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Abstract

Device-independent (DI) certification schemes are based on minimal assumptions about the
quantum system under study, which makes the most desirable among certification schemes.
However, they are often the most challenging to implement. In order to reduce the implementation
cost one can consider semi-DI (SDI) schemes such as those based on quantum steering. Here we
provide a construction of a family of steering inequalities which are tailored to large classes of
d-outcomes projective measurements being a certain linear combination of the Heisenberg—Weyl
operators on the untrusted side and a fixed set of known measurements on the trusted side. We
then prove that the maximal quantum violation of those inequalities can be used for certification
of those measurements and the maximally entangled state of two qudits. Importantly, in our
self-testing proof, we do not assume the shared state to be pure, nor do we assume the
measurements to be projective. Before concluding, we also show how robust to noise our
self-testing statement is. We believe that our construction broadens the scope of SDI certification,
paving the way for more general but still less costly quantum certification protocols.

1. Introduction

The advantage of quantum strategies over classical ones when performing certain tasks can be verified by
violating Bell-like inequalities [ 1]. These inequalities are tailored according to the scenario under scrutiny in
such a way that overcoming the bound achieved by any classical strategy necessarily implies that a certain
quantum correlation must be present in the system. By maximally violating these inequalities it is possible to
go beyond that and certify more specific details about the quantum system, such as measurements and states,
up to local unitary transformations and extra degrees of freedom. In fact, that can always be done by simply
performing quantum tomography on the system, but such a procedure often requires too many
measurements and resources and, more importantly, requires the measuring devices to be fully characterized
and to perform known measurements. With Bell-like inequalities, on the other side, we can certify
measurements and states in a device-independent (DI) way, that is, by not relying on the specific details of
the measurement apparatus. Rather, in DI certification, we only assume classical inputs and outputs in the
experiment (i.e. probabilities), which is a great advantage in the certification of quantum devices in quantum
cryptography schemes [2].

The DI certification scheme based on the maximal violation of Bell-like inequalities described above is
known as self-testing [3, 4] (see [5] for a review). Since the last decade, many inequalities were proposed to
self-test any pure bipartite and multipartite entangled states, as well as, some specific classes of quantum
measurements [6—19]. Among these classes of measurements, we can highlight the mutually unbiased
measurements [16] and the optimal Collins—Gisin—-Linden—Massar—Popescu measurements [17]. In fact, a
general method to certify any real local rank-one projective measurement was just recently explored [20] (see
also [21] for a general method to certify any quantum state, projective measurement and rank-one extremal
non-projective measurements).

© 2025 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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Figure 1. Depiction of the scenario we consider: both Alice and Bob perform d measurements with d-outcome each on an
arbitrary bipartite state p_4 3. We assume that Alice’s share of the state is of known local dimension dimH 4 = d. Alice’s
measurements are projective and given by A, = XZ™*, while Bob’s measurements B, are arbitrary. Our goal is to certify that the
state is equivalent to the maximally entangled state of local dimension d and that Bob’s measurements are equivalent to any
appropriate unitary linear combination of XZ¥, with k € {0,...,d — 1}.

Although very general, the DI self-testing schemes of [20, 21] are at the same time very expensive to
implement, e.g. in terms of the number of measurements that parties must perform to certify a given state or
measurement. For instance, the scheme of [20] requires that both parties perform altogether O(d”)
measurements to certify a given real projective measurement acting on a Hilbert space of dimension d. One
way to reduce the complexity of such certification schemes is by making assumptions about the devices used
for certification, which characterize the so-called semi-DI (SDI) certification schemes. One example of these
schemes is the prepare and measure (PM) scenario, where we assume the dimension of the system to be
known. The PM scenario allows the certification, for instance, of nonprojective qubit measurements [16, 22],
mutually unbiased basis (MUBs) [23], and nonprojective symmetric informationally complete
measurements [24].

Another way to perform SDI certification is by making use of quantum steering [25-28] rather than
Bell-nonlocality. In a steering scenario, we trust the measurements performed by one of the parties, say Alice,
while assuming that the other party, say Bob, performs arbitrary unknown measurements. The use of
steering for self-testing was first proposed in [29], with further developments including the certification of
some classes of genuinely multipartite entangled states or incompatible measurements in d-dimensional
space [30]. In the latter case, however, for any different set of incompatible measurements to be certified, the
trusted party must also perform different measurements.

Inspired by [14, 30], our aim here is to use steering to construct certification methods for a large class of
quantum measurements in d-dimensional space given by linear combinations of the Heisenberg—Weyl (HW)
operators. Here, however, we consider a scenario in which, unlike in [30], Alice always performs the same
fixed measurements (see figure 1) independently of the measurements to be certified on Bob’s side. The state
giving rise to the maximal quantum value is always the maximally entangled state of two qudits. With that in
mind, we derive steering inequalities tailored to every different linear combination. Our steering inequalities
are maximally violated by the maximally entangled state of local dimension d and measurements that are
equivalent to the given linear combinations of HW operators. It is important to note that our self-testing
statement assumes that the state shared by the parties can be mixed and that Bob’s measurements can be
non-projective.

Our paper is organized as follows. In section 2 we provide a review on generalized observables, HW
operators, and the definition of self-testing. In section 3 we present our steering inequality, provide an
example for qutrits, calculate the quantum bound, present the self-testing statement, and end with the
calculation of the classical bound for qutrits. The robustness analysis is presented in section 4. Qur
conclusions are left for section 5.

2. Preliminaries

2.1. Generalized observables
The scenario in question is composed of a simple bipartite system where the two parties, Alice and Bob,
represented by curly symbols .4 and B, share a bipartite quantum state p 45 acting over H 4 ® Hg. Both of
them perform d measurements of d outcomes each. We assume that Alice’s measurements are trusted, that is,
completely characterized. Bob’s measurements, however, are unknown; we assume that they can be
non-projective and of any dimension. We also assume that the state shared by Alice and Bob can be mixed,
but Alice’s share is of local dimension dimH 4 = d.

Alice’s and Bob’s measurements are represented by POVM’s M, = { M, JiZjand N, = {Nbly}Z;é) that
is, M|, > 0 and ZZ;& M, = 14, and similarly for Bob. The measurement choices and the outcomes are
identified by x,y € {0,...,d — 1} and a,b € {0,...,d — 1}, respectively. After performing the experiment
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many times, the statistics can be collected in the form of a set of probabilities p := {p(ab|xy) } apx,» henceforth
called behavior, that are calculated using Born rule, i.e. p(ab|xy) = Tr[(Mg)x ® Ny|,) p.as]-
To detect steering, we are going to use Bell-type inequalities, that is,

Z aﬂ,b,x,yp (ﬂ, b‘xvy) g BC, (1)

a,bx,y

where oy p ., are coefficients suitably chosen and 3 is the bound satisfied by behaviors that admit a local
hidden state model [28]; we will refer to it simply as classical bound. A behavior that violates the above
steering inequality implies that the state p 45 is steerable.

Since our goal is to deal with d-dimensional systems, it is convenient to work with generalized
correlators, which are the Fourier transform of p given by

d—1
(AusxByy) = > w™p (ablxy), 2)

a,b=0

where w = exp(2ni/d) and k, I € {0,...,d — 1}. The objects Ay, and By, are called generalized observables;
they are represented as the Fourier transforms of the original measurement operators, that is,

Apx = Zj;é w*M,, and Ny, = ZZ;& wthbb,. Because the Fourier transform is invertible, A, = {A} and
B, = {By}, } fully characterize Alice’s and Bob’s measurements. Therefore, we can make all the calculations
and proofs with A, and B, and at the end of the day, we do the inverse Fourier transform to send M, and N,
to our experimentalist colleagues so they can perform the measurements in the lab. Moreover, in the
quantum case we have

(AkixBiyy) = Tr [pas (Akx @ Byy) | - (3)

Because we know Alice’s measurements, we can assume that they are projective without loss of generality.
It is proven in appendix A of [14] that if M, is projective, then Ay, are unitary operators such that
Ay = (Al‘x)k. In that case, we use the notation A, |, := A, which means that Ay, = Ak, From the fact that
wi™F = w=kF = (wk)*, we can summarize the properties satisfied by operators A, and B, by

Ak = ATk = (b (4a)

Bi_iy=B_y,= (By,)". (4b)

for every k,1 € {0,...,d — 1} and also A? = 1, and Bﬁy = 1 5. While A, are unitary, Bob’s measurements
satisfyBlT‘yB”y <Apforlye{0,...,d—1} [14].

In our scenario, we are going to assume for convenience that Alice’s generalized observables are given by
the HW operators

Ay = X2 = (XZ°)", (5)
for x € {0,...,d — 1}, where X and Z are the generalized Pauli operators given by

d—1

d—1
X=Y"li+1)({ and  Z=> Wi, (6)
i=0 i

such that |d) = |0). The operators A, are unitary and satisfy properties (4a). Together with the
computational basis, they provide d + 1 MUBs in C“ for prime d [31].

2.2. Self-testing

By observing the maximal violation of a tailored steering inequality, it is possible, in some cases, to certify the
state shared by the parties and the measurements performed by the untrusted party, up to local unitary
transformations. As we mentioned in the introduction, this method can be thought of as self-testing in the
SDI scenario or, more specifically, a one-SDI scenario [29]. In our scenario, Alice performs known projective
measurements A, and Bob performs arbitrary measurements B, = { By, } over an arbitrary state p 45 to
obtain the behavior p. Now, consider the reference measurements B, = {By, } and the reference state [¢)) 45
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which we would like to certify. It is said that the behavior p SDI certify the measurements B, and the state
|t} ag if there exists a unitary operator Ug : Hp — H such that

(L4 Us) pas (1a® Uk ) = [0)(Flas: @ s (7a)
UBBl|yUTB =B, @1z, (7b)

where Bob’s space decomposes as Hp = Hpr @ Hp/+ and the auxiliary state pg+ acts on Hp .

3. Results

In the following sections, we specify the measurements that we want to certify on Bob’s part of the system
and the steering inequality tailored for them. Then we calculate the quantum bound, present the self-testing
statement, and provide the classical bound for the case of qutrits.

3.1. Steering inequality

Let us start by defining the measurements we want to certify on Bob’s side. The eigenvectors of the HW
operators {XZF Z;é together with the computational basis provide d + 1 MUBs in C¥ for prime d [31].
Therefore, by taking Bob’s reference measurements as linear combinations of X7k, that is,

B, = %,0X + 31 XZ+ %2 X2 + ..+ aa X2, ®

where v, € C for every y, k € {0,...,d — 1}, we can cover a large set of generalized measurements in

. . - . . =d
dimension d. To make B, unitary and to have correct spectrum, i.e. By = 1,4, Bob’s reference measurements
must have the form

d—
- 1 ,
== E eftiory R X7, 9)
kj=0

where {(;S],y o is a set of any real numbers satisfying Z =0 qb],y = 0 and @ stands for addition modulo d. By
choosing dlfferent values of ¢;,, at will, we can select different measurements to certify. In what follows, we
are going to construct steering inequalities tailored for each reference measurement as a function of {¢;, }.
The steering inequality is constructed through the sum of the generalized correlators (2). However, to
make this sum result in a real number and to include all outcomes in the inequality we must also sum over
the powers of the measurement operators. To achieve that, let us artificially define the following operators:

d—1
(5 ) (x25)" (10)
k=0
withn=1,...,d — 1, where the coefficients 'y}E,': ) have the form
d—1
,Y}E;:) — dwkn(nfl)/zZefﬁz:‘nzlzﬁl@mywknl (11)

=0

and for any measurement choice y, the angles ¢; , satisfy
> iy =0. (12)

Note that we constructed Eﬁn) using the complex conjugation of the v coefficients for mathematical
convenience. After some algebra (see appendix A), it is possible to show that

=(n) =n

B," =B, forn=1,...,d—1, (13)
which satisfies
_ond s N\d
(Bﬁ")) :(Bj) —1,  forn=1,..d—1. (14)

4
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Also, note that if we take n=din (10), we obtain Eid) = d1. In addition, because B, is unitary, its powers are

also unitary, as well as, B for everyn=1,...,d—1.
We want to construct a steering 1nequahty that is maximally violated by the maximally entangled state of
two qudits

1 d—1 B
|¢>;>=ﬁ;|u> (15)

and the measurements A, and B,. For that, we are going to use the stabilizer set of operators of the state |¢ ),
which act in the form

(xz279)" @ (x29)"|v) = |v), (16)

forne{1,...,d—1}and k € {0,...,d — 1}. That means that |¢)) = |¢}) is the unique state that satisfies the
above system of equations. Now, we need to isolate (XZ)" in (10) to construct generalized correlators. That
can be done if we impose that

d—1
(W) 2 =6, Wy (17)
k=0
The above condition imposes that Bob’s reference measurements {B,—1, ... ,By:d_l} are in function of the

first reference measurement B,— in terms of the complete free set of numbers {¢; ,—¢ }f;g. Asa
consequence, we also have that (see appendix A for details)

d—1

> (’YJEZ’))*’Y)E:) =0, Yk (18)

y=0

If we multiply (10) by 7}5,':,) and sum over y on both sides, we can use the above relation to obtain
(x24)" Z (", (19)
Now, we can specify the substitution rule
(x2)" — B Z i Bulys (20)

where B, = {B,,}, fory=0,...,d —1land n=1,...,d — 1, represent the d-outcome arbitrary
measurements performed by Bob satisfying

o _ i
Bﬂly = Bd—"\)’ = B—n\y and Bn|yB”|J’ < 1. (21)
From the substitution rule, we define our steering operator S as
d—1d—1
S= Al@BM. (22)
n=1 k=0

Therefore, we propose a steering inequality as the sum of generalized correlators in the following form

d—1 dfl d—1 d—1
toB”) =3 > 4\ Al By,) < B (23)
n=1 k:O n=1k,y=0

where f3¢ is the classical bound to be determined as a function of {¢; ,— 0} ;- Let us notice here that while it
is in general a very difficult task to determine the value of ¢, below we show that for any of our steering
functionals ¢ < B, meaning that the corresponding steering inequalities are all nontrivial. In fact, we show
that our steering functionals enable self-testing maximally entangled states of two qudits, which would not
be possible if S¢ = fSg.
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3.2. Example: qutrits

To make the definitions of the previous section clearer, let us use qutrits as an example. In this case, Alice has
three measurement options every round of the experiment, which are given by Ao = X, A; = XZ~1 and

A, = XZ72. On the other side, Bob’s measurements By, B;, and B, are unknown. Because the reference
measurements B, must be given by unitary operators that satisfy Ef, = 15, we must have

0 0 eidoy

2
B=> () x#t= (e 0 o | (24)
k=0 0 e_i(¢0,y+¢1,y) 0

Among the above operators, only those that satisfy condition (17) can be self-tested by the maximal violation
of (23). For y = 0, coefficients ¢, o and ¢, o are completely free. For y = 1,2, however, condition (17) imposes
that {¢,1,¢1,1, 00,2, P12} must be a function of {¢g 0, 1,0} In section 3.5, we are going to provide
numerical calculations of the classical bound 3¢ as a function of {¢g 0, 1,0}

3.3. Quantum bound
Quantum realizations can violate (23). Here, we calculate the maximum violation by performing an SOS
decomposition of S. Indeed,

d—1d—1
Z[]l A”®B(”)} []1 Al @B
n=1 k=0

@-1ni-s, 25)

which implies that the maximum value achieved by S is given by 5 := d(d — 1) (see appendix B). If Alice
and Bob perform the measurements represented by

<!
N2
<d

d—1

A=XZ7" and  By,=Y. ('yy(,?))* (x29)", (26)
k=0

forx=0,...,d—1andy=0,...,d — 1 respectively, then operator (22) becomes a sum of stabilizing
operators of the state [¢] ). After taking the expected value, the quantum bound of d(d — 1) is achieved.

3.4. Self-testing proof

We start now by developing the self-testing statements regarding our steering operator S by considering first
that the state p 45 = [1) (| 4 is pure and that the measurements B, performed by Bob are projective.
Because of that, each of those measurements can be encoded in a single unitary observable B, := By, that
satisfies B;i = 1. Consequently, they also satisty B,, = B) and

d—n —n n t
B = B; :(By) . (27)

From the above and from fact 2 (see appendix A), we can conclude that the operators E,E") defined in (20)
must satisfy

Bl = (ES’))T . (28)

Now, consider the state and the measurements that give the maximum violation of (23). We can infer from
the SOS decomposition (25) that such state and measurements must satisfy

AL @B [4) an = [¥) as (29)
foreveryk=0,...,d—1landn=1,...,d — 1. By implementing the notation By := E,((l), we can write
Ac®Bi|y)) as = |¥) a5 (30)
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From the above, we can present the following theorem:

Theorem 1. Assume that the steering inequality (23) is maximally violated by a state |1)) 45 € C* @ Hp and
unitary d-outcome observables Ay and By (k,y € {0,...,d — 1}) acting on, respectively, C? and Hg such that the
observables on Alice’s trusted side are given by Ay = XZ~*. Then, the following statement holds true: there exists
a local unitary transformation on Bob’s untrusted side, Ug : Hp — Hp, such that

(L4 ®Ug) ) ap = |67 ) a8 (31)

and
Yy, UpB,Ul=B,, (32)

where B,, is B, projected onto the support of Bob’s state pg acting on C% and B, := E)(,l) is given by (10).

Proof. Here, we present only a sketch of the proof, which full version can be found in appendix C. Note that we
follow similar steps implemented in the proof of theorem 1.1 of [30]. First, we prove that Bob’s measurements
split in B, = B, ® E, where B, := 11zB, 115 is the projection of B, onto the support of ps and E; belongs to
the complement of it. This is proved by implementing the projection 11 onto (30) and using tricks to show
that B, is unitary. Then, we write |1) 45 in its Schmidt decomposition form

d—1
P)as = Nilu)vi), (33)
i=0

where {|u;) } and {|v;) } are orthonormal bases of C? and H , respectively. Also, because rank(p 4 ) = d, we have
Ai >0, Vi, such that >, A? = 1. Note that, there is a unitary transformation Up that satisfies U|v;) = |u}),
Vi, where * denotes complex conjugation. Therefore, we can rewrite (33) as

)8 = (Pa© UL ) 16), (34)
where P 4 is an operator that is diagonal in the basis {1}, with eigenvalues v/d)\;. From (30) and the above,
it is possible to show that P 4 is proportional to identity. Therefore, the above equation implies (31). Again,

from (30) and the fact that P 4 is proportional to identity, we can also show that UgBy Ul, = = A}. From defini-
tion (20), that can be expressed as

ZVyk) UsB, UB = Aj. (35)

We can now multiply both sides by ('yﬁ,lk) ) , sum over k, and use (17) to obtain

&

Zéyy UgsB,U Z (yy“k)) XZF. (36)

k=0
Finally, from definition (10), the above equation results in
UsB, UL, =B, (37)
which finishes the proof. O

Now, we are going to extend the above results to the case where we do not assume that (i) the
measurements performed by Bob are projective and (ii) that the state shared by the parties is pure.

Theorem 2. Assume that the steering inequality (23) is maximally violated by a state p 4 acting on C* @ Hp
and unitary d-outcome observables Ay and B, (k,y € {0,...,d — 1}) acting on, respectively, C? and Hp such
that the observables on Alice’s trusted side are given by Ay = XZ~*. Then, the following three statements hold
true:

(i) Bob’s measurements are projective, that is, all operators By, are unitary such that ley =1,

(ii) Bob’s Hilbert space decomposes as Hp = (C?) g @ Hp11, and

(iii) there exists a local unitary transformation on Bob’s untrusted side, Up : Hg — Hg, such that

(14® Us) pas (14 Uk ) = [61)(6] | g, © 05 (38)

7
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and
Vy, UgB,Us=B,@ 15/, (39)

where B'' denotes Bob’s auxiliary system and B, := B}(,l) is given by (10).

Before we present the proof of this theorem, let us stress again that the above statement demonstrates that
all our steering inequalities are nontrivial as they enable self-testing maximally entangled states. Clearly, this
would not be possible if the maximal quantum value of our functionals could be achieved by separable states.

Proof. Here, we present only a sketch of the proof, which full version can be found in appendix C. Note that
we follow similar steps implemented in the proof of theorem 1.2 of [30]. If we observe the maximal violation
of inequality (23), then we can infer from the SOS decomposition (25) that

(47 @B") p.as = pas (40)

for every ne€ {1,...,d—1} and k€ {0,...,d—1}. From (40) and (21), we can do some manipulations

using (17) to prove that E,(cn) , as well as By, must be unitary. That means that Bob’s measurements Ny, must
be projective and, therefore, we can use By, = B’;. To extend the proof of theorem 1 to mixed states, we start
by writing p 45 in its Schmidt decomposition

k
PAB :ZP5|1/J5><1/15\A5, (41)

s=1

where ps > 0 for every s such that ) | p, = 1. If the steering inequality is violated by p 45, then every [1);) must

satisfy (A} ® E,E"))|1/)5> AB = |1s) 4. From theorem 1, we can conclude that there must be unitaries Ug) such
that

(]1A ® UE?) [vs)as =97 ), (42a)
Uy B (Uﬁ?)T ~3B, (42b)

for every y, where IB%(S) .= II5, B, I, is the operator B, projected onto the support of Bob’s local state ) —
YV y BB P y PTO) pp P

Tr 4 (|hs) (1] 43)- Similarly to the proof of theorem 1, we can conclude that Bob’s observables can be decom-
posed as

B, =Bl & E{Y, (43)

where IB%)(,S) are unitary operators such that (IEB}(,S))"’ =1,;and E}(,S) are also unitaries acting on the complement
of the local supports Vs = supp (pg)). Now, we can multiply the above equation by 'yy(,:) on both sides and take

the summation over y to obtain
B.=BY 0 E, (44)

where @Igs) = Zj;é 'yy(,:)IB%}(,S) ,and similarly to E,(j). Because By = El(cl) is unitary, we can use the same arguments

from theorem 1 to show that IE,ES) is also unitary. From (44), we can follow the same steps in the proof of
theorem 1.2 of [30] to conclude that the local supports V; are mutually orthogonal. That implies that Bob’s
local Hilbert space admits the decomposition Hz =V, ® Vo, @ ... d Vi = ((Cd) B @ Hprr, where the second
equality is due to the fact that dim V; = d for every s =1, ..., K. It is possible to show that the local supports
V; are orthogonal subspaces. Therefore, there must exist a single unitary Up that transform |ts) 45+ into [¢)
plus some auxiliary pure state |s)5//. Applying Ug to (41) provides (38). From the decomposition of H, the
operators By under the action of Ug must admit the decomposition

UBEkUTB = ZE;’J,]{ ® i) U'B"’ (45)
i’j
where Eid-,k are matrices of dimension d acting over ((Cd) 5. From (40) and the above, it can be show that

Ei’j,k = 0;;A;. Therefore, we have UBEk Ug = A} ® 13/, which implies (39) as we wanted to prove. O
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Figure 2. Classical bound as a function of ¢y, and ¢ o from solution (46). Values range from ~5.346 04 to 6. The black dot
represents the classical bound B¢ = 6 cos(m/9) ~ 5.638 16 of the Steering inequality derived in [14] when {¢0,0, 1,0}
= {4/9, —2m/9}.

3.5. Classical bound for the qutrit case

To calculate the classical bound of (23), first we need to provide solutions to (17). In turns out that the
system of equations can be solved analytically and all possible solutions can be brought to two possibilities,
one of them being the following one,

2
y=1 4250,1—@50,0—?7
1,1 = 01,0, (46)
2T 46
o2 = ¢o,0 — ER
y=2: o
P12=P10+ —,
3
which on the level of observables translates to
0 0 eléoo
By = | ef¢ro 0 o |, (474a)
0 e—ﬁ(¢o,0+¢1,0) 0
0 0 w?elboo
B, = | el¢10 0 0 , (47b)
0 we—H(do0td10) 0
0 0 w?el?oo
B, = | wel?ro 0 0 , (47¢)

0 e—i(dootedi0) 0

where ¢ 9, $1,0 € R. The other solution is presented in appendix D.
Once the numbers {¢;,} are specified, the classical bound can be numerically calculated as

2 2
Be(do,dro) =  max >N 4Wam, (48)

{a0,a1,a2,b0,b1,b, } =1 k,y=0

where ai, b, € {1,w,w?}, for every k and y, are the outcomes of the measurements. In figure 2 we plot the
numerical evaluation of (48) as a function of {¢y ¢, ¢1,0 } following solution (46).

For the specific values {¢¢ o, 91,0} = {47/9, —27/9}, we regain the steering inequality derived in [14] for
d =3 with classical bound ¢ = 6cos(7/9) ~ 5.63816.

Let us finally mention that finding analytically a general solution to the system (17) is a difficult task and,
in fact, no general method is known that does the job. Yet, a particular solution to these equations for prime
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d was found in [14] and reads

m _ A ok k(1)

’yyk - \/;i )

where ), is a complex coefficient that has a quite complicated structure and is explicitly defined in equations
(18)—(20) of [14]. However, to find other solutions one can use numerical methods.

(49)

4. Robust self-testing

If the maximal violation of the steering inequality (23) is not reached by an ¢, then the state and the
measurements performed in the experiment will be close to the reference state and measurements by a factor
as a function of e. Below, we provide the robustness analysis of our self-testing statement for the qutrit case,
assuming that the measurements performed by Bob are projective and the state is pure.

Theorem 3. For d = 3, consider the unitary d-outcome observables Ay = XZ~* and By, for k,y € {0,1,2} acting
on, respectively C* and Hp. If the Steering inequality (23)

2
(8)= "> (ar@B) < Ac, (50)

is violated by a state ) ap € C* ® Hp and observables B, such that (S) > 6 — € > ¢, then there exists a
unitary operation Up : Hp — Hp such that

|(@a® Us) (La@B) ) ~ L@ Blo})| < 2v3(2)* (51)

and
HBy—EyHg < 12(26)%7 (52)
where k = 0,1,2 and B, are Bob’s ideal observables given by (9), and || - ||, stands for the Hilbert—Schmidt norm.

We left the proof of the robustness in appendix E. Our robustness result for d = 3 already well illustrates
the behavior of error bounds as a function of €. The generalization to higher d will introduce some additional
d-dependent coefficient while keeping similar behavior in e.

5. Discussion

Recently, very general schemes for DI certification of quantum measurements have been introduced [20, 21].
However, in these schemes, the generality comes at the price of considerably increasing the cost of
implementing them in terms of the number of measurements that the parties must perform. One way to
reduce that cost is to resort to SDI scenarios, such as that based on quantum steering, where it is assumed
that one of the measuring devices is trusted and performs known measurements.

In fact, by making the scheme SDI, we can reduce the number of measurements required for the
certification but still encompass a large class of measurement operators. Here, we constructed a family of
steering inequalities (23) that are tailored to certain classes of projective d-outcome measurements on the
untrusted side and a set of d fixed and known measurements on the trusted one. One can think of our
inequalities as a generalization of the Bell inequalities introduced in [14] to more general classes of
measurements, which comes however at the cost of assuming that one of the measuring devices is trusted;
this is illustrated on figure 2 for a particular case of d = 3. It is important to note that for a measure-zero set
of points in figure 2, the classical bound reaches the value 6, which is also the quantum bound in dimension
3. In such a case, the steering inequality is trivial and, therefore, useless for self-testing.

We then demonstrate that the new steering inequalities can be used for certification purposes and show
that their maximal violation allows for SDI certification of the considered classes of measurements on the
untrusted side as well as the maximally entangled state of two qudits.

An important open question concerns reducing the number of measurements from d to 2, which is in
fact the minimal number of measurements necessary to observe Bell-nonlocality or quantum steering.
Finally, it would also be useful to find a way of extending our inequalities to the DI scenario.

Data availability statement

All data that support the findings of this study are included within the article (and any supplementary files).
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Appendix A. Construction of the steering operator

Let us consider the Steering scenario with two qudits of local dimension d, where Alice performs d
measurements A, = XZ~*, forx =0,...,d — 1, and Bob performs d arbitrary measurements. The
measurements that we want to self-test on Bob’s side have the following form

d—1

_ 1 o .

B},:E E e”q&f@“yw*k]XZk, (A1)
kj=0

where ¢;,, € R foranyj,y =0,...,d — 1 such that
d—2
qbd_l,y:fZgbj?y, foreveryy=0,...,d— 1. (A2)
j=0

It can be checked that B, is unitary and the above condition guarantees that Ej = 1. Throughout the paper,
the symbol & means addition modulo d. For d = 3, for instance, we want to certify three measurements
made by Bob identified by y = 0,1, 2 that depend on two free real parameters ¢, and ¢, ,, for each y, in the
following form:

0 0 el®oy
B, = el?1y 0 0 , ford = 3. (A3)
0 e_i(¢0,y+¢1,y) 0

As we are going to see, it will be necessary to use the powers of B,. To do that, let us implement the explicit
forms for X and Z in the above expression:

d—1
— 1 o :
B, = p elio =Rk 14 1) (). (A4)
kyj,I=0
The sums over k and j result in
= = d—1
g Z eﬁ¢j®lyyw_kjwlk — g Z eﬁ‘bjﬂ%l,ywk(l—j) — Zeﬁ(bj@l’yél,j = eﬁd’l@hy. (A5)
k,j=0 k,j=0 =0
Therefore, we can write B, as
d—1
B, => %o 1)(. (A6)
1=0
Now, let us explicitly calculate the n =1,...,d — 1 powers of B,:
d—1
By= > (entetdnen) | 1yl + 1)), (A7a)
Iy i =0
d—1
— Zeﬁ(¢z@n,y+¢z@n—1,y+¢1@n_z,y+---+¢1@1,y> |l + 1’l> <l|’ (A7b)
1=0
d—1
= Z e 2m1 Prom,y |1+ n) (1. (A7¢)

=0
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Inspired by the fact that [14]

d—1
(XZk)”:wkn(nfl)/Zankl/”/+n><l/|’ (A8)
=0
we can define the following set of operators
=
Ein) = Z o ns By, —knl ,—kn(n—1)/2 (sz)"’ (A9)
k,1=0

forn=1,...,d — 1. The direct substitution of (A8) into (A9) results in (A7c), that is,

E)(/n):E)’j7 fOI‘Tl:l,...,d—l, (A10)
which satisfies
(B}(’n)) :<B;> =1, forn:l?vd_l (AL1)

Also, note that if we take n=d in (A9), we obtain E)(,d) = d1. In addition, because Ey is unitary, its powers are

also unitary, as well as, B)(,n) foreveryn=1,...,d— 1.
To make the equations clearer, let us define

d—1

1 _ e n
"y}EZ) = Ewkn(n 1)/2 Z e l]ZmZI ¢l@"‘e}’wknl7 (AIZ)
1=0
which means that we can rewrite E}(,n) as

d—1 .

—_ n

B =3 () (x2)". (A13)
k=0

Before proceeding to the construction of the steering operator, let us prove some facts about the above
operator.

Fact 1. For any pair of integers k and #, and for any d > 3, the operator (XZ" ) " satisfies the following relation:

— T
(xz)"" = [(x2)"] . (Al4)
O
Proof. From equation (A8), we have
d—1
(XZk)d*” _ Zwk(d—n)(d—n—1)/2wk(d—n)l’|l/ Fd—a)l'), (A15)

I'=0

With some algebra, we can show that w*(@=m(d=n=1)/2 — (kn(n+1)/2 gnq that W @ = =k’ By applying
these relations to (A15), we have

d—1
(XZk>d7ﬂ _ wkn(n+1)/22w—nkl’|l/ —n) <l/|, (A16)

I'=0

where we have used the fact that |a + d) = |a) for any integer a. Now, we can take the conjugate transpose of
the above equation by doing

—nt =
[(XZk)d :| :w—kn(n+1)/2 ankl |l/><l/ _ Tl| (A17)

I'=0

12
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Observe that we can rearrange the terms inside the above summation in the following way:

d—1
Zw”kl,|l’><l’ —n| =10)(—=n| + W™ |1) (1 —n|+ ...+ 0™ "n) 0| + ... +w™ @ V|d —1)(d— 1 —n],
=0

(Al18a)
= W™ 1) (0] + W™ V| + 1) (1| + ...+ ™ D d— 1) (d— 1], (A18b)
d—1
=) W™ |14 )1 (A18¢)
1=0
By using the above in (A17), we obtain
ot d—1
[(sz) n} _ w—kn(n-‘rl)/Z ank(l—&-n) |l+ n><l| (A19)
1=0
After some basic algebra, we obtain the desired result:
—n n T
(xz5)" = [(x2")"] (A20)
O

Fact 2. For every y,k=0,...,d—1,everyn=1,...,d— 1, and any dimension d > 3, the coefficients (A12)
satisfy the relation

d—n n
W= () (A21)
O
Proof. From definition (A12), we can directly calculate

d—1

1
)E;j 1) d k(d ﬂ)(d n— 1)/226_['2'" I¢]@m}’w (d ﬂ)l (A22)
=0
Similarly to the proof of fact 1, we have
d—1
(Vy(;f 1)) 3 —kn(n—i—l)/ZZ:euEm | Gyl (A23)

=0

Now, observe that we can rewrite the summation inside the exponential by summing zero in the following
way:

d
Z ¢l€9m,y - Z ¢l@m,y + Z ¢l€Bm v Z ¢l€Bm,y = Z ¢l$m,y - Z ¢l€9m’+d n,ys

m=d—n+1 m=d—n+1 m=d—n+1
(A24)

where we implemented a change of variables in the last equality given by m = m’ 4+ d — n. Again, similarly to
the proof of fact 1, we can use the above equation in (A23) and rewrite the sum over [ as

Zexp (—u Z Dlsm’ +d— ny> w Zexp (—n Z Drom’, ) wkn(l-i-n)’ (A25)
m'=1 m'=1
which gives us
( (d— 1)) wkn( n+1)/2zexp (—n Z Dlm. ) wkn(+n) (A26)
m'=1
By using some basic algebra in the above equation, we obtain the desired result. O
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Fact 3. The operators Eﬁn) given by (A9) satisfy the relation

(i o\ T
B = (B)(, )) . forn=1,...d—1. (A27)
O
Proof. Directly from facts 1 and 2. O

Now, let us construct the Steering operator. To do that, we need to impose a condition on the coefficients

%EZ ), which is going to restrict the range of values for {¢;, }. We need to impose that

U

-1

(m) (m)
(%/k) ’yyk —(Syy’a (A28)
k=0
forn=1,...,d— 1. Because
d—1 | 4! =
() 0 = 3 e Bt ey = LS Bt b, (529)
k=0 k,L,I’=0 1 0

relation (A28) is true iff the following system holds:

- n
Zexp (ﬁZqﬁl@m’yI — (b;@m’y) =dd,y, for every pair y,y' =0,...,d — land everyn=1,...,d — 1;

(A30a)

Z(bl’y:O, foreveryy=0,...,d — 1. (A30b)

For instance, for d = 3, the above system establishes that Bob’s reference measurements By and B, must
depend on By, which is written as a function of 2 completely free parameters, namely ¢ o and ¢; o, since
$2,0 = — (0,0 + ¢1,0). Later on, we are going to provide some solutions for the above system.

If (A30) holds true, then the following relation also holds:

Zexp <DZ Pramy — ¢1@m,y> = doy, for every pair I’ =0,...,d— land everyn=1,...,d — 1,
y= m=1
(A31)

which means that

d—1

(Vyk/) vyk ) = G (A32)
y=0

From the above, we can multiply (A13) by %E;:,) and sum over y on both sides to obtain

(x2)" Z %,?B (A33)
Now, we can specify the substitution rule
(x2)" — Z % By (A34)

where B, = {B,,}, fory=0,...,d—1land n=1,...,d — 1, represent the d-outcome arbitrary
measurements satisfying

Bf

nly

:Bd—n|y :B—n|y (A35)
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and

t
Bn|yB"|J’ <1. (A36)
Now, we can consider a Steering operator where Alice performs d known measurements Ay = XZ ¥, for
k=0,...,d— 1, and Bob performs d arbitrary measurements By, for y = 0,...,d — 1. The Steering operator
reads

d—1d—1
S= Al® Bk , (A37)
n=1 k=0
which can be written as
d—1 d—1
S= { 7% ®yy(k)3n‘y} . (A38)
n=1k,y=0

Therefore, we can propose a Steering inequality as

QU

-1

au

-1
(A @B < Be, (A39)

1

»
Il
)

n

where (¢ is the maximum value achieved by classical strategies, henceforth called classical bound.
Appendix B. Quantum bound

To calculate the quantum bound of operator S, let us use the following SOS decomposition:

Q.

—1d—-1 1 » d—1d—1
[1- a2 "] {1—A;§®B,§”)}:d(d—l)ﬂ—S—SHﬂ@ZZ(B(”) (m (B1)

n=1 k=0

d—1 d—1 [d—1
—dd-D1-25+1@ [Z(m) vy(,’f)] By
(B2)

where we have used fact 2 and equation (A35) to show that the Steering operator (A37) is Hermitian, i.e.
S = ST. Now we can use (A28) and the fact that BilyB,,b, < 1 to obtain

&.

ES[H—A}E@E?)F[ll—Az@Ei”)} <dd-1)1-8, (B3)

=1 k=0

N\»—A

=

which implies that the maximum value achieved by S is given by 3 := d(d — 1). If Alice and Bob perform
the measurements represented by

d—1

Ac=xz*and By =30 (4) (2", (B4)
k=0

forx=0,...,d—1landy=0,...,d— 1 respectively, then operator (A37) becomes a sum of stabilizing
operators of the state |¢d+>, that is,

(X279 (x24)"165) = 1¢7). (BS)
Appendix C. Self-testing

We start now by developing the self-testing statements regarding our Steering operator considering that the
state pap = [¥) (Y| 45 is pure and the measurements B, performed by Bob are projective. Because of that,
each of those measurements can be encoded in a single unitary observable B, := B;, that satisfies B)‘f =1.
Consequently, they also satisty B,|, = B} and

B =B = (B;)T. (C1)
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From the above and from fact 2, we can conclude that the operators E,((”) defined in (A34) must satisfy

B = (B (&)

Now, consider the state and the measurements that give the maximum violation of (A37). We can infer from
the SOS decomposition (B3) that

A} @B ) as = ) a5 (C3)

(1)

foreveryk=0,...,d—1land n=1,...,d — 1. By implementing the notation Bi:= Ekl , We can write

Ar® Bilth) 4B = [¢)) a5- (C4)
The self-testing theorem can be stated as follows:

Theorem 1. Assume that the Steering inequality (A39) is maximally violated by a state |1)) 45 € C* @ Hp and
unitary d-outcome observables Ay and By (k,y € {0,...,d — 1}) acting on, respectively, C* and H ;3 such that the
observables on Alice’s trusted side are given by Ay, = XZ~*. Then, the following statement holds true: there exists

a local unitary transformation on Bob’s untrusted side, Ug : Hp — Hp, such that

(La® Us) |[¢)as =97 ) .48 (C5)
and
Yy, UgsB,Ul =B, (Co)
where B, is By projected onto the support of Bob’s state pg acting on C% and B, := E)(,l) are given by (A9).
Proof. (Step 1.) First, let us show that Bob’s measurements are split into a direct sum as
B, =B, dE,, (C7)

where B, := IIzB,I1 is defined in the support of ps and E; belongs to the complement of it. Indeed, we can
write B, in a block form such as

— BJ’ CJ’
v %) <

where E,, := HéByﬂé is the projection onto the complement of the support of pp. We can use II onto (C3)
to obtain

Ay @ TgBI5|0) ap = Ax @ Bilth) as = 1) a5, (C9)
where
N N d—1 d—1
By :=1IgBlls = ZW)E;)HBB)’HB = ZW)EI:)BJ" (C10)
y=0 y=0

The equation (C2) is valid, in particular, for n =1, which together with (C3) for n = d — 1 provides us
Al @BJ|v) ap = [¥) 4. (Cl11)
Now, let us insert (C9) in the Lh.s. of (C11) to obtain
1 @ BIBi|v) a5 = [¢) a5- (C12)

Because the reduced density matrix associated with subsystem A of |1} 45 is full rank, the above equation is
equivalent to

BiB; = 1,. (C13)

Similar arguments result in @kﬁz = 14, which proves that @k is unitary. Finally, by applying (C9) to itself d
times, we obtain Iﬁ%z = 1,4, which means that By, for every k=0,...,d — 1, is a proper quantum observable.
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Additionally, we can prove that B, is also unitary. Let us multiply (C9) by A}: to obtain
1@ Bylv) as = AL @ Lalth) - (C14)
We can multiply the above equation by (%E,lk))* := 1, and use definition (C10) to write
d—1
1 ®Z%’k’7y*'kBy ) a8 ZV;kAlt®ﬂd|w>AB' (C15)
y=0

By summing over k on both sides and from the fact that

vy(}f) ( o )) =6, (C16)
we have
d—1
1@B|Y)as = 1AL @ Lalth) 4z, (C17)
k=0

where we replaced y by y’ for easy of reading. Now, let us multiply the above equation by its own Hermitian
conjugate to obtain

d—1

1B,Bl[V)as = > vk AlAw @ Lath) as. (C18)
k.k'=0

On the r.h.s. of the above we can explicitly calculate the terms

d—1
Z Tk AlAw = Z Y 2 =37 e KD . (C19)
k,k'=0 k,k'=0 ik k=0

To prove that the above diagonal operator is equal to the identity, we can directly calculate its coefficients

2

-1 -1

1, A .
> ’wayk/w’ = kwfk =3 ae”@@‘vmk(]_l) e']¢’J'€391”’|2 =1,  Viy (C20)
kok/=0 k=0

Therefore IByIB%} = 1,. Similar arguments result in IBS;IBBy = 1,4, which means that B, must be unitary. Since B,
is unitary as well, we can see from the block decomposition (C8) that C, = D, = 0.

(Step 2.) Now, let us prove the self-testing statement. First, let us write |¢)) 45 in its Schmidt decomposition
form

—1
V) aB :ZAi\MiHW), (C21)

where {|u;) } and {|v;) } are orthonormal bases of C¥ and H , respectively. Also, because rank(p 4 ) = d, we have
Ai >0, Vi, such that >, A? = 1. Note that, there is a unitary transformation Up that satisfies Ug|v;) = |u}),
Vi, where * denotes complex conjugation. Therefore, we can rewrite (C21) as

d—1
Was = (Pae Uk) =Sl (€22)
i=0

where P 4 is an operator that is diagonal in the basis {u;}, with eigenvalues v/d);. Note also that because the
operators A; = XZ~' form a set of genuinely incompatible measurements, we have that rank(p_4) = d (see
Supplemental Material of [30] for proofs). Therefore, we can write |1)) 45 in terms of a maximally entangled
state |¢]) as

[¥) 4 = (PA ® UL) |64)- (C23)
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Now, we can employ the above equation in (C9) to obtain
(AkPA ® UB]EkUL) |07 )aB = (Pa@1)[6]). (C24)

A quite useful mathematical fact is the following: If R and Q are any two d x d matrices, then R ® Q|q§j> =
RQ" ®1|¢; ). By employing this fact to (C24) and omitting the state, we obtain

AP o (UBIEkUg)T — Py (C25)
If we combine the above equation with its Hermitian conjugate
(UB]E;CU};.)*PAA;E — Py, (C26)
we get
APYAL = P2, (C27)

where we have used the fact that By is unitary and P4 is self-adjoint. The above equation is equivalent
to [Ag,P%] =0, because every Ay is unitary. Also, since P4 is positive semidefinite, this further imply that
[A,P4] = 0. By lemma 1 of the supplemental material of [30], we can conclude that P4 is proportional to
identity. By using this fact in (C23), we immediately obtain (C5).

Now, let us self-test the measurements performed by Bob. From the fact that P 4 is proportional to identity,
we can conclude from (C25) that

~ T
A (UBIB%kUL) —1. (C28)
By applying A;E on both sides of the above equation and taking the transpose, we obtain

UpBi UL = A} (C29)

From definition (A34), the above equation can be expressed as

Zy(l)UBIB%yUL — AL (C30)

We can now multiply both sides by ( ( )) , sum over k, and use equation (A28) to obtain

d—
Zéyy UsB,U Z ('yy,k)) XZ*. (C31)

k=0
Finally, from definition (A1), the above equation results in
UsB, UL =B, (C32)

which finishes the proof. O

Now, we are going to extend the above results to the case where we do not assume that (i) the
measurements performed by Bob are projective and (ii) that the state shared by the parties is pure.

Theorem 2. Assume that the Steering inequality (A39) is maximally violated by a state p o5 acting on C? @ Hp
and unitary d-outcome observables A, and By (k,y € {0,...,d — 1}) acting on, respectively, C* and Hp such
that the observables on Alice’s trusted side are given by Ay = XZ ™. Then, the following three statements hold
true:

(i) Bob’s measurements are projective, that is, all operators By, are unitary such that Bily =1,
(ii) Bob’s Hilbert space decomposes as Hp = ((Cd)B/ ®@Hp:, and
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(iii) there exists a local unitary transformation on Bob’s untrusted side, Ug : Hp — Hp, such that

(1a®Up)pas (11A ® UTB) = o5 Y oF | ug0 © P (C33)
and
Yy, UpB,Us=B,@15/, (C34)
where B'' denotes Bob’s auxiliary system and B, := Ey) are given by (A9).
Proof. (Step 1.)Letusstart by proving that if the Steering inequality is maximally violated, then Bob’s measure-

ments must be projective. From the SOS decomposition (B3), if the Steering inequality is maximally violated
by a set of operators B,|, and a state p 45, then

(AZ ®§1(<n)) PAB = PAB; (C35)
forn=1,...,d— 1. In particular,
(AZF" ® E;(cdfn)) PAB = PAB (C36)
also holds. From (A35) and fact 2, we can see that
Bl = (E,E”))T (C37)
is also valid even if we do not assume that the measurements are projective. The three equations above give us
[ﬂA ® Ei”) (Ein)) T} PAB = PAB; (C38)
which immediately implies that

B™ (E,E"))T — 1. (C39)

~ T~ ~
Similar arguments lead to (B,E”)) B(" = 1, s0 we can conclude that every B\" is a unitary operator. From

definition (A34), the above equation becomes
d—1 .
(n) (. (n) T
Z ’yyk (f}/y/k) Bn\an‘y/ =15. (C40)
yy'=0

If we some over k on both sides of the above equation, we can use (A28) to obtain
d—1
ZBn‘yBl‘y: dlg. (C41)
y=0

Because Bﬂb,BLy < 13 for any n and any y, then (C41) implies that
BBl = 15. (C42)

Similar arguments can be used to see that Bllanb, = 13, which allows us to conclude that every operator B,,,
is unitary. In that case, Bob’s measurements { N, } must be projective. As in the previous theorem, we can
now use the notation By, = B.

(Step 2.) To prove the main result, let us suppose that the state p 45 that maximally violates the Steering
inequality (A39) admits the decomposition

K
pas =Y psltos) (¥l u: (C43)

s=1
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where p; > 0 for every s such that Y p;=1 and K is a positive integer. Without loss of generality, we
can assume that [¢);) are the eigenvectors of p 45 and, therefore, (1);)¢); = ;. Because p 45 maximally viol-
ates (A39), every state |1);) 45 must maximally violate it too. Therefore,

(Ak ® B ) [Vs) aB = |1s) 4B, (C44)
foreveryk=0,...,d—1landn=1,...,d — 1. From theorem 1, there must be a unitary U(BS) such that
(142 US) 19 as =167, (ce5)

for every s. Note that the unitaries UE;) are not necessarily equal for different s.
Let us now proceed similarly to the previous proof and write the state |1);) 45 in terms of the maximally
entangled state ¢ ) in the following way

|¢5>AB—1A®(U(S)> WZW [u}) \[Z\u 1), (C46)

where the states |f}) = (U(S)) ) form an orthonormal basis for every s. In addition, we can also conclude

from theorem 1 that
T
uyBY (U9) =35, (C47)

for every y, where IBé( )= = II3B, 11 is the operator B, projected onto the support of Bob’s local state p(B) =

Tra ([¢09) (¥s] g)- ThlS support is characterized as

supp (p?) =V.=span{[f}),....|fi_1)} C Hs. (C48)

Similarly to the proof of theorem 1, we can now affirm that Bob’s observables B, can be decomposed as

B,=B{ @ EY, (C49)

d
where ]B%)(,S) are unitary operators such that (IB%}(,S)) =1,and EJ(,S) are also unitaries acting on the complement
of V;. Now, we can multiply the above equation by 7)%) on both sides and take the summation over y to obtain
By =BY @ £, (C50)

where
B .= 27(1)3(5 (C51)

and similarly to E](:). Note that we already proved that By = E,(cl) is unitary in (C39). In addition, we can use

the same arguments from theorem 1 in (C44) to show that IE,(:) is also unitary. From (C50), we can follow the
same steps in the proof of theorem 1.2 of [30] to conclude that the local supports V; are mutually orthogonal.
That implies that Bob’s local Hilbert space admits the following decomposition

Hp=Vi®V,®...0Vi=(C),, @MHpr, (C52)

where the second equality is due to the fact that dim V; = d for everys=1,...,K.

(Step 3.) Now, let us prove equations (C33) and (C34) by following the same procedure done in the proof
of theorem 1.2 of [30]. For every s, the states {|f;) }; span orthogonal subspaces. For this reason, we can affirm
that there exists a single unitary Up : Hp — Hp such that

Uslfy) =i}z ®1s)s7, (C53)
fori =0,...,d—1ands=0,...,K. Therefore, we conclude that
(1a® Us) |vs) a = |97) as @ )57 (C54)
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Now, we can apply Up on (C43) to obtain

(14®Up)pas (ﬂA ® UZ;) =163 07 |agsr @ P57, (C55)

where pg =" ps|s)(s|5./» as we wanted to prove.

From (C52), we can conclude that the operators By admit the following decomposition under the action
of UB

UBE](UL = Zﬁi’j’k X ‘l> <j|B”’ (C56)
i,j

where Eiﬂ-, x are matrices of dimension d acting over (C?) and |s) 5/ is the computational basis of 5+ and,
at the same time, the eigenbasis of pp/.. From (C35) for n =1, we can write that

{Ak@) (UBEkUJg)] UBPABUTB = UBPABUTB- (C57)

By applying (C55) and (C56) in the above, we obtain

>~ (AcBigs ) (167)(6F g @ Bl Gl) = 161005 | ag: @ 051 (C58)

i,j

The above matrix equation can only be satisfied if (Ak ®Ei7j7k) |¢) = 0 for i #j. Since Ay is invertible, we

must have E,-J-, « = 0 for i #j. Thus, the remaining diagonal terms of (C58) must satisfy
(4r® i) 167) = 167)- (C59)

We know that given matrices Q and R, we always have Q® R[] ) = QR" @ 1|¢] ). Therefore, we can conclude

~ T ~
from the above equation that Ay (Bi’i,k> = 14, which immediately implies that B; ; x = A}. Having said that,

equation (C56) becomes

UsB U = A; ® Y |i)il g, = Af @ 1. (C60)

1

Finally, we can apply the same procedure that is done in (C30) to obtain
UBByngiy(g’]lB”v (Ce1)
as we wanted to prove. O

Appendix D. Solutions for the qutrit case

Here we prove that in the three-dimensional case (d = 3) the solutions to the systems of equations (17) can
be found analytically and is of the form (46).

The equations (17) can be thought of as the orthogonality conditions for three three-dimensional
vectors, each composed of phases. Let us restate them as

2 2 2
D expli(gio—¢in)] =0, > _expli(dia—di0)] =0, > _exp[i(di1 — i) =0. (D1)
i=0 i=0 i=0

Denoting then p; = ¢ o — @i1, gi = ¢io — ¢i2 and r; = @i — @i, we can further simplify these equations to

2 2 2
Zexp (ip;) = Zexp (ig;) = Zexp (i) =0, (D2)
i=0 i=0 i=0

where, the new variables p;, r; and g; satisfy additionally
pi+qi+r=0 (i=0,1,2). (D3)
Let us now find solutions to the first of these equations and rewrite it as

exp (ipo) + exp (ip1) = —exp (ips). (D4)
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Let us then multiply this equation by its conjugation to obtain

lexp (ipo) +exp (ipy)* = 1. (D5)
This can further be rewritten as cos(py — p1) = —1/2 which has countably many solutions, which under

exponentiation are equivalent to are py = p, £ 27/3. Let us additionally notice that since the angles ¢; , must
satisfy D, ¢i,, = 0 for any y, then we must have

2
> pi=o. (D6)
i=0

It is not difficult to see that the above implies that the possible solutions for py are p; = 0,£27/3. Let us then
notice that due to the fact that the equations (D2) can always be multiplied by w or w?, we can fix p to be,
say po = 27 /3. Taking all this into account, we obtain two possible solutions of equation (D4) which, up to
exponentiations, can be stated as

po=27/3, p1=0, py=-21/3 or py=2m/3, p=-27/3, p,=0. (D7)

The same arguments can be applied to the second equation in (D2), however, here we choose
qo = —2m/3, which gives

qo = —2m/3, q =27/3, =0 or qo = —2m/3, q1 =0, G =27/3. (D8)

To finally fix r; we must take into account equation (D3), but also the fact that ro + 71 4 r, = 0. All this
implies that the possible solutions are

p0:271'/3, p1:0, }72:—271'/37 QQ:—ZTI'/3, q1:27T/3, q2:0, ro =0,
r=-2n/3, r,=2m/3, (DY)

or

po=27/3, p1=-27/3, p,=0, qo=—2m/3, q =0, qy=2m/3, ro =0,
ro=2m/3, 1r=—21/3. (D10)

On the level of the angles ¢; ,, the first of these two solutions corresponds to equation (46) and gives rise to
the observables presented in equations (47a)—(47c¢), whereas the second one to

27
$o,1 = ¢o,0 — ER
=1
y b1 = 1o+ 2T
1,1 =910 23 ) (D11)
T
y=2 P02 =00~ =
$12= 10,
which gives rise to slightly modified observables of the following form
0 0 w?el®oo
B = | wel?ro 0 0 , (D12a)
0 e~ t(@0,0+¢1.0) 0
0 0 w?eloo
B, = | ef®ro 0 0 (D12b)

0 we(@ootdi0) 0

with By being the same as in the previous case.
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Appendix E. Robust self-testing

Let us now prove that when the maximal violation of the inequality is not attained by an ¢, then the
measurements performed by Bob, i.e. By, are close to the reference measurements B, by a factor as a function
of €. For simplicity, we will assume that the state is pure and the measurements performed by Bob are
projective.

To prove the robustness of our self-testing statement for the qutrit case, we will make use of the fact that

B" =B}, Vne{1,2} and d=3, (E1)

~ ~ T ~ 3
which is true from the fact that B,EZ) = (B,((l)> and (B,Ez)) = 1. We can conjecture that the above relation is
also valid for any prime d > 3:

Conjecture 1. For any prime d, we have that E,((")

is true for d = 3.

=By, foreveryn € {1,...,d — 1}. Note that this statement

Having said that, we proceed to the robustness analysis by assuming the above conjecture, keeping in
mind that (E1) holds true for d = 3.

Theorem 3. Consider the unitary d-outcome observables Ay = XZ~* and By, fork,y €0,...,d — 1 acting on,
respectively C* and Hp. If the Steering inequality (A39)

d—1

&

—1
(A1 @B < Be, (E2)

n=1

»
i

0

is violated by a state |)) ap € C? ® Hp and observables B, such that (S) > d(d — 1) — € > B¢, then there exists
a unitary operation Up : Hg — Hp such that

|(14® Us) (1a©B,) [9) ~ 1@ Blo})]| < 2Vd(2¢)* (E3)
and
1B, — B||, < 4d(2¢)", (E4)

wherek =0,...,d — 1 and B, are Bob’s ideal observables given by (A1), and || - ||, stands for the
Hilbert-Schmidt norm.

Proof. This proof follows similar steps to [30]. We write them all here for completion, adapted to the operat-
ors (Al). From the violation of the Steering inequality, we have that

wia @ B > Re (elap 0 B ) > 1- (£5)
fork=0,...,d—1landn=1,...,d — 1. Now, let us consider Alice’s observables Ay and rewrite them in terms
of their own eigenvectors |g;)
wal ) (E6)
where
(k) Zw—km(m D120 ). (E7)

For a given k, we can write the operators X, Z~/ and their product in the basis {\qj(k)>}j as

d—1
k k — i+l— k k
X = ij‘ () q]+k| Zlq](-'r)l I X7 l:Zw]H k|qj(+)l—k>< ()|_ (E8)

j=0
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Now, let us consider a particular basis {|qj(k)>}j for a fixed k, and let us rewrite the state |¢)) in the basis
k
{la)1b)} 2s

d—1
) =S aila) i), (E9)
i=0

where «; are nonnegative real numbers that satisfy Zf;é o' = 1and |b;) are not necessarily orthogonal vectors
in space H . Now, observe that

—N\" k nj+n(n — k
(xz7)" |qM) = Wit k)/2|qj(+)n(l—k)> (E10)

fork,/=0,...,d—1andn=1,...,d — 1. By using equations (E9) and (E10) in equation (E5) we have

-1
ZaiJrn(lfk)O‘iRe (wmﬂ("ﬂ)(’*k)/z<bi+n(sz) |Bz(<n) |bi>) >1—e (E11)

i=0
From conjecture 1, we have that
B" =B Vne{l,..d—1}. (E12)

From the above, equation (E11) becomes

d—1

Z i iRe (wni+n(n+1)(lfk)/2<bi+n (1| Bl bi>) Sl—e (E13)
i=0

Let us now consider some specific cases of the above inequality to get some bounds regarding the coeffi-
cients «; of the state (E9). If k = [+ 1, we obtain
d—1
Za;+naiRe (w”’+"("+1)/2(bi+n\32\bi>) >1—e. (E14)
i=0
Because By is unitary and |b;) are normalized, we have that

wni+n(n+l)/2 <bl+n|§2|bz>

<1 (E15)

Since every complex number z satisfies Re(z) < |z|, the above equation and (E14) imply that
d—1
Zai+nai>l—e, vne{0,...,d—1}. (E16)
i=0

Note that if we sum over # in the above inequality, we obtain

Z o =VdV/1—e (E17)

Some extra relations can be derived from the above inequality, such as [30]

1 1
——\/Zga,str\/i E18
and
éf\/z?gaia,»ﬂg $+\/Z. (E19)

Now, let us show that Bob’s observables are going to be close to the reference observables. For that, let us
consider equation (E13) when [ =k, that is

d—1
ZozizRe (w”i<bi|§2|bi>> >1—ce (E20)
i=0
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Since Re (w”i<bi|§2|hi>> < 1, we can separate one arbitrary term from the sum in the above inequality as the

following

d—1

a;Re (w”f<bj|§2|hj>) + af > 1—¢, (E21)

i=0, i

for any j. Since ozjz + Zf’;g it a? = 1, the above inequality becomes

o? [Re (w”j<bj|§2|bj>) - 1} Y1>1-e (E22)
By rearranging the terms, we obtain
o? [1 ~Re (w”f<bj|§;;|bj>)} <e, (E23)
fork,j=0,...,d—1landn=1,...,d— 1. Now, we can use the left inequality of (E18) in (E23) to obtain
Re (w”%bi\ﬁz\bi)) >1-2dV2e. (E24)

Let us now use the eigendecomposition of B with outcomes w’ such that
d—1
By = Zaﬂpﬂk, (E25)
j=0
where Pjj; are orthogonal projectors. Now we can insert the above equation into (E24) to obtain

d—1
3 Re (w”<]’+"> (bilP k|bi>) >1-2dV2e. (E26)
i=0

Since Zz;é w"H) = d6; _;, we can sum over n on both sides to get
(B[ P_ji|bj) =1 —2dV 2. (E27)

The above inequality means that, for a fixed k, each vector |b;) is close to the subspace corresponding to out-
come w7 of By by a small amount 2d/2¢. For convenience, we are going to use the notation |uj) = P_jjk|bj)
and |;) = |u;)/|||u;) ||. Because all Pjj; are pairwise orthogonal projectors, then |z;) are also orthogonal. In
addition, from (E27) we have that || |u;) || > 1 — 2dV/2e.

From the above discussion, we can rewrite (E25) as

d—1
Be=>_w[m)(w| ® By, (E28)
j=0

where E,ﬁ are operators whose support is orthogonal to every |u;). Since |#;) are pair-wise orthogonal, there

exists a unitary transformation Up such that Ug|i;) = \qj(k)>. By applying Ug (+) UTB on both sides of (E28) we
obtain

d—1
UsBeUf = > w7ilgV)(a| @ B = a; 9 By (E29)
j=0

Similarly to the previous theorem, the above equation implies that
UpB,Us =B, ®B, . (E30)

We still need another ingredient before starting to work with the norms. Let us denote |b/) = Up|b;) and
observe that (E27) can be written as

(b)q" > 1-2dV/2e. (E31)
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Now, let us prove (E3) by developing the left side of it as follows:

VBB, )~ Bylo7)|| = || UsB,ULUsle) - Bylef)|| = [ByUslv) ~ Bloi)| = | Uslv) ~ 16|, (E32)

where the last equality is due to the unitary invariance of the norm. Note that we have omitted the identities
in Alice’s space. The Euclidean distance above can be calculated as follows:

[Usle) — 67) ] = /2 [1 ~ Re ({6 [Us[))]- (E33)

To calculate the bracket above, we can write the maximally entangled state of two qudits in the basis {|qj(k) )}
as [¢p]) = f > |qJ )| (k)> Therefore, we have

d—1 d—1
to10s14) = 3 7l )Vl = jagaxqf’% (a? | Uslly) = fza, Y
If we use bound (E31) in the above, we obtain
d—1
(@5 1Usl) > = (1-20v2e) ]z_;a,, (E35)
which together with (E17) gives
(65 1Usl) > (1-2av2¢) Ve (E36)
By inserting the above inequality in (E33) we obtain
Uty 1630 < /21 - (1 -2av3) V=] < 2vaao). (E37)
Finally, from the above and (E32) we obtain
(14 Ug) (14 ®@B,) ) — 1@ B,|¢])|| < 2vd(2¢)* (E38)

as desired.
In order to obtain (E4), first we need to observe that the Euclidean norm of an operator A satisfies

[(@@A) )] = (il @ ATAlj) = Z<i|ATA|i>:§TrATA. (E39)
ij i

Therefore, we have that
B, = B,[l, = V| (8, ~B) l¢)]]- (E40)
If we sum and subtract B,Up|v) inside the norm of the right side of the above, we obtain
1B, = By|l, = Vd[[B,lo7) = B,lé]) + B,Us|) — B,Uslv)|
= Vd|[B, (j6;) — Uslv)) + B,Us|¢) ~Blo))]| (E41)

We can apply the triangular inequality in the last norm to have

1B, = By|l, < Va([[l63) — Uslw)|| +[|B,Uslv) - Byléf)

) (E42)

where we have used the fact that norms satisfy unitary invariance. Now, the norms on the right side of the
above are bounded by terms specified by equations (E37) and (E3), which implies that

1B, — B, < 4d (2¢) (E43)
as we wanted to prove. O
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