwQ N ) h2 1 ) )
—%;% +T;xz +m;($z_l’1)2 Y1(z) = Evr(x) (5.29)

Each eigenfunction 7 can be interpreted as a wavefunction of a system of N — 1
mutually noninteracticn particles, all repelled by a single particle. The only difference
between them is the choice of the repulsive variable, which is ;. We postulate the
energy eigenstates in a form:

A

Y(R,m,¢) = R(R)p(r)®n(p) (5.30)
On(p) = (161,209, ....,andn)’ () (5.31)

where R = (z1 + ... + 2n)/N is the centre of mass, Nr? = (z; — x2)® + ... +
(rn_1—2n)? asin [4]. The angles @ = (1, ¥2, ..., pn_2) are the spherical coordinates
on SN=2 and encode the relations between z; variables for fixed R and r. The
eigenequations for the R,r and @-dependent components read:

1 d? N RZ2 2m

d? N-—-24d r2 b2 2m
R S AT = g 5.33
( dr? r dr + 14 + r2> pr) h2 ( )
Myon(p) = b*On(p) (5.34)

The R and r dependent eigenfunctions and eigenenergies are:

2

Ra(R) = e 22 H® <‘/ZNR> . Ep=hw (n + ;) (5.35)
2 T2

pun(r) = rPe LY <z2> , By=hw(@n 4+ 1) (5.36)

P () e () e

N—-3\2 3
ER+Er:hw(n+2nr+\/b2+< 5 )+2> (5.38)

E

For N = 3 the expressions for § and ~ simplify to b > 0, and the solution coin-
cides with the results from 5.1.1. The difficult part is the eigenequation for the
components of Wy (p):

7"2
(—Agn-2 + f1(@)) 61(@) = b*d1(@),  f1(p) = (Z 22) (@) (5.39)

GEI (xj - ‘TI)

Solving the above eigenproblem as we did in section 5.1.1 for a general value of N
is a hard task because of the multiple variables at play, but the general form of the
solutions is predictable an has a clear interpretation. The configuration space of N
particles on a line is divided into N! sectors of a fixed ordering. Yet in case of a
potential given by f7 the only important distinction between regions is the ordering
with respect to the repulsive variable: xj ,xj,, ...z, < x; < Zj ., Tjy_;- In
fact, the ordering and even the choice of the x;,7 # I variables below and above
N—1

xy does not matter, the only difference between regions is k € {0, Ly |75 } -

the number of particles on one side of x;. In 5.1.1 we have identified two distinct
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regions, where the subspaces of solutions were (¥, b") corresponding to k = 0
and (¢, bM) corresponding to k = 1. The potential f; is symmetric with resprect
to the xj.r variables and has a unique minimum in each region. It is located at
Tj = Tjy, .. = Tj, < o1 < Xj,, = ... = Tjy_,. The general form of the solutions
will be oscillatory functions, symmetric or antisymmetric at the minimum of fr,
vanishing at the x; = x;+; bounadries and outside the region of fixed ordering and
the eigenvalues are expected to be bf = bk +1A, + Ok~ The physical interpretation
of the minima is straightforward: it is energetically favorable for the N — 1 mutually
noninteracting particles to be localised as far as possible from the repulsive one and
depending on the partition given by k, the distances |x; — x| allowed by the fixed
r will be different. In particular there is a unique bosonic ground state for £ = 0
with all particles other than the I** localised around the same point.

Solving (5.24) as an eigenproblem in /> Hilbert space

The most systematic and reliable approach towards (5.39) would be to expand the
eigenfunction in an orthonormal basis of functions which are supported only in
the selected region of the configuration space and respect its boundaries given by
the singularities of fr at x; = xj. It is still a challenge in the presence of many
variables, but it certainly can be applied to the example of N = 3 and the Vi (yp)
potentials shown in Figure 5.1. For simplicity, in case of kK = 0 (that is the lower
energy subspace) we will take the V_, since then the ¢” functions are supported on
(0,27/3) and we can expand:

L L. (3 . 3 B /3

P-(z) = Z Yy sin | snx |, Py = */ Y7 (x)sin | —nz | dz. (5.40)
n=1 2 T Jo 2

Next, we insert the expanded % to (5.24):

i YL sin <3naj) <3n)2 — b2+ ! + ! =0 (5.41)
—" 2 2 sinz  sin?(z4+7/3)| '

and integrate both sides of this equation with another function from the basis:

/3 3 > ;. (3 3\ 5, 1 1
/0 sin <2pw) {nz_:l 1, sin <2nx) l(zn) —b"+ . + (s 1 7/3) dx

wL <3 >2b2 +i¢L/2ﬂ/3 . <3 > . (3 > 1 4 1 d
r|\2? — " Jo PP P ) s s sin?(z + 7/3) v

and obtain an eigenproblem in [? Hilbert space:

2 o]
s Kgp) - bzl + % > kI, =0 (5.42)

n=1

Since I, = 0 if n and p have different parity, the eigenfunctions with odd and
even components form separate subspaces. The integrals I, are finite and can be
calculated analytically:

Inn = g {377 +V3 <1[/0 (Z + g) - (;L + ;))] (5.43)

3nr V3
~ — 4+ — — 19 .44
T+ 16l (541
3nm
In,n+2m = In+m,n+m - Im,m ~ T + ‘5m‘ - ’fsn-‘rm’ (545)
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where ¥y(z) = dl;l(zz) is the digamma function, and d,, = gl‘{g + O(n™*). Once we
have the full I,,,, matrix, we can solve the eigenequation numerically by using a finite
cut-off at a dimension big enough so that it does not affect the result (for example

dimension p+20 for the p** eigenstate). The final form of the eigenequation:

l(3n>2+37m+\/§—5n

3T .

m#n

2 2 3

(5.46)
(where n and m are both odd or both even) justifies the intuitive prediction that
asymptotically the eigenfunctions and eigenvalues will tend to those of a flat, infi-

nite potential well: as n increases, the quadratic term will dominate the linear and

constant terms. Moreover, it becomes clear why the level spacing is ~ %

An identical procedure for the k = 1 subspace leads to a similar equation:
6 o
((8n)* = b))+ — 3 Jumtiy =0 (5.47)
m=1

where

Jpm = N [3# -3 (% <n + §> — ¥ (n + ;))} = (5.48)

= 6nm— Igmzn (5.49)

Jn,n+2m = Jn+m,n+m - Jm,m (5-50)
The eigenvectors and eigenvalues of (5.42) and (5.47) coincide with the results ob-
tained wvia the Frobenius method.
5.1.2 Quantum vectorial model

The classical results suggest another possible realisation of the quantum CM Hamil-
tonian. Let us recall the conclusion of section 4.1, that the vectorial degrees of free-
dom assigned to each particle turn out to be equivalent to the apparently two-particle
L;;j variables. This motivated me to search for quantum two-particle operators ﬁij
in a form of tensor products N ® ;\j of single-particle operators acting on subspaces
of internal states:

[0, M) = [ Me] = 0 (5.51)
The crucial condition is the set of commutation relations:
[Eij, ﬁmn} = 16 Lin — GinLam;) (5.52)
By analogy to the classical relation L;; = i(e;|ej) we postulate:
Lij=inll®l;, L =-ibl;oll=-Lj (5.53)
If the | operators obey the bosonic creation and anililation commutation rules:
(s 1] = Gun, (5.54)

the commutation relation (5.52) holds:

(Lijs Lon| = [il] @ 1, ibll, @ 1| = (5.55)
= in ([l 1] bl @0y + b I, 5,) il ©1f,) = (5.56)
= ih (jmLin — GinLum) (5.57)
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Applying such L operators such that —I:,;jlzji = IZWIAJI] to the CM Hamiltoian, and

making use of the n, = ZAI,LZA;C excitation number operator, leads to:

. h2 2 h2 s + 1 ® o + 1y _ 1
A=—S o2 4+ ™ x§+—2( i+t2)® (@ 22) Z (5.58)
2m 5 2 5 m < (i — x;)
We notice that ng are good quantum numbers, since
[nkﬂ} -0 (5.59)

which is even more interesting because of the classical L;; = i(e;|e;) being constants
of motion. The interaction depends on the excitation numbers in a very simple way,
yet this model contains a wide class of interactions. For all ny = n we obtain an
ordinary CM system with ¢ = n(n + 1), in particular a noninteracting system if
n = 0. Otherwise the system is repulsive with g;; = (n; +1/2)(n; +1/2) —1/4. The
the classical limit of this system can be found with the use of coherent states of the
internal oscillators. Taking the cigenstates of [ operators |a) such that [;|a) = a;|@)
with large values of ;| we obtain the ordinary CM system with g;; ~ %]ai\2|aj|2
and no room for time evolution.

5.2 Canonical quantization in Hermitian matrix phase
space

The classical generalisation of the N-particle Calogero-Moser model reviewed in
section 3.1.1 made use of the configuration space of Hermitian matrices: M =
{X € Myxn(C): XT =X } The phase space which is generally a cotangend bun-
dle T* M here will be simply M = M x M consisting of pairs (X,Y’) of Hermitian
matrices. Each such pair of matrices can be identified with a point in R?V 2, where
1 <7< j <N in the following way:

T11
X=| e | (5.60)
T —iT;
7\/5 J Cij
TNN
Y11
Vi Ty
Y=| .. (5.61)
yl—iyl;
7j\/§ J Yjj
YNN
The symplectic form in a (z;, :Uf»?, xifj, Yiis yf;?, yzfj) € R2NV? phase space:
N
WR = Z dxi; N dy;; + Z dxfj“- A dyﬁ + da:z-lj A dinj (5.62)
i=1 i<j

coindices with w = Tr(dX A dY) for (X,Y) defined with (5.60) and (5.61) (all the
imaginary terms cancel). The Poisson brackets for i < j, k < I:

{winyii} =0y e uiy'} = dudy (5.63)
{efalib =0, {vlul}=0 (5.64)
{eBvliy =0, {aluli} =0 (5.65)
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are equivalent to {X;;, Y, } = 6;10;; in the matrix formulation. The variables (Z, ) €
R2V? form a familiar ground for canonical quantisation. To each phase space variable
we assign an operator acting on the Hilbert space L?(RY 2):

Tis — Tij, Yii — —ihOy,, (5.66)

zij — &, yl — —ihd, (5.67)

ol — il ylj — —ihd,r (5.68)
1

...... — e, 5.69

R (5.69)

5.2.1 Quantum reduction of a free system: preliminaries and out-
line

The operators xR and their canonical conjugates can be organised into matrices X

ij
and Y just as in (5.60),(5.60). Using such operator-valued matrices we can efficiently

define free Hamiltonian together with its eigenfunctions:

Hr = %rﬁ (V%) gx(X) =T, (5.70)
A h2
Hryr(X) = Exyr(X), FBrx=g-Tr (Kz) ; (5.71)

where K is a Hermitian matrix. Following the idea of classical reduction presented in
section 3.1.1 T introduce new variables (D, a) € RV*? where D is a diagonal matrix,
U = exp(a-T) is unitary and 7 = (71, 72, ..., 74) are the anti-Hermitian basis vectors
of the Lie algebra su(N):

X =U'DU = exp(—a-7)Dexp(a- 7). (5.72)
The Hamiltonian and the wavefunction (5.70) can be reexpressed in these variables:

Vi (D,a) = exp(iTr(exp(d-?)Kexp(—EL-f)D)):eiTr(K(“)D), (5.73)

N 2
~ _ 3Dk 8&[ 0
Hpa = 2m 2 Z(axuapk axijaa) ’ (5:74)

i,J,k=11=1

I will prove that Hp ; differs only by a similarity transformation from a Calogero-
Moser Hamiltonian with (D; — D;)~ 2)\2 interacting terms, where )\U = Zk L 1E O s
and the commutators are the exact counterparts of the classical Poisson brackets
(3.25). The last step of the reduction procedure will consist of projecting ¥ x (D, a) on
the 9y, eigenspaces in a way that will result in eigenfunctions of the CM Hamiltonian.

Before carrying out this programme I need to make two remarks. Firstly, the
procedure is identical as outlined above if we start with real, symmetric matrices X
and K. Then U € SO(N) and (71, 72, ..., 74) span the so(N) Lie algebra. In this case

the configuration space M = RN+(12V), N+d=N + (g), and there are as many
generators and corresponding (aj, ..., aq) variables as needed. On the other hand in
the unitary case M = RN’ while the dimension of su(N) is equal to N2 — 1, so it
seems we have N +d = N2+ N — 1 and X — (D, ay, ..., ag) would not be a valid
coordinate transformation. Fortunately we can restrict ourselves to unitary matrices
with real diagonal entries due to gauge equivalence: if some matrix U diagonalises a
given X, so does U’ = diag(e’®!, ...,e'*N)U, and if U/, € R, U’ can be generated by
N? — N off-diagonal generators only. Therefore we can set d = N2 — N and stay in
the off-diagonal su(N) subspace.
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5.2.2 The free Hamiltonian in (D, a) variables

The X;; variables can be eliminated from (5.74) via the following expressions:

Xij(D.a) = (U'(@)DU(a))y;, U=U(a)=e". (5.75)

The derivatives Jx,; Dy and Ox,;a; can be found as the elements of the inverted
Jacobian matrix:

"= (spa) - (a(m

/—\

_ -1
U(“)>)> . (5.76)

The elements of the Jacobian:

O = |Ups> 1 G = (UTQU) s

oD, } Day
X o .
3 0X; % 0X;
8D;: = UszkJ : 6(1; - (UTQIU)U
|
where
= [D,(0.,0)U"] =9, 5.78)
(0, U)UT = uw(A)uk € g, (5.79)
A) = — Aji = ay - fi. )
U( ) nz:% (n+ 1)'7 J a‘k‘ sz (5 80)

Now the challenging part is to invert this matrix. We can also use it to calculate the
metric tensor, as shown in the appendix B.1:

g = | , (5.81)
Oaxn ! Tr(0)

and then, due to the block structure of g = 1 @ g, we clearly see that the Hamil-
tonian splits into two parts:

H = 2mm(ZaD“/detgaDk+Zaal,/detg )

k=1

2

_ _;meD 1A (5.82)

For both orthogonal and unitary matrices we prove in (B.1) that:
g =2uD*", D =diag(D; — Dj,(ij) € I) € Myxq (5.83)
where [ is the set of indices appropriate for each setting. In the orthogonal case

I ={(ij): 1 <i<j< N} and in the unitary case I = {(ij) : 1 < i # j < N}.
From this it automatically follows that:

detg = 2/D|detul’, D =]][|D;— D;|% (5.84)
1<J
1
gfl — §(UT)71D72u71 (585)
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where a = Wd_l), which means o« = 1 corresponds to the orthogonal and oo = 2 to
the unitary case. The factorisation of g and detg into a purely D and a-dependent
parts allows us to simplify Ap (appendix B.2):

Ap = 1y d(pa) (5.86)

1 N

where (5.87) is a similarity transformation which eliminates the 15 order derivatives
from Ap (and leaves the A, part unchanged). The result is a free N particle system
for the unitary and an ordinary CM for the orthogonal case'.

Before I move on to A, let me recall that the indices of the algebra degrees of
freedom are ordered pairs (i), (pq), (rs) € I, where I = {(pq) : 1 < p< ¢ < N} in
the orthogonal case and I = {(pq) : 1 < p # ¢ < N} in the unitary case. Moreover,
let a-7 = Zi<j i Tij + Zi>j a;joj; where 7;; and o0;; are the off-diagonal basis
elements of su(NV) from the definition 18. In the orthogonal setting of course a;; = 0
for ¢ > j. Now we can write A, explicitly:

A, =

—1 —1
(i) (pa) “(ij)(rs) O
(!det\ DDy aam) (5.88)

= 72 D D) (5.89)

(i5) GI

2|detu

1])61 (pg)el 7’5)6[

The free Hamiltonian, after similarity transformation, in the (D, a) variables:

. 1 (XL o2 1 Aii +(2-a)
Hyp=VDHp—= = ——— (Z 52t 2 h-pae | (5.90)
VD 2m BD (zj)EI (D,L — DJ)

has a form of a generalised Calogero-Moser Hamiltonian, where:

Aij = 5\% + Fijj\ij (591)
. 0
Ni = D0 U 522
(pg)el 1 Oapg
- 1 9C (u)
Fyj = > ('detu|u(z‘l‘)< ) = et > ( ) >4
|detu| (pq)el a . |detu‘ (pq)el 8apq (pq) (i)

where C'(u) is the cofactor matrix of u, and the determinant detu is positive, so the
absolute value is redundant. Using the definition of a divergence of a tensor field,
we can rewrite (5.93) as

1
detu

v

In the appendix B.3 I prove that F; vanishes identically. This means that indeed

Ay =22 (5.95)

1We notice that the interaction term is attractive in this case, but this is not the full Hamiltonian,
and further 1/ DZ-QJ- repulsive terms will appear.
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and the last step is to calculate the commutation relations between the 5\1-]- operators.
As shown in B.3, they turn out to be the following:

P\z‘jvj\kl} = ( z): fwm)r(b;)cl Amins (5.96)
mn)el

which means that they form a representation of the Lie algebra so(IN) or su(N)
depending on the setting. This result is probably as elegant and as close to quantizing
the generalized Calogero-Moser model as one can get. The next step is to find the
eigenfunctions through appropriate integration of the plane waves (5.73).

The harmonic case

Following the same line of thought as in sections 5.2.1 and 5.2.2 for a system of N?
N(N+1) . . . . : . .
r ——— noninteracting particles in an external harmonic potential we obtain:

Hy = T<1Y2 mw2X2>_m(T(T)+N+d), (5.97)

2m 2 2
i = \2( \/> X) (5.98)
[Yn) = i, 5, {]> In) (5.99)
(5.100)
ulpn) = %(ZHMM) ), (5.101)

where the eigenstates are of course expressed with Fock states of individual oscilla-
tors. In the position representation we will have:

(N+d)

mw 1 e 2n2 T mw
(X)) = () Hn( x) 5.102

where x;; = X; Zor X IJ for i < j and i > j respectively, and H,(z) are the Hermite
polynomials. Slnce Tr(X?) = Tr(D?), the Hamiltonian in the (D, a) variables differs
from (5.90) by a harmonic term, resulting in a generalised Calogero Hamiltonian:

N ~ 1 N R 02 mw2 R? Aii 4+ (2= @)
L= = = p2) - = Sig T\L T Y
i =V PHn VD ; ( 2m 6D2 2 DZ) 4m ((l%;[ (D; — D;)? |~
(5.103)

5.2.3 The Hamiltonian and the reduced wave functions for N=2

We expect the case of N = 2 particles to be equivalent to the ordinary CM systemn.
With only one pair of interacting particles, there is by default only one operator Lo
whose eigenvalue should yield a constant coupling in the interaction term m
This is why we will treat the N = 2 (orthogonal and unitary) case separately. We
shall apply the results from 5.2.2 and calculate the reduced wave functions in the

orthogonal and unitary case.

Example: SO(2)

This example is not entirely an original contribution, similar considerations can be
found in [64]. The SO(2) group has only one generator and it is known that its every
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element can be expressed as:

_ 0 -1 [ cos¢ —sing
oo (o )= (8 ) e
Since there is only one generator, there are no nonvanishing structure constants, and

therefore in the adjoint representation A = 0 and u(A) = u~!(A) = 1. The single A
operator at hand is Ajs = 88722’ and the Hamiltonian (5.90) has a simple form:

- n? | 02 0? 1 0?
i =_" 1 5.105
om [an oDz T 2D, Do \9g2 T (5.105)
which easily translates to centre of mass and relative distance variables R = %,
r = D1 — Dy and a doubled angle ® = 2¢:
N h? 9% K| 0 1 9% 1
H(Rr®)=———"s— — | =5 + = 5.106
(.1, @) 4m OR?  m | Or? + 092 + ( )

Now we need to express the eigenfinction of the unreduced, free system in these
variables:

Y(X) = exp(iTr(KX)) = exp [iTr (KU (¢)DU(9))] = vx (D, 9)

. Ky T R+ 0
T((Kf K22>U<¢>T( . R_g>U<¢>)]

13

= exp
Yr(R,r,®) = exp[[iTr(KR)]explircos(P + ¢x)r], (5.107)
wo— %\/(Kl—K2)2+2K122:\/Tr(k2), (5.108)
ko= K—%Tr(K) (5.109)
cos g = KIQ;HKQ (5.110)

Now we make use of the fact, that H Y = Ex1k holds no matter in which variables
we express the equation in, and also if we reverse the similarity transformation
=rH %,, we get:

H'(R,7,®)(Tr(R,7,®)) = Exvrog (R, r, ®). (5.111)

The crucial step of the procedure is the integration over the ® variable which projects
Y (R, 7, ®) onto an eigenspace of A12 = 3. We perform the integration of both sides
of (5.111):

o e_mll 9 82 1(82

T ap2 P2 1)] (\[¢K)dq) EK\/>/ qu)qu)

m 192 o2

where the integration cuts out a Fourier component of i (R, 7, ®) = 3, c7 €/, i (R, 7).
The integral fo% e~ (R, 7, ®)d® = 9, x(R,7) commutes with the R and 7-
dependent terms of H, thus:

1 82 82 —w<1>82wK _

where the only nontrivial term can be calculated by parts as for v € Z the boundary
terms cancel:

o . 27 .
/ e—zwba‘% (Q,Z)K(Rv T, (I))) dd = fVQ / e—w‘PwK(R7 T, <I>)d<1> = 7y217by,K(R, ’r').
0 0
(5.112)
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Finally, we discover that the function /7, g (R, r) is the eigenfunction od an ordi-

nary 2-particle Calogero-Moser Hamiltonian with g = v? — %:

1o 92 11
— 4W+W+ﬂ<4—u2>1 (Vv k(R 7)) = ExkVryx (R, 7). (5.113)

In the final step we need to compute the integral:
2
wva (R, 74) _ eiTI‘(K)R\/;/ e~ ik cos(<1>+¢K)rd(I) _ (5'114)
0

_ eiu¢K eiTI‘(K)R /27T ei(m“ cos ‘b*l/(]ﬁ)d@ _
0

o TR 7 ([ Te(k2)r). (5.115)

As expected [3], the Calogero-Moser wave function, apart from the trivial center of
mass component and some phase factors, has the form +/rJ,(kr), where J, is the
Bessel function. Moreover, the trace of K contributes to the energy of center of mass

M, while the traceless part k = K — $Tr(K) contributes to

im
the relative motion E,.; = %Tr(/ﬁ), Ecy + Ere = Fik.
In the harmonic case, whenever it is convenient, we will rescale all the variables

motion, Fopy =

in a standard way: & = /"#x = T (x stands for all X;;,R and r) and drop all the
normalisation constants. The reduction procedure can be summarised as follows:

Ua(X) = (X|n) = e 2 TV H, (X01) Hpyy (X12) Hgy(X22)  (5.116)

1 1 2
(R,r,®|X) = 6(Xu1—R-— ircos D, Xog — R+ §rcos D, X9+ {rsin@)

Un(R,r, @) = /<R, r, ®| X) (X |n)dX (5.117)
Hy/rn(R, 1, ®) = Epy/rpa(R, 7, ®), (5.118)
Er, = hw <n11 + 122 + n12 + 2) = hweg,. (5.119)

Again, we apply the integration over &:

; 1 82 ~ 82 1 1 82 1 ‘
—vg | _ - Y 2 _ -2 -~ - ol — —ivd S0

and obtain the Calogero Hamiltonian with the eigenfunction V7, »(R, 7) = V7 f02 Te WPy (R, T, ®

182~2821~2121\FR~_\FR~
1382 +R° — 972 + yi + ) <1/ — 4) (Vi n(R, 7)) = ea VT a(R, T).
(5.120)
The last step is to compute 1,5 (R,7) , which should coincide with the predic-
tions of [3]. And for this calculation we may use the result for the free system and
the overlaps between the plane waves and oscillator eigenstates of the N2-particle
system:

Yon(RyT) = / o i (R, 1) (K|n)dEK (5.121)

Example: SU(2)

In the unitary case two parameters are necessary to define a diagonalising matrix
(the third parameter is redundant as stated in 5.2.1):
cosf  —sinfe )

sin fet® cosf (5.122)

U(9a¢): (
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where 6 € [0,7/2] is a sufficient set, due to gauge symmetry. In order to find the
metric tensor we need to calculate:

—e~ i@ a2 .. —ip
(DU = < e(i)¢ € ), (8¢U)UT _ ( isin” 0 isin 6 cos e )

0 isin 0 cos fe'® isinZ6

O - 0 —e 0 O 0 —isin @ cos fe
o = —e'® 0 ’ ¢~ i sin 0 cos fe'® 0

where r = D1 — Dy. The nontrivial block of the metric tensor, its determinant and
in:verse have the following form:

22 0 , 7 0 5 .
= . ) = A , det = 20).
g < 0 %7“2 Sln2(20) ) g ( 0 m ’ € (g) r Sln( )
(5.123)

The (0, ¢) dependent part of the Laplacian, after all the simplifications,and substi-
tution 20 — 6 € [0, 7]:

Ap. — 1 8<sin(29)8)+ 2
“0 7 12sin(20) |00\ 2 96) ' sin(20) 042 |
21 0 (. 0 1 02 2
- = Lineae (sn9.35) *ew] St G12)

turns out to be proportional to a familiar Laplace operator on the two-dimensional
sphere. The eigenfunction ¢ (X) = ¥i (R, 7,0, ¢) in the new variables:

Yr(R,r0,0) = (TTI(KUTDY)) _ iK1 +K2)R exp [i (k1 cosf — kasinf) 7]
K, Kr+iKy
K = ( KniK; [\? (5.125)
V2 2
K- K
Ky = % (5.126)
Kprcos¢ — Krsin
Ky = R ¢\/§ ! ¢ = ’K12‘008(¢+¢k) (5.127)
K
cosdp = ———n (5.128)

decomposes into spherical harmonics:

V(R 0,0) = D Yim(0,$)¥im, i (B, 7) (5.129)
Il,m
Yim (R, r) = , Y50, 0)0K (R, T, 0, ¢) sin 0dOde. (5.130)
2 b

We use this decomposition in a similar way as in the orthogonal case, only this time

VD =

g¢K = Exvk, FI’(’MrZ}K) = EK(T¢K)’ /lejkmﬂ,(’er) = EK/Yle(T¢K)>

(5.131)
and since we can integrate by parts: [V (Agtk) = [(Ag2Y) )0 = —I( +

1) [ Y, ¥k, we obtain a Calgero-Moser Hamiltonian with a coupling constant I(I +

1):
R R 8 Il+1)
[maRZ % <67”2 7712 'I"wl,va == EKTQ;Z)l,m,K' (5132)
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As previously, the final step is to calculate the reduced function:

Ganic(Ror) = [ [¥5(0.6)0x(R.r.0,6)sin bavido =
= (TNEIR / / P™(cos0)e™"? exp [i (k1 cos O — ko sin6) r] sin 0dOdp =
_ JTrmR / P (cos )¢t <osor (/ e—im¢—i|K12|sin@cos(¢+¢>k)rd¢> sin 0d —
— I TEE) Rrimgy / P™(cos 8)e'™ COSHJm(|K12 |7 sin 0) sin Od6

The relative contains the Bessel function which arises from the integration over ¢.

It looks complicated, but an analytical solution exists [79], and has the form:
2
(K, 1) x P (’“) i), (5.133)
K
where k = /Tr(k?) and k is the traceless part of K, just like in the orthogonal case,

and j;(x) is the spherical Bessel function defined as:

Ji(z) = \/ZJH;(CC)- (5.134)

This means that the inverse square root from j; and the r factor from the similarity
transformation simplify, and as it should be expected from the two-particle Calogero-
Moser system with g = %l(l + 1), the relative wavefunction is \/FJH%(T).
To summarize, for N = 2 the reduction of a free system results in ordinary
Calogero-Moser systems with quantized values of coupling constants. The orthogo-
ﬁ2

nal setting recovers the case of g = 1 (l2 — %) and the relative wavefunctions in

the form of ¢;(r) = /rJi(kr), and the unitary one recovers g = %l (l+1) and
1/11_5_%(7“) = \/;Jl-s-%(m”)-

5.2.4 The Hamiltonian and reduced wavefunctions for N > 3

For the simplest case of NV = 2 it was possible to compute the metric tensor and the
Laplace operator directly. For N > 3 we have the general Hamiltonian:

2 N o2 1 I:ZZ] +h2(a —2)

Hy = =53 552 * 1m 5.135

g 2m < dD? ' 4m (1%21 (D; — D;)? (5-135)

Lij = —ihdg,  [Lig L] = Y ihf {0 Lonn (5.136)
(mn)

Ll = (=ihhiy)t =i(=hAy) = Ly (5.137)

Having more than one interacting pair of particles and more than a single L operator
makes it difficult to produce eigenfunctions of the above Hamiltonian from plane
waves defined in the X variables. The reason for this is that ﬁ?j operators generally
do not commute thus are impossible to diagonalize simultaneously. The solution is to
seek for representations of the algebra of L operators in which their squares commute,
such as the defining representation studied in the direct approach presented in 5.1.1.
The wave-function, which had the form:

VDyg(D,a) = |[[(Di— Dy - TE@D), (5.138)
Hp(VDyr(D,a)) = Ex(VD¢x(D,a)) (5.139)
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prior to the reduction, now will be a spinor of the appropriate dimension. Still, the
resulting probability distribution,

VD (D, a)|* = [[(Di — D;)*,

1<j

where @ = 1,2 in the orthogonal and unitary setting respectively, resembles the
predictions for level repulsion in random matrix theory, and indicates that in the
symplectic setting there would be o = 4 contributing to stronger repulsion.

Example: SO(3)

As a final example I will show the orthogonal 3 x 3 case. The matrices used in this
case can be parametrised as follows:

0  —aiz a3
U(at) =exp(aT) =exp | a2 0 —ags | =1+sina(n7) + (1 — cosa)(n7)?,
—a13  azz 0

(5.140)
where a € (—m,m), 1 € S%, @ = (a12,a13, a23) = an and the a;; notation emphasises
the link between the (ij)?" off-diagonal matrix elements in the big phase space and
the interaction between the i** and j** particle in the reduced phase space. In the
case of SO(3) the N = 3 dimensional defining representation and the (g ) =3
dimensional adjoint representation coincide, thus A = af = a7 and:

w@a-7) = 1+ 1= cosa —;osa(m) pa—sma _sina(ﬁ%) (5.141)
wNa-r) = 1560+ (1 ~ et (;)) (A7)’ (5.142)
detu = 2(1;2005“’) (5.143)

With the above results the operators j\ij can be directly calculated:

[a—

Aij = f( aA)Vij + 5 (@x V);; + (1 = f(a)) nyj(n - V) (5.144)
o 9C(w _

By = ]detu\ %( Oay > k) =0 (5.145)

Ay = A, (5.146)

where f(a) = § ctg (§). The commutation relations are known for the general N x N
case, but in this smallest nontrivial example it can be checked that indeed:

P‘ija )\kl} = —€(ij) (kL) (mn) Amn (5.147)

which means that they span an algebra which is isomorphic to 50(3), and there are
representations in which all AZ] = )\ commute with each other, namely:

e the 2 x 2 Pauli matrices (up to a proportionality constant) which lead to the
ordinary CM system,

e the 3 x 3 generators of the defining representation, which lead to the case
similar to the one solved in 5.1.1, only shifted due to the a(a—2) = —1 terms.
This shift, as its contribution is attractive, may lead to interesting effects which
need to be studied.
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Chapter 6

Conclusion and outlook

The key motivations of this thesis were:

e the potential application of the known relationships of the classical Calogero-
Moser system with random matrices and chaotic dynamics to the quantum
setting

e the possible influence of additional degrees of freedom on the relationship of
the quantum Calogero-Moser system with the Quantum Hall Effect, in a form
of possible topological effects and further applications in condensed matter
physics.

The necessary step towards these goals was to find a reliable quantization scheme
for the generalized Calogero-Moser system. This in turn required a closer look at the
dynamics of the classical degrees of freedom. What may have looked like taking two
steps backwards, in fact turned out to be fruitful for the study of this many-body
interacting system. The results I have obtained may be summarized in a broader
perspective, together with an outlook on further further research:

e I have shown the equivalence between the classical su(N) matrix variables of
the generalized Calogero-Moser model and vectorial degrees of freedom carried
by each particle. The equivalence is given by the relation L;;(t) = i(e;|e;)(t),
which means that the L;; variables are functions of one-particle functions on
phase space. This property transfered directly onto the quantum operators
ﬁij = ihlj ® l} results in a system which has a different classical limit, namely
a system with coupling constants g;; in stead of dynamic variables L;;(t). This
fact leads to the conclusion, that the quantum operators lAlZ-j which will be still
dynamical variables in the classical limit, must not factorize into one-particle
operators.

e The trajectories of L(t) matrices fall into separate classes given by the dimen-
sion of the space spanned by the initial vectors d = span{|e;(0))}. I have proven
that the matrices which give rise to stationary coupling constants belong to
the class of d = 1, which implies all the coupling constants to coincide: g;; = g.
The models with distinct coupling constants do not admit corresponding ma-
trix models. In the light of the derivation of integrable many-body systems
with interactions by Olshanetsky and Perelomov [12] it can be concluded that
such systems are not integrable.

e Nevertheless, the dynamics of a Calogero-Moser system with distinct coupling
constants g;; can be approximated by a matrix model with the same initial
positions and momenta. The optimal matrix L € su(/N) for this approximation
is purely imaginary: L;; = ig;;. The study of reachable sets of the L matrices
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is compatible with this result. The purely imaginary matrices are in fact the
most restricted in terms of the reachable values of |L;;|.

I have combined the matrix and vector degrees of freedom in an augmented
phase space as hinted by Gibbons [15]. A Hamilton function which mimics
the one of a charged particle in a magnetic field gave rise to an integrable
dynamical system with spiral trajectories in the matrix space. The unitary
reduction along the lines presented in section 3.1.1 led to an unexpected result:
the reduced Hamilton function contained % interactions, so far unseen in
completely integrable systems. The dynamical variables in the numerators of
these ”Coulombic” terms do not have stationary points, unless they vanish.

The canonical quantization of the classically reduced degrees of freedom (x, p, L)
and the quantum reduction of a canonically quantized free (or harmonic) sys-
tem almost coincide. The only difference is the attractive term —% i< m,
which arises for the latter scheme in the real symmetric case. In the case of
N = 2 this additional term results in two distinct sets of wavefunctions for
1=0,1,2...: ¢y(r) = \/rJi(kr) in the orthogonal and wl+%(r) = \/FJH%(/W) in
the unitary case. Without this modification, the orthogonal case would yield a
different set of functions, /7J,, (r), where a; = /12 + ;. This off-course makes
no difference for large values of | (as expected in the classical limit). Yet if we
consider the system in a harmonic trap, the energy (3.63) contains a term

o) (o)

This means that the ground state is significantly affected, as the a = 0 case is
excluded in favour of a = % recovered in both orthogonal and unitary setting.
This suggests, that the attractive term is crucial at the quantum level and the
reduction of a canonically quantized matrix system (considered in section 5.2)
is expected to have a richer set of solutions than the canonically quantized

reduced system (section 5.1) for a general value of N.

The Hamiltonian which I diagonalized in the case of N = 3 and the 2s +1 =
N = 3 dimensional representation of s0(3) can be thought of as a toy model
and needs to be corrected with the attractive term discussed above. First and
foremost it has to be checked if such a Hamiltonian is bounded from below. The
defining representation of su(3) needs to be considered as well. The expected
result is a rescaled version of the solutions obtained in 5.1.1. The next step
will be to generalize the results to N > 3.

The common trait of the quantum models reviewed in section 3.2.1 and the
ones I have considered in sections 5.1 and 5.2 is that two variables, namely
the centre of mass R = % S a; and 72 = % Zx?j, separate easily. The diffi-
culty lies in the remaining angular differential equation on SV=2. The case of
N = 3 reduces to an ordinary differential equation on a circle and is manage-
able through the Fourier Transform, as shown in section 5.1.1. The challenge
of generalizing this result to N > 3 lies in finding an orthonormal basis of
functions on SV 2, which will satisfy the boundary conditions imposed by the
repulsive potential.

The attractive term in the quantum orthogonal setting, and its expected influ-
ence on the eigenstates as opposed to the purely repulsive unitary setting (as
well as the ordinary CM system) shows the correspondence with the classical
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dynamics. In both cases the L € so(IN) degrees of freedom have more impact
than the L € su(NN) on the spatial evolution of the system.

e The prefactors [[;,;(D; — D;) in the probability distribution of positions in
the reduced free system, with @ = 1,2 in the orthogonal and unitary setting
respectively, are not really surprising. Just as in the case of level repulsion pre-
dicted by random matrix theory, we are considering a probability distribution
of eigenvalues of a matrix, only its interpretation is different. Still, this suggest
that the procedure should be repeated for a symplectic case, and the exponent
is expected to be @ = 4 and a positive repulsive term should appear in the
Hamiltonian.

To summarize, the study of the dynamics of classical degrees of freedom of the
generalized CM systems has not only provided a sufficient foundation for the quan-
tum considerations but also resulted in unexpected additional result in the form of
an integrable system with % interactions. One of the possible extensions of this re-
sult would be to quantize the matrix and vector degrees of freedom in the augmented
phase space.

Moreover, as the classical L;; degrees of freedom govern the energy level repulsion
for quantum systems defined by H(\) = Hy + AV, the properties of the purely
imaginary L matrices (the stationary |L;;| and minimal reachable sets) are expected
to have an impact on the statistics of level repulsion for large values of N. The
possible next step is to study the statistics of energy levels for an ensemble of purely
imaginary V matrices. The downside is that this subset of Hermitian matrices does
not form a universality class, but the resulting probability distribution could be
interpreted as a conditional one (i.e. the random matrices V are drawn from a
unitary ensemble and the imposed condition is that the matrix is purely imaginary).
The expectation is that the level repulsion will be stronger than in the case of the
full unitary ensemble, meaning P(s) o« s**°, where § > 0, and the level spacing
s — 0.

The study of quantization schemes, on the other hand, with the reliable deriva-
tion of a quantum generalized CM Hamiltonian from a canonically quantized free
(or harmonic) system, opens a plethora of exciting paths for further research. Apart
from the direct continuation outlined above, there is the problem of quantum in-
tegrability, and the diagonalization (if possible) of the system obtained in section
5.2 for other representations of the underlying Lie algebra. Moreover, the finite-
dimensional component of the Hilbert space, on which the ﬁij operators act may
be treated as a synthetic second dimension [30], which yields the system fit for the
study of topological effects, such as edge states.
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Appendix A

Details of the proofs in 4.2

A.1 Necessary conditions for (4.21)

We assume that a rational function of N — 1 independent relative positions z; =
L1, Li2y -5 Lii—15 Liit1y --Lijy-ery TiN-

f(ﬂCz) = Z (12 - 1) Qijk (A-l)

ki \Tik (Tik — wij)?

is identically equal to zero. This means that for any k # 4, j:

2 2 3 — (xi, — xii)>
O = <_3+)3>aijk:2aijk[ g i — i) ] =0(A2)

zy (i — Tij rh (Tip — w5)3

Opnf = 0 > ik = 0V i = Tigp — 245 (A.3)

It is forbidden for x;; to vanish, which means a;;, = 0, and this applies to all k # i, j.
In case of (4.21) a;j, = (&|[P;j, Py]|€i), therefore it means that (4.23) is the necessary
condition for (4.21) to vanish.

A.2 Necessary conditions for (4.23)

The imaginary part of (€;e;)(€;ler)(exl€e;) will vanish if all the vectors point in the
same direction: if |¢;) = e'®i|e) then Im((e;|e;)(¢jex)(exlei)) = Imle|® = 0. If all the
vectors point in one of two directions, and for the chosen triple i, j, kK we have for
example e ile;) = e ile;) = |e) and e % |ex) = |f), Im((e;]€;)(ejler) (exler)) =
Im(le|?|(e|f)|*) = 0. Three distinct directions |€1 2 3) can be expressed as follows:

(e1] = (1,0,0,..),
(e2] = (&3,€3,0,0,0...),
(e3] = (&, 2,,0,0..),

and 6%’3 can be made real by a correct choice of gauge. The basis independent value
of (4.23) reads:

Im(ed(elel 4 e3e2)ed) =0 (A4)

which is equivalent to Im(€3e3) = 0, meaning that e3 and €3 have a common phase
factor. Applying the same procedure to all tripples of vectors, but expressing every-
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thing in the initial basis, we find out that

(e = (1,0,0,...),

(ea] = (e, e'®2€3,0,0,0...),

(e3) = (e}, e®2e2 e%2¢3,0,0...)

(€4| - ( l¢2 421) is ia Z¢4ejll’0"')7
(en| = (e}v,ei@e%\,,ei%e?\,,...,ewNe%),

where all the ei: € R, and the resulting L;; = i(e;|€;) matrix is equal to the one given
by purely real vectors without the phase factors.

A.3 Necessary conditions for (4.25)

Let us find the necessary condition for:

> (- )y BB s BB AL, s DAL
]

ki \"ik I£i z I#£] Jl I£k Lk

provided that the vectors are real |¢;) = |e;) € R", and as a concequence (eq|ep) =
(ep|eq). First of all we shall introduce convenient shorthands:

[abe] = —lacb] = (ei|[Pa, [Py, Pe]llei) =
= 2(eilea)(evlec)((eales)(eclei) — (ealec) (eslei)), (A.5)
0 = [abc] + [bea] + [cab] (A.6)
(ealer) = (ab) = (ba). (A.7)

The sums over | exclude just one index each, for example ¢, but allow j,k, and
therefore we have:

0= > (12 —2) ( > aijkl"‘bijk:) (A.8)

k#i,j Tik xjk 1#1,5,k
lkj kjl 1k
Qijkl = [2‘7]+[]2]+[‘72] (A.9)
il i1 Ll
ikj| + [kje kkjl + |jik kik|] + ik
b = [JJ]Q[J]Jr[J]Q[J]JF[HQ[JJ] (A.10)
Lij Lik Tk

We use the righthand side of (A.5) to express the [abc] commutators in the (A.10)
part of the equation:

b = 2 ((z‘j)%(y‘k? — (K)?) | RP(E)F = GR)?) | GR)P(R)* = (i5)°

(A.11)
The terms which are proportional to x;,f, k = 1+1 are dominant in the colliding pair
approximation. Here it is visible how the (4.27) condition arises from the equation
for general z = (x;1, 2, ...,2;,n). The (A.10) part will vanish for (ab) = (eq|ep) =
g(—1)"a. Now we have to check the conditions for the (A.9) part in this case (using
the Jacobi identity [jkl] = —[lkj] — [kjl]):

(€a|€b) = g(il)nabv (I)iabc = (*1)n"”'a—’_nab"‘"bc‘i"nci7
[abc] = 294(_1)nm+nbc((_1)nab+mc _ (_1)7Lac+’nib) _ 294((I)iabc B ‘I)mcb),

(A.12)
(A.13)

1 1 1 1 1
0 =25 ( ) <<2 — 2) (it — Pajk) + <2 - 2> (Pirji — @iklj)> :
k£l j T, _]k Tip Tk Tit Tk
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In the next step we modifying the sum so that we have all k,l dependent terms
grouped together:

1 1 1 1 1 1
0= > (2 - 2) ((2 - 2) (Pitkj — Pajr) + (2 - 2> (Pikji — q’iklj)) +
k<izij \Tik  Tik Tit Tk Tii Th
1 1 1 1 1 1
— = 5= =] @y — @ = | (Birje — i) | =
(95221 xi) <<$12k $iz> (Pirtj — Pirji) + (xjgk o l) (Pirjr — dk]))
1 1 1
k<l#i,j zk; ]k; i T .CI,' $kl
1 1 1 1 1
B.. (el N A N (et 1
ro Ksz $§k> <%2! xi,) (;Ugl l’?l) (f”?k xiZN 7

where A;ji = Pk — Pyjr and Byjr = Pipji — Pipyj. If we parmetrise the expression
with N — 1 independent distances x;1, Zi2, ...T5 i1, Tiji+1, ---» Tij, --TiN, WE can Write:

+

+

Qm"—‘

0="> AijuF(wij, Tir, vit) + BijiG (i, Tin, Tir), (A.14)
k<l

where

F(x,y,z) = f(y,y—x)f(z,y—z)—f(z,z—a:)f(y—a;,z—y), (A15)

G(.%'7y,2) = f(y,y—x)f(z—x,y—z)—f(z,z—x)f(y,y—z), (A16)
1 1
In case of i = 1,5 = 2 and N = 4 this sum has only one term corresponding to
k= 3,1l =4 and it gives us the condition

AF (212, %13, 214) + BG(x12, 213, 214) = 0 (A.18)

for all (1‘12,%13,1‘14) S R3 such that 0 < z19 < r13 < T14, where A = A1234,B =
Bi2s4. Choosing any two linearly independent configurations, for example (1,2, 3)
and (1,2,4) results in a system of equations satisfied solely by A = B = 0. This
means that (61|[P4, [Pg,PQ]HSl) = (€1|[P3, {P4,P2]”61) = O, and n13 + Nog = (n14 +
ng3) mod 2. By choosing another (7, ) pair we obtain the equality of nia + nss =
n13 + nog = (n14 + nez) mod 2. To extend this result to N > 4 without dealing
with multiple terms,we notice that for four fixed values of 7, j, m,n only one term in
(A.14) depends on both x;;, and z;,. We can therefore keep the distances x;;, Zim
and x;, finite, and take all the others to infinity. This leaves us with

AijmnF(xija Tim, xzn) + BijmnG(xija Tim, -rm) =0 (Alg)

and the same argument as for N = 4 leads to the conclusion that A;jm, = Bijmn = 0
for any quadruple of indices. This means (4.36) is satisfied.
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Appendix B

Details of proofs in 5.2

B.1 Derivation of the formulae (5.77)-(5.83)

Let us start with the entries of the Jacobian matrix (5.77):

i Y (utp - t DU | = UrUs
Dy, dDy, (U U)zj 9Dy (mzl Ui DimUnmj | = UkiUk;
oXy _ 9 (U'(@pU(@)) = (0,UTDU +UTDOU) = (U'DO,U - UT(0,,U)UTDU) =
a da; ij 1 1= )i 1 1 ij
= v (D@ )Vt = (@, 0)UD)U| = (Ut D, (@, U1 U) = (UtU)
iJ ] v
Next, we derive the expression for (9,,U)UT stated in (5.78):
_ _ __ __ (1 — ¢ (—adar)
(&nU)UT = —U&”UJr = —e"T0,e 4T = —e¥Te T ( ead— ) Og)(—a-T) =
etdar _ 1 > (adz.7)
- ( dar T’_g;)(wrl)'
= i L a-7,la-7,....la-7,7]..]] =
g (n+1)!
= Z knfknmn <A fk mq Uk f }len =
n:O n—+ 1 | 17 2J ko,m1 Rk
>, akfkl i (A™)im
= Z m = Tm = UW(A)mTm € ¢
o o (n+1)!
()i = U(A)lm [D Tm} = w(A)im(Di = Dj)(Tim )iy
where we make use of a general formula found for instance in [56] for a smooth
matrix valued function X (¢):
X(t —ad
denl _ vty |1 (dX(t)> - (B.1)
dt adx (1) dt

Importantly, since we use anti-Hermitian generators, the structure constants Z; €R,
thus u(A) is a real matrix in both unitary and orthogonal case. Now we calculate
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the entries of the metric tensor (5.81):

8X1 aXZ
9Dy,Dm = z : : Z Uszk] Umi = Okm (B~2)
1,J
8XZ X .
9Dray = zj: Di,:T,J - Z]: Ut:Us; (UTQlU)ﬁ = () =0 (B3)
Japam = zj:aljamf = ij (U QZU) (U Q U)ﬂ -
- Tr(QlQm) (B4)

We notice that the nontrivial block gj,,, = T'r(£2;€2,) of the metric tensor is in fact a
Gram matrix of {1 5 4 treated as vectors in the vector space of Hermitian matrices.
This means that the determinant can be expressed with the exterior product of the
vectors:

detg = ||Ql/\Qg/\.../\QdH2, (B.5)

but to make use of this structure in the proofs of (5.83)-(5.85), we need to switch to
ordered pair indices, as in the main text, (i), (pq), (rs) € I, where I = {(pq) : 1 <
p < q¢ < N} in the orthogonal case and I = {(pq) : 1 < p # ¢ < N} in the unitary
case, and express the €2 vectors in an orthogonal basis:

, 0 Gl + 1) (il = —imje, 1< -
€ii = 7 Tr(éer) = 20,504 B.6
j { ()Gl + 1)) = o5y 0> (Eiéu) = Wit (B)
The expressions for {2;; and g(;;)(x) are as follows:
i = D e DT = D w0 (Dp — Do)éng

(pg)el (pg)el

gipky = TrQuQ%) = Y D Ui (Do — Do)t (rs)(Dr — Ds)Tr(Epgers) =
(pq)€I (rs)el

= 2 Z Z D D) (kl)(rs)(DT'_Ds)6pT5qs
(pg)€l (rs)el

= 2 > uipe)Unnes (P — Do)* = D ) (Dp = Dg)*(u”) gk =
(pq)el (pq)el

The factorised form of g given by (5.83) leads automatically to (5.84),(5.85) and the
expressions for A, and A;;.

B.2 Derivation of (5.87)

The action of the similarity transformation (5.87) can be demonstrated with the use
of a C? class test function f = f(Dy, Ds, ..., Dy), and the fact that:

k<l

ggi = 8(; (H(Dk - Dz)“) = aD (g&; D —Dr i Dk) . (B.7)
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The calculations are as follows:

N N
FY _ LN 9 [0 ()] 82 f of
@AD(@> ; @;8& [Dapz.< D)}—;{aD%+aZ(D) op, ) [ HoD)f
ovD 1 1 oD 1 oD
Da;(D) = p ¢ (L \__t 9B L 1t IV _
vDa,(D) oD, 8Di( D) 2vDID;,  oyp° OD; 0
N N
L 0 [p 0 (1 10 1 oD
o - 3t o (75))- St [ (538 -
i=1 DaDz aDZ D ; DaDz 2\/53 8DZ
N
« o 1
= ——F= VD =
2\/5;81)1 k:;éiDl_Dk
a | 1 op 1 )
= [ — - _\/7 -
2
a 1 o? 1
2 \cizen (D= D) A Léggzv (Di = Dj)
e} e} 1 a? |:Dij+D1'Dk+DjD,'
= —(1-= 1 o« ; :
2( 2>1<;§N (Di_Dj)2 4 z;k (Di_Dj)(Dj_Dk)(Dk—Di)
_ 22-o) 1 _ 1y _2-a
S T2 X BobE XD oDF
1SN (i5)

B.3 Derivation of (5.95) and (5.96)

Let M be a d x d matrix of real functions: M;; : R? — R. At every point (x1,..,24) €
R? where M is invertible, we may say that:

o con”
detM

where C(M) is the matrix of cofactors of M. This means that:

d
detM&ij = ZleC(M)l
d d

Oi(detM) = Zaj(detM)éij = Z 8j(MilC(M)jl)
j=1 =1

d
= 3 9;(My)C(M)j1 + Myud;(C(M)j).

=1

On the other hand:

OdetM OMj;
i(detM) = , B.
et = OMj O Z_: CMDoM) (B5)
which means that
d d d
S My > 9;(0(M) Z M) 1(0;M;; — 9; Myy). (B.9)
=1 i=1 -1
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If M7 happens to be a Jacobian matrix of some map m : R — R?, the right-hand
side of the above equation vanishes identically:

8¢Mjl — 8]'Mil = 812]ml 82 sy = 0. (B.lO)

For the left-hand side to vanish, the sum F; = 2?21 0;(C(M)j;) must vanish iden-
tically as well. This is so, because wherever detM # 0, M; = (M;1, Mo, ..., M;q) can
be treated as d linearly independent vectors and for the scalar product (M;, F) =
> 1 M Fy to vanish for all of them F' = 0 identically. This proof can be found for
example in [31].

Let us now translate the equation (B.9) to the language of the u matrix and a;;
variables. The indices change in the following way: j — pq, | — ij, i — ab:

() (i OU(ab) (i
(detu) Z U(ab)(ij) Fij = Z C(u )(pq)(ij)( O(Zq:;]) el )(])>. (B.11)

(i5)el (i4),(pq)el Dapq

The matrix elements of u can be derived from the definition:

oU
Oapg

ouU
Ut = 3" upgunmis = o) = —*T Utz (B.12)
(ig)el Dapq

and its derivatives have the following form:

0 rs)(mn i t
Qusyon) Lo | gte 1oLy (2U 00T
Oapq 8apq8ars | 2 Datrs Vg
1 U 1 1 U out
2TI' <8apqaars> v Tmn- 2Tr <8arsU U@apq n)
1 U 1 1 U . dU
9+t <3apq3ars> v ] + 2 <0amU Gaqu T )
1 o2l i
= —gIr (aa 90 > Ul | + (B.13)
Pq rSs ]
1
+§ u(rs)(ab)u(pq)(cd)Tr(TachdTmn) (B14)
ab),(cd)el

where we again use the definition of u and the fact that (QU)UT = —UQUT. The
symmetric parts cancel in the difference of derivatives:

Qupg)(ij)  OUab)(i) 3 1

Oaay aapq 7u(pq)(m")u(ab)(7"5)Tr([Tmnv Trs]Tij) =

(mn),(rs)el
_ (7) _
= = D U Ua)rs) ) rs) =
(mn),(rs)el
= (uflj )(ab )(pq)»

T

This difference does not vanish identically, which means u* is not a Jacobian

matrix of any map, nevertheless we may apply it to the right-hand side of (B.11):

Y @i @yeoC@Wepen = D (“fij“T)mb)(m)(“T)(pqx jdetu =
(i9),(pa)el (3),(pa)el
= detu Y (ufij)an)@s) = 0.
(ij)el

It turns out to be 0 due to the fact that the structure constants are antisymmetric
in every pair of indices and f m (kl) = = 0. Using the same arguments as for the general
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matrix M I conclude that for the left-hand side of (B.11) to vanish, the functions
F;; must vanish as well.
The commutator of A operators can be calculated in the following way:

[XU’X’“} = X [(J)(pq)am’ (k) (rs)? } > “ kw Ors =

(pa),(rs)el (rs)el

= ZVZJ)/@ZA

(rs) . _ -1
O Z i) (o) Opa i) ~ Ykt (o) (Ppa(igy )
(pq)el
(rs) . (rs)
Z o zg)(kl = Z N(ij)(kl)“(rs)(mn)“ (mn) Z v 1])(kl
(rs) (rs)(mn) (uv)
(mn) _
Vajykl)y = Z N (ij (kl yU(rs)(mn)
(rs)el

where 0,, stands for %pq and for the final calculation of v we use the formulae

(B.13) and (B.14):

(mn)  _ . ) -
Yk = 2o e Opatiiere) = Ukt o) Opatiirs) Urs) mm) =
(rs)(pq)
-1 -1
= 2 u’m (Pa) [ Ukt (rs) ™ (rs)(mn))_u(kl)(rs)apqu(f‘s)(mn)} +
(rs)(pq)
-1 -1
B Z U [pq Uigy(rs)® (TS)(m"))_u(ij)(rs)apqu(TS)(mn)] =
(rs)(pa)

—1 1 ~1 ~1 _
- Z (u(kl)(pQ)u(ij)(TS) Uij)pa) " (kl)(TS)) Tpq(rs)(mn) =

(pqg),(rs)
_ 1 u=l -1 -1 2 +
T2, )z(: )( D0 ) ~ U0 i rs)) T | OgrsU)U Tonn | +
pq),\Trs
1
g2 Z ) ) ™(33) () Cr5) (@) U pa) ) T (Tab Ted Tonn) +
2(pq)(7"8) (ab)(
1
B 5 Z Z kl)(rs) (TS)(ab)u(pq)(cd)Tr(TachdTmn):
(pg)(rs) (ab)(cd)
1
= 3 (8¢i5)(ab)O(kt) (ed) = Okt (ab)O(ig)(cd)) Tr(TabTedTmn) =
(ab)(cd)
= Tx({rig, Tl n) = — £
T g\ TRTmn ) T ) (k)
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