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ABSTRACT

In the work, author’s presents a very significant and important issues related to the health of mankind’s. Which is
extremely important to realize the complex dynamic of inflected disease. With the help of Caputo fractional
derivative, We capture the epidemiological system for the transmission of Novel Coronavirus-19 Infectious
Disease (nCOVID-19). We constructed the model in four compartments susceptible, exposed, infected and
recovered. We obtained the conditions for existence and Ulam’s type stability for proposed system by using the
tools of non-linear analysis. The author’s thoroughly discussed the local and global asymptotical stabilities of
underling model upon the disease free, endemic equilibrium and reproductive number. We used the techniques
of Laplace Adomian decomposition method for the approximate solution of consider system. Furthermore, au-
thor’s interpret the dynamics of proposed system graphically via Mathematica, from which we observed that
disease can be either controlled to a large extent or eliminate, if transmission rate is reduced and increase the rate

of treatment.

Introduction

Human society, equipped with modern technology is presently faced
with a terrible virus known as the nCOVID-19. It always affected the
developing countries rather than the developed ones. This virus was
detected in peoples for first time in the city of Wuhan, China [1].
Although, the origin of the virus is still a mystery, certain theories has
already been formulated in this regard. According to some of these
theories, the virus was to animated form animals to humans, when
certain cases of patients affected with same virus were reported from
local fish market in Wuhan [2]. Soon after it was found that the virus
could transmit from one person to another [3]. According to the statis-
tics provided by World Health Organization (WHO) (15th September,
2020), till the composition of this article the virus had already affected

210 countries and traceries around the globe. The conformed cases till
now crosses the figures of 39,388,169 out of this alarming 1,105,895
deaths, were reported to WHO [4]. However, the number may exceed
the given figure. This virus badly effected USA, Italy and Spain, where
the death ratio has been higher than other place. This testifying to the
severity of the nCOVID-19. The common symptoms of the infection
include respiratory issues, high fever and sever coughing. which shows
severity of nCOVID-19. Besides, other symptoms such as gastroenteritis
and neurological sickness of contradictory strictness have also been
noted [5].

The major cause of infection are the droplets from the mouth or nose
of the affected person at the time of speaking or sneezing. The people
around the effected person are liable to contract the disease. As pre-
ventive majors, almost every major country of the world adopted the
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lock-down policy to ensure the safety of their citizens. In such situations
doctors and paramedics staff have committed themselves to provide
health services to the effected peoples. Researchers of related fields
thinks that root cause of nCovid-2019, was first resulted due the bats,
which are identical to that of SARS (Severe Acute Respiratory Syn-
dromes), which took birth in China and the rest of the world in 2003
[6,7]. After that some experts compared the current virus with MERS
and SARS to identify family of the virus to which it belongs so as to
handle the current virus with the help of the studies done to deal with
SARS and MERS in the past. Lu argued that the current nCovid-2019
relates to Beta-corona virus genus, like SARS-Cov and MERS-Cov [8].
For further study related to the corona virus, we recommend [9-13].

The accurate mathematical tools that describes either the real world
phenomena, to investigate the dynamical behaviors of biological disease
or to specifically deal with an engineering problem, a powerful mathe-
matical techniques which manufactures more consistent results is
recognized as mathematical modeling. In this connection, various
mathematical techniques are used to study the communication and has
been developed an enhanced plan for the avoidance of humans from
these noxious infectious diseases, (see [14—17]). One of the remarkable
challenges in the society for humans that has been observed is proper
implementation and understanding of the controlling strategies against
the transmission of spreading diseases. In this regards, up-to large extent
the concerned techniques play a vital role to eliminate, prevent against
the deadly diseases from the community, (see [18,19]). The researchers
present mathematical perspectives of nCovid-19 infection model. The
proposed epidemic model and many more biological models are actually
expressed in system of mathematical concepts with natural order de-
rivatives. Recently, it was observed that mathematical model with
fractional order derivatives are mostly used to describe the universal
laws, due to its great degree of reliability and accuracy, the researchers
are focusing on fractional order differential equations (FODES). The
concept of FODES was successfully implemented in various fields such as
control theory, patter organization, image and signal processing, and
finance and economics, see [20-22]. Keeping these applications in mind,
the researchers took keen interest in fractional differential equations as
compared to natural order. Natural order derivatives are local in nature
and cannot interpret between two integer values. In contrast to the
natural derivatives, the proposed derivatives are non-local, possess
memory effects and hereditary properties, which make the proposed
derivatives more superior to natural order derivatives. To overcome the
aforementioned difficulties of natural order derivatives, the researchers
are interested to utilize the fractional order derivatives. Another appli-
cation of the proposed derivatives is that the situation where the state of
problem depends on previous stages rather than current stage of the
problem, the researchers used fractional derivatives, because it pos-
sesses the memory effects. In existing literature, varieties of fractional
orders differential operators are present. The applications of these dif-
ferential operators are available in different articles, (see [23,24]).
Keeping these applications in view, the researchers studied different
aspects of the real situated problems such as qualitative analysis, opti-
mization, and approximate solution of different models, (see[25-27]).
One of the important types of fractional operator is known as Caputo
fractional differential operator. Due to its applications and geometrical
interpretation, the concerned operator was vastly used by the re-
searchers in different articles, (see [28-31]).

In modern era, the number of experimental facts demonstrate that
natural dynamics follow fractional calculus. The concerned field is
indeed fastest growing area of research, due to its wide range of appli-
cations in numerous fields of engineering and science, (see [32-41]).
Furthermore, one of the biggest challenge facing by researchers is the
evident that trade with the dynamical system having memory effects.
Since the concerned filed has direct linkage with a such system with
memory effect. Therefore, researchers introduced the novel techniques
for modeling of these phenomena via FEDs to handles such a problems,
(see [42-45]). The field of FDEs attendant the attention of researchers,

Results in Physics 20 (2021) 103676

because it posses some extraordinary properties as compared to tradi-
tional class of DEs, such as greater degree of freedom, heredity and
globally in nature. Due to such remarkable behaviors of concerned class
of DEs, the researchers are intersected to investigate different aspects of
concerned theory, like existence and stability analysis, numerical
approximation etc. They obtained the desired results, by using the
various techniques of analysis, fixed point theory and numerical anal-
ysis, we refer [46-48] for detail study. Another significant aspect of
proposed theory is stability analysis and numerical approximation. In
some dynamical or biological problems, we have too much complicated
situation to obtain exact analytic solutions. In such circumstance, sta-
bility analysis and numerical approximation play vital role to obtained
the desired solutions for FDEs. Although, there are various types of
stabilities in the existence literature, (see [49-52]). To best of our
knowledged one the most probably and consistence type of stability is
Ullam-Hyers (UH) stability, which was further modified to Ullam-Hyer’s
Rassias (UHR) and Generalized Ullam-Hyer’s (GUH) stability, [52-56].

One of the important aspect of FDEs has approximate solutions. In
order to obtained the numerical solutions for FDEs, there are verities of
numerical techniques for solutions of FDEs, (see [57-60]). Probably, the
most efficient and reliable technique is Laplace Transform (LT) coupled
with Adomian Decomposition Method (ADM) as so called LADM. LADM
is a powerful technique used to solve the initial value problems (IVPs),
for FDEs as well as FPDEs. With the help of Laplace transform, first we
convert the proposed FDEs into algebraic equations, which are known as
subsidiary equations. The solution of subsidiary equation is obtained via
usual algebraic techniques and the subsidiary solution is converted back
to get the desired solution. In the concerned technique, we directly
obtain the particular solution of FDEs, with out finding the general so-
lution of proposed problem. While in case of non-homogeneous FDEs,
we can find the required result with out first finding solution of the
corresponding homogeneous FDEs. Beside this, Laplace transform is
crucial in the study of control system, and hence in the study of HVAC
(heating, ventilation and air conditioning) control system. It is used to
solve the problems related to communication and network analysis and
many more.

In the is work, authors report the comparative results of the evolu-
tion of COVID-19 outbreak in Pakistan. In addition, we will provide
practical analysis for the time and magnitude of epidemic peak i.e,
maximum number of infected individuals, also measure the effect of
drastic containment measure based on simple quantitative model. We
collect data form WHO (World Health Organization). According to WHO
report at 16th of July, the total number of confirmed cases in Pakistan
are about 2,57,914, while 2145 new cases were recorded in last 24 h and
5,426 people lost their lives. This virus is controlled up-to some extent,
but if people care then they could be safe. In Pakistan large number of
people recovered but more and more peoples are infected too. In the case
of Iran, 2,64,561 cases are confirmed, while 13,410 deaths were counted
in Iran. In Iran people get recovered in large number as the people
became aware. 968.876 are the total confirmed cases in India while
28,498 new cases were counted. 24,915 people lost lives also 553 new
lost were recorded in last 24 h. In case of India more people died and
new cases were recorded that are higher than that of Pakistan and Iran.
This means that in India peoples are infected in high rate than that of
Pakistan and Iran. This information are collected from WHO at 10:00
CEST, July 16th, 2020 [63]. In the report, dated July 16, Pakistan has
estimated 13 corona virus associated deaths per million of its inhabitant.
Pakistan suffer the second-highest death rate from the novel corona
virus in comparison to its neighboring countries, the highest mortality
figures were recorded from Iran, which is about 108 deaths per million
of its inhabitants, while India ranked on third position. If infected rate is
high, some people also get recovered and unfortunately some die. Using
the most simple model for the epidemic outbreak, the population is
divided into four different classes, which are S (susceptible), E
(exposed), I (infected) and R (recovered) scheme SEIR. Let initial pop-
ulation for susceptible population is Sy. The SEIR epidemic model in
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sense of fractional derivative is described in Eq. (1) along with initial
conditions.

Furthermore, in this regard we have tried to inspect the capture
nCOVID-19 infection system for existence and numerical computation.
The concerned epidemic model and many other biological model are
also expressed in Mathematical language with natural order derivatives.
To describe the universal law, mathematical model with fractional de-
rivative are mostly used by researchers due to reliability and accuracy.
In this paper, the author’s used the tools of fixed point theory to
developed analytical techniques for the existence, uniqueness of the
solution and stability analysis under Caputo fractional order derivative
and numerical solution are obtain via LADM for underlying nCOVID-19
model given by

0DYS(1) = a—pS()I(r) = (u+di)S(1),
o°DIE(1) = pS()I(t) — (u +dr + a+7,)E(r), D
0 DJI(1) = aE(r) = (u+ 12+ da)1 (1),
DIR(1) = nE(1) +721(1) = wR(1),
subject to initial condition,
§(0) = So, E(0) = Ey, 1(0) = I, R(0) = Ry. 2

The proposed model is especially consider for the ongoing pandemic
in the whole world started from China and reached to almost every part
on the globe. This scheme has better chances to at-least the gross future
of the full time course of outbreak, although the mentioned model is
little crude. Parameters which are used in the model are captured in the
following table Table 1,2.

The author’s presents the existence results corresponding to model
(1), via tools of fixed point theory. We utilize Schaefer’s and Banach
theorems in order to obtain the desired results for existence theory of
proposed system. We discussed the positive equilibrium points i,e dis-
ease free, endemic equilibrium points and reproductive number for
proposed system. With help of reproductive number, we developed the
conditions for local asymptotically stability for both disease free and
endemic equilibrium. We provide the numerical approximation of sys-
tem (1) for arbitrary order via LADM. We use the real data of Pakistan to
established the results for approximate solution of nCOVID-19 outbreak.
For justification of the desired results obtained via LADM, we use
Mathemaica and assigned different values to the concerned parameters
involved and supplement conditions.

Preliminaries

Definition 0.1. [42,43,61] “Caputo fractional order derivative of a

Table 1
Parameters used in model (1).
Parameters Description
S(t) Susceptible Human Individuals
E(t) Exposed Human Individuals
1(t) Infectious Human Individuals
R(t) Recovered Human Individuals
a Birth rate
B Transmission rate from Susceptible to Exposed Human Individuals
a Transmission rate from Susceptible to Infected Human Individuals
21 Recovery rate of Exposed Human Individuals
72 Recovery rate of Infected Human Individuals
u Natural Death Rate
d; Death rate of Susceptible Human Individuals due to infection
dy Death rate of Exposed Human Individuals due to infection
ds Death rate of Infected Human Individuals due to infection
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Table 2
Description of parameters used in model (1).

Parameters  Pakistan (Descriptions)

So (8065518) Susceptible Human Individuals

Ey (200000) Exposed Human Individuals

I (28234) Infectious Human Individuals

Ro (0) Recovered Human Individuals

a (0.0018) Birth rate

B (0.03) Transmission rate from Susceptible to Exposed Human
Individuals

a (0.25) Transmission rate from Susceptible to Infected Human
Individuals

7 (0.28) Recovery rate of Exposed Human Individuals

Yo (0.12) Recovery rate of Infected Human Individuals

u (0.01) Natural Death Rate

d; (0.26) Death rate of Susceptible Human Individuals due to infection

ds (0.21) Death rate of Exposed Human Individuals due to infection

ds (0.35) Death rate of Infected Human Individuals due to infection

function ¢ on the inter val [0, o), is defined as

where n =[] +1 and [5] represent the integral part of 7.”

Lemma 0.1. For fractional differential equations, the following result
holds
’7[CD[§+¢( )] dz(t)+ao+a1t+azt2+...+a,,7|t”’l,

for arbitrary a¢; € R,i=0,1,2,3,...,
the integral part of 7.

n-1, where n = [] +1 and [y] represent

Lemma 0.2. [42,43,61] “Let g(0) € C([0, T)),
tional differential equation

then the solution of frac-

Dy (0) =g(0), 0€[0,T], n—1<0<n,
W(O) = 8o,

is given by”

() il\m’ /a(e—s)'“g<s>ds.

ForN;€R, i=0,1,2, 3,..,n-1.

Theorem 0.2. [61] “Let X be a Banach space and ¥ : X—X is compact
and continuous, if the set

E={yeX:y=mZTy, me (0,1)},

is bounded, then ¥ has a unique fixed point”.

Definition 0.3. Laplace transform of Caputo derivative is given by

CDgg//(t) =" (A) Zs” m=l (),n—l<77<n,n€N.
)

where n = [5j] +1 and [y] represent the integral part of 7.

L

Qualitative analysis

In this section, of research work the author’s is provide the qualita-
tive theory for proposed system (1), via the tools of fixed point theory.
The concerned theory for existence ensure that capture model for any
dynamics of biological phenomena is well posed. For this purpose the
researchers used different tools to investigate these systems. Banach
contraction theorem is one of the tool to investigated the fixed point for
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proposed problem. This theorem provides information about the exis-
tence and uniqueness of the solution for the considered model.
For the considered model, we construct the function define by

(1,5, E,1,R) = a — AS()I(1) — (u + dy)S(1),
©u(1, 8. E,1,R) = BS()I(1) — (u+ds + a+1,)E(1), -
On(1.S. .1 R) — aE () a1 7r-+- 10,
04(t,S,E,I,R) = y,E(t) + 1,1 (t) — pR(1),

Assume that BC[0, T] be Banach space, with norm defined by

Wy (D] = Sup 7con IS+ [E@)] + (1] + [R(1)] ],

where

(t)7 S01
_ E(1), _ Ey,
ylt] = 1), volt| = b, Ol ty|t
(Z)> R07
©:(t,S,E, I, R),
— ©,(,S,E, I R),
n G)B(tssaEvlaR)v. (4)
®4(I!Ss E71~R)

With the help of (4), the given system (1) can be expressed in the
form of

Dy(f) = @(t,w(r)), tel0,T], ®)
w(0) =y,
Eq. (5), in the light of (0.1), can be expressed as

o) v ol

Furthermore, we assume that assumptions given below holds for
further consequences of proposed problem.(P1) There exists constants
K+, M- such that

c {o, T} . (6)

e,y (1) [<K- ] + M.

(P2) There exists constant L+ > 0, such that for each y,y
(1, y) — ©(t, ) |<L: ||y — 7.

Further we define operator ¥ : B—B as
1 !
T t) = +—/ t—s 'H<I><s7 <s>>ds. )
l//( Vo w5 /. (t=s) W

Theorem 0.4. Under the assumption (P;) and (P;), the problem (5), has
at least one fixed point. Which means that our considered problem has at leat
one solution.

Proof. We will use Schaefer’s fixed point theorem, for this we proceed
in the following steps.

Step I: First of all, we have to show that T is continuous. We consider
that ¥; is continuous for j = 1,2,3,4. Thus @(s, y/(s)) is continuous. Let y,,.
v € X such that y, >y, we must have Ty, —»Ty.

For his consider

13, =mascon s | -9 (s (5) )
1 (e Y]
ds—ﬁ/o (t—s)"71(1)(s,l//(s))dsKmax,E[o‘T] | u S)) [|®, (S,l//n (s))
—d)(s,l//<s>>|ds,\ (”Tr )||<D,, ®||->0asn—co.
®

Since @ is continuous, therefore Ty,—ZTy, as the result T is
continuous.
Step II: To show that the map ¥ is bounded. For any y € X, the map

Results in Physics 20 (2021) 103676

T satisfies the following growth condition:

1 !
Tl = — _ 5!
IRyl = maxicionly, +F(’I)/o (t=s) ‘D<S7l//<5))ds\»
<|1//0|+max,EUT / |t — )" l||<I><s l//< )>|ds, 9

n

T
n+1)

Wl + 57y K*Hl//HquMk},

Consider S, a bounded subset of X, To show that T(S) is bounded. for
any y € S, as S is bounded so there exists K,>0, such that

lwl|<K,, VyeSs. (10)

Hence for any y € S using the above growth condition, we have
"

T
Ry <yl + J—

K«.-||y/"||+Mf.} <lwo| + {K:K4+M*].

"
T(n+ 1){
(1D

Hence, T(S) bounded.
Step III: For equi-continuity, let t;,t; € [0, T], such that t; >t, then

o) o) o)

Hence with the help of Arzela'-Ascoli theorem, T(S) is relatively
compact.
Step IV: Finally, we have to show that the set

(12)

E={yeX:y=m3y, me (0,1)}, (13)

is bounded. for this let y € E, then for each t € [0, T], we have

vl +Mﬁ} ‘ (14)

T"
- K.
T +1) H
Hence, this shows that the set E is bounded. using Schaefer’s fixed

point theorem. ¥ has at least one fixed point, and hence our consider
problem (5) has at least one solution.

ol = muzwusmeo i

Remark 1.
conclusion of theorem (0.4) remain hold, if 7 >3

If the assumption (P;) is formulated for ¢ = 1, then the

T"K-«
RS <1,

Theorem 0.5. The problem (5) has unique solution, if -~ T +1 <1

Proof. Using Banach contraction theorem, let v, € X, then

1 3
w7 li<mac [10-571@ (s (s) )~ (sa(s) s,
(0,711 /o

T"Le

<———|lw—vl|. 15

\F(,H])Hw vl (15)
Hence ¥ has a unique fixed point, and consequently, the considered

problem (5) has a unique solution.

Stability results

One of the important aspect of FDEs is that of stability analysis. There
are different types and form of stability, among these types, one of the
important type of stability is UH stability. Ulam introduced this stability
in 1940 and further studied by Hyers. This stability was generalized by
Rassias to more generalized form known as UHR stability. The authors
adopted the above mentioned stability in this work. The following are
some results of the aforesaid stability from [62].

Let 7 : X—X be an operator satisfying
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W)=y, yeX 16)

Definition 0.6. The Eq. (16) is UH stable, if for €= > 0 and let y € 7
be any solution of the inequality given by

v = 7 wli<e-, for 1 € [0,T), a7

there exist a unique solution i of the Eq. (16) with constant C; > 0
satisfying

|7 — wllI<Cye-, for t€[0,T]. (18)

Definition 0.7.
(16), such that

[l —wll<6(e-), 19

If & be the unique solution and § any solution of Eq.

where 6 € C(R,R) and 6(0) = 0, then Eq. (16) is GUHS.

Remark 2.
a7), if

If there exists &:(t) € C(J = [0, T|, R), then ¥ € Xsatisfies

@ [& (Dl<er, Ve e [0,T),
(i) 7 (t) = + &(1), V t € [0,T].

Consider the following perturbed equation of the perturbed problem
(5) as

{ DLyp(t) = @ty (1)) + (1), e
w(0) =y,

Lemma 0.3. The result mentioned below holds for Eq. (20),

T
lw (t) -y (t) |<ae:, where a = 1) (21)

Proof. This is simple result of Remark 2 and Lemma 0.2.

Theorem 0.8. Under lemma (0.3), the solution of the concerned problem
(5) is Ulam-Hyers stable and also generalized Ulam-Hyers stable, if
TIL,

foen < 1-

Proof. Lety € X be any solution and i € X be the unique solution of
Eq. (5), then

w0 =7 (0)] = Iy () — TFOL <y (1) - Tp()| + [T ()
T'L,

+ T ()|, <aes +—\y/(z) - W(r) l,<

T+ 1) 22)

[75=2%
T'Ly
] ——=
n+1)
Which shows that problem (5) is Ulam-Hyers stable, also it is
generalized Ulam-Hyers stable, by defining

Y|le: | =——+—. (23)

Such that Y(0) = 0.

Definition 0.9. Eq. (16) is Ulam-Hyers-Rassias stable for g € C([0, T],
R), if for € > 0 and let y € X be any solution of the inequality given by

[ly — Hyl|<g (1)<, @24
there exists a unique solution ¥ of (16) with K; > 0, such

7 - wli<K,g(1)=., V1 e [0,7]. (25)
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Definition 0.10. For g € C([0,T],R), if there exists K¢ and for e« > 0,
consider that y be any solution of (24) and ¥ be any solution of (16),
such that

17 — wll<K.e8(t), V1€ [0,T], (26)

then Eq. (16) is generalized Ulam-Hyers-Rassias stable.

Remark 3. If there exists & (t) € C([0,T],R), then ¥ € X satisfies (17), if

(1) |§*(t)|<€*g(t)v Vte [OvT]’
() 7W(t) =5 + &.(8), ¥ te [0,T].

Lemma 0.4. The following result holds for Eq. (20),

™
7% (t) — 3y (t) |<ag <t> e+, where a = m 27)

Proof. By simplicity of proof, we omit it.

Theorem 0.11. Using Lemma 0.4, the solution of the concerned problem
(5) is UHR stable and GUHR stable, also if % <1

Proof. Lety € X be any solution and i € X be the unique solution of
Eq. (5), then

W (0) = ()] = ly(0) — TFOL <l (1) — ()] + [T ()

o . T'L, L a.g(t)ex«
+zw(z>\,<a.g<r) **r(nﬂ)“”(f) ‘”@"gil, )
n+1)

Hence, the considered Eq. (5) is UHR stable, and also GUHR stable.
This completes the proof.

Equilibrium points and local stability analysis

In order to find basic reproductive number, we consider the Infected

classes of concerned model (1), such that
oDIE(t) = BS(OI1) = (u+ds+a+7))E(1), 29)
o“DI (1) aE(t) — (u+y, +ds)I(1).

Now, we have the dominant eigenvalue of next generation matrix
[FV1is

BS° (1) a
Ry = ) (30)
0 (ds+r,+u)a+dy+y, +u)
where
_ |0 BS()
F_[O s } 31
_|la+dy+y +p O
V_{ —a ds+r ) (32)

Steady states

There are two types of equilibrium points in population, these are
Disease-Free and Endemic Equilibrium points. The Disease-Free Equi-
librium of model (1), is denoted by E° that is

(o))l -wlitgmme)
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while, the Disease-Endemic Equilibrium of model (1) is given as

E'(S"(0),E"(1),1" (1), R (1)), (34)
where
S =
Al +p+d
d
E'(t) = I’% (35)

1*(}’1(,“ +7+ds) +109) _

R'(1) i

Local stability analysis
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—(B" +pu+d) 0 s
gy = pr —(u+dy+a+y) A o B9
0 a ~(u+tr+d)

Now multiplying second row by (SI" +u +d;) and multiply first row
by pI" and then adding R; and R, we have

—(BI" +u+dy) 0 —ps’
1= 0 —(utdytaty) (Bl +u+d)BS" (B +p+d) ST |
0 a —(ptrs+ds)

(40)

Clearly, one eigenvalue of matrix(40) is A,= —(BI'+ u+ d;). This
leads to the reduced matrix below such that

[—utdtaty)l +p+d) pS(BL +p+d) - ST

4 = 3
a —(u+7,+ds)

41)
Theorem 0.12. The disease-free equilibrium point E° = (5°,0,0,0) of . . o
model (1) is locally asymptotically stable, if Ry < 1. Further, multiply first row by ~“a” and second row by

(u+dy +a+y,)(BI" +pu+d;) and adding R; and R,, we get
Proof. The Jacobian matrix of model (1) around disease-free equilib-
rium point E° becomes
i —(Bl +p+d)(p+dy+a+y,) S (Bl +u+d) ST (42)
> 0 apS (Bl +u+di) —af’S'T — (u+r,+ds) (B +p+d) (u+ds+a+y,))

—(u+d) 0 —ps° 0
0 - d pS° 0

Jo = W+dtatn) / e
0 a —(u+y,+d;) 0

0 71 72 —H

Clearly two of its eigenvalues of matrix (36) are negative i.e }; =
—(u+d;) and A, = —pu. Now after some matrix operation the reduced
matrix becomes.

~p+dt+a+y) ps°

0 apS’ — (p+dota+y)(ptr+d) |
37)

=

now from system (37), clearly we have last two eigenvalues such that
A3 =—(u+dy+a+y) and Ay = apS® —(u + dz + @ + 1) (4 + 75 + ds),
for 14 < 0, such that afS® —(u +dz +a+y,)(u +r, +d3) < 0,i.e so that

W < 1, implies that Ry < 1, therefore the disease-free

equilibrium point E° is locally asymptotically stable for Ry < 1.
Theorem 0.13. The disease-endemic equilibrium point E* = E*(S*,E",I",
R"), of model (1) is locally asymptotically stable, if Ry > 1.

Proof. The Jacobian matrix of model 1 around disease-endemic equi-
librium point E* becomes

—(BI' +pu+d) 0 —pSs” 0
M= pr ~(u+dr+aty) ps’ 0
0 a —(+r,+d) 0
0 71 72 —H
(38)

Clearly, one of it’s eigenvalues of matrix (38) is 4; = —u. The

reduced matrix becomes

Eventually, the last two eigenvalues are
b= —(utdrtaty)Bl +utd)
and

La=apS" (Bl +p+d) —afS'T = (u+r,+ds) (B +p+dy) (u+data+y,),

for 14 < 0, such that

apS (Bl +p+d) —af’ST — (u+y,+ds) (I +p+d)(p+do+a+y,)
<0,

implies that

ap
(Mtr+d)pu+d+aty

<af’S'T + (ﬂf +u+ dl) ,

)S"‘ (ﬁf +p+ d,)

therefore

WS
S (P +p+dy)

I+ +d

Ry < s s
‘ S +p+dy)

so that this leads to

af(I'1 +pu+dy)

1 <Ry < 77—,
C TS Br utdy)

Hence, the disease-endemic equilibrium point it locally asymptoti-
cally stable, for Ry > 1.

General procedure for construction of approximate solution

In this section, of research work the author’s presents the general
scheme for analytical solution of consider system given by
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DIS(1) = a = pS(I() — (u+ )3 (),

o°DIE(1) = pS()I(t) — (u +dr+ a+7,)E(r), 43)
0°Dj1(1) = aE (1) = (u+ 12 +ds)1(0),

o“DIR(1) = nE(r) + 121 (1) — uR(r).

By taking Laplace transform on (43) in Caputo fractional derivatives,
we obtained

2450y =2 L psn) - e+ asio),
2150y =B S (ps010) - (4 o+ @k B,
(44)

200y =" 4 L ap) — ot @),
2R} =" L B0 + 1) - R,
Taking inverse Laplace and conditions on (44), we have
S(z) =S+ Liﬂf{a —BS(I(r) — (u + dl)S(t)}} ,
B(1) =B+ 2 [ SOI0) - o+ a1 )EDY |

‘ (45)
1(1) et Lln:/{aE(t) Ayt d;)l(t)}} ,
R(1) = Ro+ 27 |52 0B O + 1) - k() |

In form of series, the solution S(t), E(t), I(t) and R(t) are defined as
S<t> _ZS‘C([>’ E<t> _ZE‘/(<Z’>7 I<t> _Zlk<t>’ R<t>
k=0 k=0 k=0

(46)

The consider system contains non-linear term S(t). I(t), which is
expressed as

So(1) = So, Eo(t)

/
S) = ﬁ{a — PBSolo — (1 +di)So} }7

= Eo, Iy(t) = I, Ro(t) = Ry,

!
E, = ﬁ{ﬁsolo —(u+d+a+y)Eo},

t’]
I = a{an = (u+y, +ds3)b},

7
R, = E{}/]EO +72lo — uRo},

ar!

n!
2
E2 = 27}’]' V}SO{QEO —

h =

(u+7,+d3)lo} + plota —
{BSolo — (u +do +a +y,)Eo}],

21
L= 2—’1, la{pSoly —

&
Ry = o [r1{BSolo — (4 +do +a+y,)Eo} +y2{aEo —

- %‘ [BSofaBo — (i + 7, +ds)lo} + {Blo + (u + di)}Ha — BSoly — (u + d1)So}],
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)£

where X; is Adomian’s polynomial, defined as

1 dk k
e {ZSWS“ Zw}h ~o-

n=0 n=0

Now using (46) and (47) in (44), we have

So E Iy R
LS} = LB} =2 2} =0 LR} =,

L8} = J{a — BXo — (u+d1)So},
L{E} = S*V-J{ﬂsolo —(u+dy+a+y)E},
LAY = 2@k — (-t 12+ )]
F{RY = 5L nEo+ 1ol — o},

LU} = 5T ha— X~ (e kd)si),

_ -
B} = S—,7~:f{ﬂX| —(u+dr+a+r)E},

(48)
- 1 _
2L} = y@/{U’El =W+ +d)h{
o r_,
Z{R} = s_q-j{ﬂEl + 70y — pRi},
o I,
J{S"} = T]’y{a - ﬂXn—] - (/’4 + dl)Sn—l }1
Z{E} = f{ﬂxn i —(+d+a+y)E.1},
Z{In} = 7'J{aEn—l - (” + 72 + d3)ln—l{
Z{R,} = f{ylnl+y2nl R, 1},
Applying inverse Laplace on both side of (48), we get
(49)

PSolo — (u+di)So} —{u+do +a+y,}

(M+dy+a+y)E} —{p+d+ds}{aky — (u+7, +ds)lo}],

(M + 712+ ds)lo} — pu{yiEo + 12lo — pRo}].
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Hence by exercising the same process, we can get other terms.
Infinite series form up to three terms is given in the following

IV
S0= S0 yyla = ASulo — (k4 )} }+

at' t2n
7t 2!

I
E,, = I() + a{ﬂSoIo - (."{ + dz +a+ Y1 )EU}+

2n

{/}S()Io - (ﬂ +d, +a+}’1)Eo}] + ...

2n

2n!
t’7
R,, = Ro + ﬁ{ylEO + }’210 - [,{Ro}+

21

2n!

For the convergence of the series in (46), we establish the following
result.

Theorem 0.14. [25] Let Z be Banach space and T : Z—Z be a contrac-
tion operator such that for all Y, Y€ Z, with
[IG(y) —G(¥)||<dik”|ly —¥l|,0 < dxk™ < 1. By Banach result the operator G
has a unique fixed point y such that Gy = y the series given in (46) may be
express as

j—i
Y, =Gy, ,Y,o1 = Y, wherej=1,2,3,....

n=0
Ifyo € B,(Y) where B,(Y) = (Y€ Z : HYfYH < p}, then

(Y, € B,(Y),
(i) ity Y, = Y.

Numerical results and discussion

This section, is devoted for the approximation of the parameters used
in the concerned model 1. The tables listed here show the assumed
values of the parameters. The infinite series solution is obtained up to
three terms for the considered model and is based on the assumed values
mentioned in the tables for the corresponding country. The assumed
values for Pakistan, series solutions and graphs are shown in the
following.

For n = 1, the series solution is obtained as

S, = 8065518 — 6.83383 x 10°r 4 2.89071 x 10"% + ...,
E, = 200000 + 6.83151 x 10°¢ 4+ 1.21602 x 10" + ...,
I, = 28234 4 36447.7t + 1108.142 + ...,
R, = 59388.17 4+ 9.56413 x 10% + ...

For 1 = 0.97, we get the following series solution

S, = 8065518 — 6.91904 x 10°1*°7 4 2.92675 x 10'2¢"* + ...,
E, = 200000 + 6.91668 x 10°*7 4+ 1.23118 x 10™"* 4 ..,
I, = 28234 4 36902.1¢7 4+ 1121.92¢"% + ..,

R, = 60128.6:"%7 +9.68338 x 10°'* + ...

Plugging n = 0.93, the series solution is obtained as

!
b [BSo{aEo — (4 + v, +d3)lo} + plo{a — fSolo — (u +di)So} —{p+do +a+y,}
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P [BSo{aEo — (4 + 1, +d3)lo} + {Blo + (u + di)Ha — BSolo — (u + d1)So}] + ...,

(50)

" t
L =1Io +a{an —(u+rt+d)h}+a{pSoly — (u+dr+a+y)E} —{u+d+dsH{aEo — (p+r, +ds)lo}] + ...,

/
= i {BSolo — (u +dy +a+y)Eo} +r{ako — (u+ 1, +d3)lo} — plyEo + v2lo — pRo}] + -+

S, = 8065518 — 7.02782 x 10°*% +2.97277 x 102 4 .|
E, = 200000 + 7.02543 x 10°1*% 4 1.25054 x 10™¢36 4 |
I, = 28234 + 3748231 4+ 1139.56¢'% + ...,

R, = 61073.9/% 1 9.83562 x 108718 + .

Insert = 89, we obtained the series solution as

S, = 8065518 — 7.13061 x 10°*% +3.01625 x 1028 4 ..
E, = 200000 + 7.12819 x 10°*% 4 1.26883 x 10™'78 + ..,
I, = 28234 4 38030.5*% + 1156.231'7 4 ...,

R, = 61967.21% +9.97948 x 10%' 7 + ...

Graphs for the corresponding series solution are given by From
Fig. 1-4, we observe that as the susceptibility is raising up which results
in increase of exposing the papulation for infection. Hence infection is
also increasing along with asymptotic infection which raises up. Hence
the recovery rate is increasing due to more infection. Therefore density
of the removed class is going up. The concerned rate of increase is
different at different fractional order, smaller the fractional order
shower the growth process, while smaller the fractional order faster the
decay process. With smaller fractional order the concerned rate is faster
and as the order is enlarging, the corresponding raise is becoming slow.

Susceptible Population
1,2x Q18 7 77T T T T :

1.0%1075
8.0x10M!
= 6.0x10":

4.0x10%:

2.0x10";

t (time in week)

Fig. 1. Plot shows the behavior of S(t) at different values of fractional order #.
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Exposed Population

t (time in week)

Fig. 2. Plot shows the behavior of E(t) at different values of fractional order #.

Infected Population

800000

600000

It)

400000

200000

t (time in week)

Fig. 3. Plot shows the behavior of I(t) at different values of fractional order 7.

Recovered Population

— n=1

: — n=0.97 :

3x1011:

: — n=0.93 :
= 2x10M : n=0.89
4 ; :

1x10™1 §
0:

t (time in week)

Fig. 4. Plot shows the behavior of S(t) at different values of fractional order #.

Conclusion

In this article, author’s focused on extremely important issues related
to human health, that realized the dynamic of inflected disease nCOVID-
19. We investigated the conditions for qualitative analysis and numer-
ical solutions of capture concerned mathematical model with the help of
Caputo fractional derivative. The author’s used the tools of non-linear
analysis, to obtained the desired results for existence and stability
analysis. We thoroughly developed the conditions for local and global

Results in Physics 20 (2021) 103676

asymptotical stabilities for proposed system via the disease free,
endemic equilibrium and reproductive number. At final stage, we ob-
tained the approximate solution for concerned model via Laplace Ado-
mian decomposition method. The author’s also interpret the dynamics
of proposed system graphically via Mathematica, that explained that
disease can be either controlled to a large extent or eliminate, if trans-
mission rate is reduced and increase the rate of treatment.

CRediT authorship contribution statement

Amjad Ali: Conceptualization, Data curation, Formal analysis,
Investigation, Project administration, Supervision, Visualization,
Writing - original draft, Writing - review & editing. Muhammad Yasin
Khan: Conceptualization, Formal analysis, Investigation, Project
administration, Supervision, Visualization, Writing - original draft,
Writing - review & editing. Muhammad Sinan: Conceptualization, Data
curation, Investigation, Methodology, Project administration, Software,
Supervision, Validation, Visualization, Writing - original draft, Writing -
review & editing. F.M. Allehiany: Methodology, Resources, Validation,
Writing - review & editing. Emad E. Mahmoud: Formal analysis,
Funding acquisition, Investigation, Methodology, Resources, Software,
Validation, Writing - review & editing. Abdel-Haleem Abdel-Aty: Data
curation, Formal analysis, Funding acquisition, Investigation, Method-
ology, Project administration, Resources, Software, Supervision, Visu-
alization, Writing - review & editing. Gohar Ali: Conceptualization,
Data curation, Methodology, Software, Supervision, Validation, Visu-
alization, Writing - original draft, Writing - review & editing.

Declaration of Competing Interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Acknowledgments

Taif University Researchers Supporting Project number (TURSP-
2020/20), Taif University, Taif, Saudi Arabia.

References

[1] Jasper FWC, et al. Genomic characterization of the 2019 novel human-pathogenic
coronavirus isolated from patients with acute respiratory disease in Wuhan, Hubei,
China. Emerg Micr Infect 9(1): 2020; 221-236.

[2] Lu H, Stratton CW, Tang YW. Outbreak of pneumonia of unknown etiology in
Wuhan China: the mystery and the miracle. J Med Virol 2020;92:401-2.

[3] Ji W, Wang W, Zhao X, Zai J, Li X. Homologous recombination within the spike
glycoprotein of the newly identified coronavirus may boost cross-species
transmission from snake to human. J Med Virol 2020;94(4):433-40.

[4] The World Health Organization. Coronavirus disease 2019 (COVID-19): Situation
Report; 16 October 2020.

[5] Chen Y, Guo D. Molecular mechanisms of coronavirus RNA capping and
methylation. Virol Sin 2016;31:3-11.

[6] Wang LF, et al. Review of bats and SARS. Emerg Infect Dis 2006;12:1834-40.

[7] Ge XY, et al. Isolation and characterization of a bat SARS-like coronavirus that uses
the ACE2 receptor. Nature 2013;503:535-8.

[8] LuR, etal. Genomic characterisation and epidemiology of 2019 novel coronavirus:
implications for virus origins and receptor binding. The Lancet 2020;6736(20):
1-10.

[9] Zhou P. A pneumonia outbreak associated with a new coronavirus of probable bat
origin. Nature 2020;579:270-3.

[10] Tian X, et al. Potent binding of 2019 novel coronavirus spike protein by a SARS
coronavirus-specific human monoclonal antibody. Emerg Micr Infect 2020;9(1):
382-5.

[11] Alnaser WE, Abdel-Aty M, Al-Ubaydli O. Mathematical prospective of coronavirus
infections in Bahrain, Saudi Arabia and Egypt. Inf Sci Lett 2020;9(1):51-64.

[12] LuH, Stratton CW, Tang Y. Outbreak of pneumonia of unknown etiology in Wuhan
China: the mystery and the miracle. J Med Virol 2020;92:401-2.

[13] Benvenuto D, et al. The 2019-new coronavirus epidemic: evidence for virus
evolution. J Med Virol 2020;92:455-9.

[14] Zhou P, et al. A pneumonia outbreak associated with a new coronavirus of
probable bat origin. Nature 2020. 270-273.


http://refhub.elsevier.com/S2211-3797(20)32098-2/h0010
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0010
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0015
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0015
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0015
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0025
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0025
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0030
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0035
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0035
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0040
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0040
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0040
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0045
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0045
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0050
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0050
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0050
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0055
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0055
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0060
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0060
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0065
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0065
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0070
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0070

A. Ali et al.

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]
[24]
[25]
[26]
[27]
[28]

[29]

[30]
[31]
[32]
[33]
[34]
[35]
[36]

[37]

[38]
[39]

[40]

Shahzad M, et al. Dynamics models for identifying the key transmission parameters
of the COVID-19 disease. Alexand. Eng. J. 2020. https://doi.org/10.1016/j.
aej.2020.10.006.

Edelstein-Keshet L. Mathematical models in biology, Soc Indus Appl Math 2005; p.
70.

C. A. Beauchemin, H. Andreas, A review of mathematical models of influenza A
infections within a host or cell culture: lessons learned and challenges ahead, BMC
publ. Health, pages:15 (2011).

Rvachev LA, Ira M, Longini Jr. A mathematical model for the global spread of
influenza. Math Biosci 75 (1): 1985; 3-22.

Murray JD. Mathematical biology: an introduction. Spri Scie Busin Med 17: 2007.
Miller KS, Ross B. An introduction to the fractional calculus and fractional
differential equations. Wiley; 1993.

Rahimy M. Applications of fractional differential equations. Appl Math Sci 2010;4:
2453-61.

Rossikhin AY, Shitikova VM. Applications of fractional calculus to dynamic
problems of linear and nonlinear hereditary mechanics of solids. Voronezh State
Acad Constr Architect ul Kirova Russia 1997;50:15-67.

Sabatier AJ, Agrawal OP, Machado JAT. Advances in fractional calculus.
Dordrecht: Springer, Netherlands. 4 (9); 2007.

Baleanu D, Machado JAT, Luo ACJ. Fractional dynamics and control. Spr. Sci. Busi.
Med; 2011.

Shah K, Fahd J, Thabet A. On a nonlinear fractional order model of dengue fever
disease under Caputo-Fabrizio derivative. Alexa Eng J 2020;59(4):2305-13.
Biazar J. Solution of the epidemic model by Adomian decomposition method. Appl
Math Comput 2006;173(2):1101-6.

Rafei M, Ganji DD, Daniali H. Solution of the epidemic model by homotopy
perturbation method. Appl Math Comput 2007;187(2):1056-62.

El-Shahed M, Nieto JJ. Nontrivial solutions for a nonlinear multi-point boundary
value problem of fractional order. Comput Math Appl 2010;59(11):3438-43.
Agarwal R, Benchohra M, Hamani S. A survey on existence results for boundary
value problem of non-linear fractional differential equations and inclusions. J Math
Appl 2010;109(3):973-1033.

El-Sayad AMA. Non-linear functional differential equation of ordinary orders.
Nonlinear Anal 1998;33:181-6.

Khan RA, Shah K. Existence and uniqueness of solution to fractional order multi-
point boundary value problems. Commun Nonl Appl Anal 2015;19:515-26.
Hilfer R. Applications of fractional calculus in physics. Singapore: World Scientific;
2000.

Kilbas AA, Marichev OI, Samko SG. Fractional integrals and derivatives (theory
and applications). Switzerland: Gordon and Breach; 1993.

Kilbas AA, Srivastava HM, Trujillo JJ. Theory and applications of fractional
differential equations. Elsevier; 2006.

Miller KS, Ross B. An introduction to the fractional calculus and fractional
differential equations. New York: Wiley; 1993.

Podlubny I. Fractional differential equations, mathematics in science and
engineering. New York: Academic Press; 1999.

Rahimkhani P, Ordokhani Y, Babolian E. Numerical solution of fractional
pantograph differential equations by using generalized fractional-order Bernoulli
wavelet. J Comput Appl Math 2017;309:493-510.

Saeed U, Rehman M.ur. Hermite wavelet method for fractional delay differential
equations. J Differ Eqn 2014: 2014; 08.

Yang Y, Huang Y. Spectral-collocation methods for fractional pantograph delay
integrodifferential equations. Adv Math Phys 2013: 2013; 14.

Ishteva MK. properties and application of the Caputo Fractional operator.
Karlsruhe: Deptt Math Univ; 2005.

10

[41]

[42]

[43]
[44]
[45]

[46]

[47]

[48]

[49]

[50]

[51]
[52]
[53]
[54]
[55]
[56]

[57]

[58]
[59]

[60]

[61]
[62]

[63]

Results in Physics 20 (2021) 103676

Zhou Y. Basic theory of fractional differential equations, world scientific
publishing, USA; 1964.

Ali A, Shah K, Khan RA. Existence of positive solution to a class of boundary value
problems of fractional differential equations. Comput Methods Differ Equ 2016;4
(1):19-29.

Ali A, et al. Existence and stability of solution to a toppled systems of differential
equations of non-integer order. Bound Value Probl 2017: 2017; 13.

Caputo M. Linear models of dissipation whose Q is almost frequency independent.
Int Jou Geo Sci 1967;13(5):529-39.

Lakshmikantham V, Leela S, Vasundhara J. Theory of fractional dynamic systems.
Cambridge, UK: Cambridge Academic Publishers; 2009.

Abdel-Aty A-H, et al. Computational solutions of the HIV-1 infection of CD4+T-
cells fractional mathematical model that causes acquired immunodeficiency
syndrome (AIDS) with the effect of antiviral drug therapy. Chaos Solitons Fract
139: 2020; 110092; Cai L, Wu. Analysis of an HIV/AIDS treatment model with a
nonlinear incidence rate. Chaos Solitons Fract 41(1): 2009; 175-182.

Wu RC, Hei XD, Chen LP. Finite-time stability of fractional-order neural networks
with delay. Commun Theor Phys 2013;60:189-93.

Nanware A, Dhaigude DB. Existence and uniqueness of solutions of differential
equations of fractional order with integral boundary conditions. J Nonli Sci Appl
2014;7(2014):246-54.

Trigeassou JC, et al. A Lyapunov approach to the stability of fractional differential
equations. Signal Process 2011;91(3):437-45.

Lijun G, Wang D, Wang G. Further results on exponential stability for impulsive
switched nonlinear time-delay systems with delayed impulse effects. Appl Math
Comput 2015;286:186-200.

Stamova 1. Mittag-Leffler stability of impulsive differential equations of fractional
order. Q Appl Math 2015;73:525-35.

Ullam SM. Problems in modern mathematics, science editors. New York: Wiley;
1940.

Hyers DH. On the stability of the linear functional equation. Proc Natl Acad Sci
1941;27:222-4.

Ulam SM. Problems in modern mathematics. New York: Wiley; 1940.

Ulam SM. A collection of mathematical problems. New York: Interscience; 1960.
Rassias TM. On the stability of the linear mapping in Banach spaces. Proc Amra
Math Soc 27: 1978; 297-300, p. 04.

Kumar D, Singh J, Kumar S. Numerical computation of fractional multi-
dimensional diffusion equations by using a modified homotopy perturbation
method. J Assoc Arab Univ Basic Appl Sci 17: 2015; 20-26; Ranjan R, Prasad HS. A
fitted finite difference scheme for solving singularly perturbed two point boundary
value problems. Inf Sci Lett 9 (2): 2020; 65-73.

Yanga S, Xiao A, Su H. Convergence of the variational iteration method for solving
multi-order fractional differential equations. Comput Math Appl 2010. 2871-2879.
Odibat Z, Momani S. A generalized differential transform method for linear partial
differential equations of fractional order. Appl Math Lett 2010;60(10):2871-9.
Deghan M, Yousefi YA, Lotfi A. The use of He’s variational iteration method for
solving the telegraph and fractional telegraph equations. Int J Numer Methods
Biomed Eng 2011;27:219-31.

Granas A, Dugundji J. Fixed point theory. New York: Springer-Verlag; 2003.
Kumama P, Ali A, Shah K, Khan RA. Existence results and Hyers-Ulam stability to a
class of nonlinear arbitrary order differential equations. J Nonlinear Sci Appl 2017;
10(2017):2986-97.

The World Health Organization. Coronavirus disease 2019 (COVID-19): Situation
Report; 16 July, 2020.


https://doi.org/10.1016/j.aej.2020.10.006
https://doi.org/10.1016/j.aej.2020.10.006
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0100
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0100
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0105
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0105
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0110
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0110
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0110
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0125
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0125
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0130
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0130
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0135
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0135
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0140
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0140
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0145
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0145
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0145
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0150
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0150
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0155
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0155
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0160
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0160
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0165
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0165
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0170
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0170
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0175
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0175
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0180
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0180
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0185
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0185
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0185
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0200
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0200
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0210
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0210
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0210
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0220
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0220
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0225
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0225
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0235
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0235
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0240
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0240
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0240
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0245
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0245
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0250
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0250
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0250
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0255
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0255
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0260
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0260
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0265
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0265
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0270
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0275
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0290
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0290
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0295
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0295
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0300
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0300
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0300
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0305
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0310
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0310
http://refhub.elsevier.com/S2211-3797(20)32098-2/h0310

	Theoretical and numerical analysis of novel COVID-19 via fractional order mathematical model
	Introduction
	Preliminaries
	Qualitative analysis
	Stability results
	Equilibrium points and local stability analysis
	Steady states
	Local stability analysis

	General procedure for construction of approximate solution
	Numerical results and discussion
	Conclusion
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Acknowledgments
	References


