
                   

PAPER • OPEN ACCESS

Certifying classes of d-outcome measurements
with quantum steering
To cite this article: Alexandre C Orthey Jr and Remigiusz Augusiak 2025 New J. Phys. 27 064501

 

View the article online for updates and enhancements.

You may also like
Quantum steering: a review with focus on
semidefinite programming
D Cavalcanti and P Skrzypczyk

-

Optimal randomness certification in the
quantum steering and prepare-and-
measure scenarios
Elsa Passaro, Daniel Cavalcanti, Paul
Skrzypczyk et al.

-

Relating EPR steering with the fidelity of
quantum teleportation for two- and three-
qubit states
Yi Fan, Liang Qiu, Chuanlei Jia et al.

-

This content was downloaded from IP address 148.81.55.146 on 29/05/2025 at 08:38

https://doi.org/10.1088/1367-2630/adda73
/article/10.1088/1361-6633/80/2/024001
/article/10.1088/1361-6633/80/2/024001
/article/10.1088/1367-2630/17/11/113010
/article/10.1088/1367-2630/17/11/113010
/article/10.1088/1367-2630/17/11/113010
/article/10.1088/1751-8121/accabe
/article/10.1088/1751-8121/accabe
/article/10.1088/1751-8121/accabe


New J. Phys. 27 (2025) 064501 https://doi.org/10.1088/1367-2630/adda73

OPEN ACCESS

RECEIVED

1 November 2024

REVISED

28 April 2025

ACCEPTED FOR PUBLICATION

19 May 2025

PUBLISHED

29 May 2025

Original Content from
this work may be used
under the terms of the
Creative Commons
Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the title
of the work, journal
citation and DOI.

PAPER

Certifying classes of d-outcome measurements with quantum
steering
Alexandre C Orthey Jr1,2 and Remigiusz Augusiak1,∗

1 Center for Theoretical Physics, Polish Academy of Sciences, Al. Lotników 32/46, 02-668 Warsaw, Poland
2 Institute of Fundamental Technological Research, Polish Academy of Sciences, Pawińskiego 5B, 02-106 Warsaw, Poland
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Abstract
Device-independent (DI) certification schemes are based on minimal assumptions about the
quantum system under study, which makes the most desirable among certification schemes.
However, they are often the most challenging to implement. In order to reduce the implementation
cost one can consider semi-DI (SDI) schemes such as those based on quantum steering. Here we
provide a construction of a family of steering inequalities which are tailored to large classes of
d-outcomes projective measurements being a certain linear combination of the Heisenberg–Weyl
operators on the untrusted side and a fixed set of known measurements on the trusted side. We
then prove that the maximal quantum violation of those inequalities can be used for certification
of those measurements and the maximally entangled state of two qudits. Importantly, in our
self-testing proof, we do not assume the shared state to be pure, nor do we assume the
measurements to be projective. Before concluding, we also show how robust to noise our
self-testing statement is. We believe that our construction broadens the scope of SDI certification,
paving the way for more general but still less costly quantum certification protocols.

1. Introduction

The advantage of quantum strategies over classical ones when performing certain tasks can be verified by
violating Bell-like inequalities [1]. These inequalities are tailored according to the scenario under scrutiny in
such a way that overcoming the bound achieved by any classical strategy necessarily implies that a certain
quantum correlation must be present in the system. By maximally violating these inequalities it is possible to
go beyond that and certify more specific details about the quantum system, such as measurements and states,
up to local unitary transformations and extra degrees of freedom. In fact, that can always be done by simply
performing quantum tomography on the system, but such a procedure often requires too many
measurements and resources and, more importantly, requires the measuring devices to be fully characterized
and to perform known measurements. With Bell-like inequalities, on the other side, we can certify
measurements and states in a device-independent (DI) way, that is, by not relying on the specific details of
the measurement apparatus. Rather, in DI certification, we only assume classical inputs and outputs in the
experiment (i.e. probabilities), which is a great advantage in the certification of quantum devices in quantum
cryptography schemes [2].

The DI certification scheme based on the maximal violation of Bell-like inequalities described above is
known as self-testing [3, 4] (see [5] for a review). Since the last decade, many inequalities were proposed to
self-test any pure bipartite and multipartite entangled states, as well as, some specific classes of quantum
measurements [6–19]. Among these classes of measurements, we can highlight the mutually unbiased
measurements [16] and the optimal Collins–Gisin–Linden–Massar–Popescu measurements [17]. In fact, a
general method to certify any real local rank-one projective measurement was just recently explored [20] (see
also [21] for a general method to certify any quantum state, projective measurement and rank-one extremal
non-projective measurements).
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Figure 1. Depiction of the scenario we consider: both Alice and Bob perform dmeasurements with d-outcome each on an
arbitrary bipartite state ρAB . We assume that Alice’s share of the state is of known local dimension dimHA = d. Alice’s
measurements are projective and given by Ax = XZ−x, while Bob’s measurements By are arbitrary. Our goal is to certify that the
state is equivalent to the maximally entangled state of local dimension d and that Bob’s measurements are equivalent to any
appropriate unitary linear combination of XZk, with k ∈ {0, . . . ,d− 1}.

Although very general, the DI self-testing schemes of [20, 21] are at the same time very expensive to
implement, e.g. in terms of the number of measurements that parties must perform to certify a given state or
measurement. For instance, the scheme of [20] requires that both parties perform altogether O(d3)
measurements to certify a given real projective measurement acting on a Hilbert space of dimension d. One
way to reduce the complexity of such certification schemes is by making assumptions about the devices used
for certification, which characterize the so-called semi-DI (SDI) certification schemes. One example of these
schemes is the prepare and measure (PM) scenario, where we assume the dimension of the system to be
known. The PM scenario allows the certification, for instance, of nonprojective qubit measurements [16, 22],
mutually unbiased basis (MUBs) [23], and nonprojective symmetric informationally complete
measurements [24].

Another way to perform SDI certification is by making use of quantum steering [25–28] rather than
Bell-nonlocality. In a steering scenario, we trust the measurements performed by one of the parties, say Alice,
while assuming that the other party, say Bob, performs arbitrary unknown measurements. The use of
steering for self-testing was first proposed in [29], with further developments including the certification of
some classes of genuinely multipartite entangled states or incompatible measurements in d-dimensional
space [30]. In the latter case, however, for any different set of incompatible measurements to be certified, the
trusted party must also perform different measurements.

Inspired by [14, 30], our aim here is to use steering to construct certification methods for a large class of
quantum measurements in d-dimensional space given by linear combinations of the Heisenberg–Weyl (HW)
operators. Here, however, we consider a scenario in which, unlike in [30], Alice always performs the same
fixed measurements (see figure 1) independently of the measurements to be certified on Bob’s side. The state
giving rise to the maximal quantum value is always the maximally entangled state of two qudits. With that in
mind, we derive steering inequalities tailored to every different linear combination. Our steering inequalities
are maximally violated by the maximally entangled state of local dimension d and measurements that are
equivalent to the given linear combinations of HW operators. It is important to note that our self-testing
statement assumes that the state shared by the parties can be mixed and that Bob’s measurements can be
non-projective.

Our paper is organized as follows. In section 2 we provide a review on generalized observables, HW
operators, and the definition of self-testing. In section 3 we present our steering inequality, provide an
example for qutrits, calculate the quantum bound, present the self-testing statement, and end with the
calculation of the classical bound for qutrits. The robustness analysis is presented in section 4. Our
conclusions are left for section 5.

2. Preliminaries

2.1. Generalized observables
The scenario in question is composed of a simple bipartite system where the two parties, Alice and Bob,
represented by curly symbolsA and B, share a bipartite quantum state ρAB acting overHA ⊗HB. Both of
them perform dmeasurements of d outcomes each. We assume that Alice’s measurements are trusted, that is,
completely characterized. Bob’s measurements, however, are unknown; we assume that they can be
non-projective and of any dimension. We also assume that the state shared by Alice and Bob can be mixed,
but Alice’s share is of local dimension dimHA = d.

Alice’s and Bob’s measurements are represented by POVM’sMx = {Ma|x}d−1
a=0 and Ny = {Nb|y}d−1

b=0 , that

is,Ma|x ⩾ 0 and
∑d−1

a=0Ma|x = 1d, and similarly for Bob. The measurement choices and the outcomes are
identified by x,y ∈ {0, . . . ,d− 1} and a,b ∈ {0, . . . ,d− 1}, respectively. After performing the experiment
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many times, the statistics can be collected in the form of a set of probabilities p := {p(ab|xy)}abxy, henceforth
called behavior, that are calculated using Born rule, i.e. p(ab|xy) = Tr[(Ma|x ⊗Nb|y)ρAB].

To detect steering, we are going to use Bell-type inequalities, that is,∑
a,b,x,y

αa,b,x,yp(a,b|x,y)⩽ βC, (1)

where αa,b,x,y are coefficients suitably chosen and βC is the bound satisfied by behaviors that admit a local
hidden state model [28]; we will refer to it simply as classical bound. A behavior that violates the above
steering inequality implies that the state ρAB is steerable.

Since our goal is to deal with d-dimensional systems, it is convenient to work with generalized
correlators, which are the Fourier transform of p given by

⟨Ak|xBl|y⟩=
d−1∑
a,b=0

ωak+blp(ab|xy) , (2)

where ω = exp(2πi/d) and k, l ∈ {0, . . . ,d− 1}. The objects Ak|x and Bl|y are called generalized observables;
they are represented as the Fourier transforms of the original measurement operators, that is,
Ak|x =

∑d−1
a=0 ω

akMa|x and Nl|y =
∑d−1

b=0 ω
blNb|y. Because the Fourier transform is invertible, Ax = {Ak|x} and

By = {Bl|y} fully characterize Alice’s and Bob’s measurements. Therefore, we can make all the calculations
and proofs with Ax and By, and at the end of the day, we do the inverse Fourier transform to sendMx and Ny

to our experimentalist colleagues so they can perform the measurements in the lab. Moreover, in the
quantum case we have

⟨Ak|xBl|y⟩= Tr
[
ρAB
(
Ak|x ⊗Bl|y

)]
. (3)

Because we know Alice’s measurements, we can assume that they are projective without loss of generality.
It is proven in appendix A of [14] that ifMx is projective, then Ak|x are unitary operators such that
Ak|x = (A1|x)

k. In that case, we use the notation A1|x := Ax, which means that Ak|x = Ak
x. From the fact that

ωd−k = ω−k = (ωk)∗, we can summarize the properties satisfied by operators Ax and By by

Ad−k
x = A−k

x =
(
Ak
x

)†
, (4a)

Bd−l|y = B−l|y =
(
Bl|y
)†
, (4b)

for every k, l ∈ {0, . . . ,d− 1} and also Ad
x = 1d and Bd

l|y = 1B. While Ax are unitary, Bob’s measurements

satisfy B†
l|yBl|y ⩽ 1B for l,y ∈ {0, . . . ,d− 1} [14].

In our scenario, we are going to assume for convenience that Alice’s generalized observables are given by
the HW operators

Ax := XZ−x = (XZx)
∗
, (5)

for x ∈ {0, . . . ,d− 1}, where X and Z are the generalized Pauli operators given by

X=
d−1∑
i=0

|i+ 1⟩⟨i| and Z=
d−1∑
i=0

ωi|i⟩⟨i|, (6)

such that |d⟩ ≡ |0⟩. The operators Ax are unitary and satisfy properties (4a). Together with the
computational basis, they provide d+ 1 MUBs in Cd for prime d [31].

2.2. Self-testing
By observing the maximal violation of a tailored steering inequality, it is possible, in some cases, to certify the
state shared by the parties and the measurements performed by the untrusted party, up to local unitary
transformations. As we mentioned in the introduction, this method can be thought of as self-testing in the
SDI scenario or, more specifically, a one-SDI scenario [29]. In our scenario, Alice performs known projective
measurements Ax and Bob performs arbitrary measurements By = {Bk|y} over an arbitrary state ρAB to
obtain the behavior p. Now, consider the reference measurements By = {Bk|y} and the reference state |ψ⟩AB
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which we would like to certify. It is said that the behavior p SDI certify the measurements By and the state
|ψ⟩AB if there exists a unitary operator UB :HB →HB such that

(1A ⊗UB)ρAB

(
1A ⊗U†

B

)
= |ψ⟩⟨ψ|AB ′ ⊗ ρB ′ ′ , (7a)

UBBl|yU
†
B = Bl|y ⊗1B ′ ′ , (7b)

where Bob’s space decomposes asHB =HB′ ⊗HB′ ′ and the auxiliary state ρB ′ ′ acts onHB′ ′ .

3. Results

In the following sections, we specify the measurements that we want to certify on Bob’s part of the system
and the steering inequality tailored for them. Then we calculate the quantum bound, present the self-testing
statement, and provide the classical bound for the case of qutrits.

3.1. Steering inequality
Let us start by defining the measurements we want to certify on Bob’s side. The eigenvectors of the HW
operators {XZk}d−1

k=0 together with the computational basis provide d+ 1 MUBs in Cd for prime d [31].
Therefore, by taking Bob’s reference measurements as linear combinations of XZk, that is,

By = γy,0X+ γy,1XZ+ γy,2XZ
2 + . . .+ γy,d−1XZ

d−1, (8)

where γy,k ∈ C for every y,k ∈ {0, . . . ,d− 1}, we can cover a large set of generalized measurements in

dimension d. To make By unitary and to have correct spectrum, i.e. B
d
y = 1d, Bob’s reference measurements

must have the form

By =
1

d

d−1∑
k,j=0

eiϕj⊕1,yω−kjXZk, (9)

where {ϕj,y}d−1
j=0 is a set of any real numbers satisfying

∑d−1
j=0 ϕj,y = 0 and⊕ stands for addition modulo d. By

choosing different values of ϕj,y at will, we can select different measurements to certify. In what follows, we
are going to construct steering inequalities tailored for each reference measurement as a function of {ϕj,y}.

The steering inequality is constructed through the sum of the generalized correlators (2). However, to
make this sum result in a real number and to include all outcomes in the inequality we must also sum over
the powers of the measurement operators. To achieve that, let us artificially define the following operators:

B
(n)
y =

d−1∑
k=0

(
γ
(n)
yk

)∗ (
XZk

)n
(10)

with n= 1, . . . ,d− 1, where the coefficients γ(n)yk have the form

γ
(n)
yk :=

1

d
ωkn(n−1)/2

d−1∑
l=0

e−i
∑n

m=1ϕl⊕m,yωknl (11)

and for any measurement choice y, the angles ϕj,y satisfy

d−1∑
j=0

ϕj,y = 0. (12)

Note that we constructed B
(n)
y using the complex conjugation of the γ coefficients for mathematical

convenience. After some algebra (see appendix A), it is possible to show that

B
(n)
y = B

n
y , for n= 1, . . . ,d− 1, (13)

which satisfies (
B
(n)
y

)d
=
(
B
n
y

)d
= 1d, for n= 1, . . . ,d− 1. (14)

4
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Also, note that if we take n= d in (10), we obtain B
(d)
y = d1. In addition, because By is unitary, its powers are

also unitary, as well as, B
(n)
y for every n= 1, . . . ,d− 1.

We want to construct a steering inequality that is maximally violated by the maximally entangled state of
two qudits

|ϕ+d ⟩=
1√
d

d−1∑
i=0

|ii⟩ (15)

and the measurements Ax and By. For that, we are going to use the stabilizer set of operators of the state |ϕ+d ⟩,
which act in the form (

XZ−k
)n ⊗ (XZk

)n |ψ⟩= |ψ⟩, (16)

for n ∈ {1, . . . ,d− 1} and k ∈ {0, . . . ,d− 1}. That means that |ψ⟩= |ϕ+d ⟩ is the unique state that satisfies the
above system of equations. Now, we need to isolate (XZk)n in (10) to construct generalized correlators. That
can be done if we impose that

d−1∑
k=0

(
γ
(n)
y′k

)∗
γ
(n)
yk = δyy′ , ∀y,y ′. (17)

The above condition imposes that Bob’s reference measurements {By=1, . . . ,By=d−1} are in function of the

first reference measurement By=0 in terms of the complete free set of numbers {ϕj,y=0}d−2
j=0 . As a

consequence, we also have that (see appendix A for details)

d−1∑
y=0

(
γ
(n)
yk′

)∗
γ
(n)
yk = δkk′ , ∀k,k ′. (18)

If we multiply (10) by γ(n)yk′ and sum over y on both sides, we can use the above relation to obtain

(
XZk

)n
=

d−1∑
y=0

γ
(n)
yk B

(n)
y . (19)

Now, we can specify the substitution rule

(
XZk

)n −→ B̃(n)
k :=

d−1∑
y=0

γ
(n)
yk Bn|y, (20)

where By = {Bn|y}, for y= 0, . . . ,d− 1 and n= 1, . . . ,d− 1, represent the d-outcome arbitrary
measurements performed by Bob satisfying

B†
n|y = Bd−n|y = B−n|y and B†

n|yBn|y ⩽ 1. (21)

From the substitution rule, we define our steering operator S as

S =
d−1∑
n=1

d−1∑
k=0

An
k ⊗ B̃(n)

k . (22)

Therefore, we propose a steering inequality as the sum of generalized correlators in the following form

d−1∑
n=1

d−1∑
k=0

⟨An
k ⊗ B̃(n)

k ⟩=
d−1∑
n=1

d−1∑
k,y=0

γ
(n)
yk ⟨An

k ⊗Bn|y⟩⩽ βC, (23)

where βC is the classical bound to be determined as a function of {ϕj,y=0}d−2
j=0 . Let us notice here that while it

is in general a very difficult task to determine the value of βC, below we show that for any of our steering
functionals βC < βQ, meaning that the corresponding steering inequalities are all nontrivial. In fact, we show
that our steering functionals enable self-testing maximally entangled states of two qudits, which would not
be possible if βC = βQ.

5
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3.2. Example: qutrits
To make the definitions of the previous section clearer, let us use qutrits as an example. In this case, Alice has
three measurement options every round of the experiment, which are given by A0 = X, A1 = XZ−1, and
A2 = XZ−2. On the other side, Bob’s measurements B0, B1, and B2 are unknown. Because the reference
measurements By must be given by unitary operators that satisfy B

3
y = 13, we must have

By =
2∑

k=0

(
γ
(1)
yk

)∗
XZk ≡

 0 0 eiϕ 0,y

eiϕ 1,y 0 0

0 e−i(ϕ 0,y+ϕ 1,y) 0

 . (24)

Among the above operators, only those that satisfy condition (17) can be self-tested by the maximal violation
of (23). For y= 0, coefficients ϕ0,0 and ϕ1,0 are completely free. For y= 1,2, however, condition (17) imposes
that {ϕ0,1,ϕ1,1,ϕ0,2,ϕ1,2}must be a function of {ϕ0,0,ϕ1,0}. In section 3.5, we are going to provide
numerical calculations of the classical bound βC as a function of {ϕ0,0,ϕ1,0}.

3.3. Quantum bound
Quantum realizations can violate (23). Here, we calculate the maximum violation by performing an SOS
decomposition of S . Indeed,

0⩽ 1

2

d−1∑
n=1

d−1∑
k=0

[
1−An

k ⊗ B̃(n)
k

]† [
1−An

k ⊗ B̃(n)
k

]
⩽ d(d− 1)1−S, (25)

which implies that the maximum value achieved by S is given by βQ := d(d− 1) (see appendix B). If Alice
and Bob perform the measurements represented by

Ax = XZ−x and Bn|y =
d−1∑
k=0

(
γ
(n)
yk

)∗ (
XZk

)n
, (26)

for x= 0, . . . ,d− 1 and y= 0, . . . ,d− 1 respectively, then operator (22) becomes a sum of stabilizing
operators of the state |ϕ+d ⟩. After taking the expected value, the quantum bound of d(d− 1) is achieved.

3.4. Self-testing proof
We start now by developing the self-testing statements regarding our steering operator S by considering first
that the state ρAB = |ψ⟩⟨ψ|AB is pure and that the measurements By performed by Bob are projective.
Because of that, each of those measurements can be encoded in a single unitary observable By := B1|y that
satisfies Bd

y = 1. Consequently, they also satisfy Bn|y = Bn
y and

Bd−n
y = B−n

y =
(
Bn
y

)†
. (27)

From the above and from fact 2 (see appendix A), we can conclude that the operators B̃(n)
k defined in (20)

must satisfy

B̃(d−n)
k =

(
B̃(n)
k

)†
. (28)

Now, consider the state and the measurements that give the maximum violation of (23). We can infer from
the SOS decomposition (25) that such state and measurements must satisfy

An
k ⊗ B̃(n)

k |ψ⟩AB = |ψ⟩AB (29)

for every k= 0, . . . ,d− 1 and n= 1, . . . ,d− 1. By implementing the notation B̃k := B̃(1)
k , we can write

Ak ⊗ B̃k|ψ⟩AB = |ψ⟩AB. (30)

6
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From the above, we can present the following theorem:

Theorem 1. Assume that the steering inequality (23) is maximally violated by a state |ψ⟩AB ∈ Cd ⊗HB and
unitary d-outcome observables Ak and By (k,y ∈ {0, . . . ,d− 1}) acting on, respectively, Cd andHB such that the
observables on Alice’s trusted side are given by Ak = XZ−k. Then, the following statement holds true: there exists
a local unitary transformation on Bob’s untrusted side, UB :HB →HB, such that

(1A ⊗UB) |ψ⟩AB = |ϕ+d ⟩AB (31)

and

∀y, UBByU
†
B = By, (32)

where By is By projected onto the support of Bob’s state ρB acting on Cd and By := B
(1)
y is given by (10).

Proof. Here, we present only a sketch of the proof, which full version can be found in appendix C. Note that we
follow similar steps implemented in the proof of theorem 1.1 of [30]. First, we prove that Bob’s measurements
split in By = By ⊕ Ey where By := ΠBByΠB is the projection of By onto the support of ρB and Ei belongs to
the complement of it. This is proved by implementing the projection ΠB onto (30) and using tricks to show
that By is unitary. Then, we write |ψ⟩AB in its Schmidt decomposition form

|ψ⟩AB =
d−1∑
i=0

λi|ui⟩|vi⟩, (33)

where {|ui⟩} and {|vi⟩} are orthonormal bases ofCd andHB, respectively. Also, because rank(ρA) = d, we have
λi > 0, ∀i, such that

∑
i λ

2
i = 1. Note that, there is a unitary transformation UB that satisfies UB|vi⟩= |u∗i ⟩,

∀i, where ∗ denotes complex conjugation. Therefore, we can rewrite (33) as

|ψ⟩AB =
(
PA ⊗U†

B

)
|ϕ+d ⟩, (34)

where PA is an operator that is diagonal in the basis {ui}, with eigenvalues
√
dλi. From (30) and the above,

it is possible to show that PA is proportional to identity. Therefore, the above equation implies (31). Again,
from (30) and the fact that PA is proportional to identity, we can also show that UBB̃kU

†
B = A∗

k . From defini-
tion (20), that can be expressed as

d−1∑
y=0

γ
(1)
yk UBByU

†
B = A∗

k . (35)

We can now multiply both sides by
(
γ
(1)
y′k

)∗
, sum over k, and use (17) to obtain

d−1∑
y=0

δyy′UBByU
†
B =

d−1∑
k=0

(
γ
(1)
y′k

)∗
XZk. (36)

Finally, from definition (10), the above equation results in

UBByU
†
B = By, (37)

which finishes the proof.

Now, we are going to extend the above results to the case where we do not assume that (i) the
measurements performed by Bob are projective and (ii) that the state shared by the parties is pure.

Theorem 2. Assume that the steering inequality (23) is maximally violated by a state ρAB acting on Cd ⊗HB
and unitary d-outcome observables Ak and By (k,y ∈ {0, . . . ,d− 1}) acting on, respectively, Cd andHB such
that the observables on Alice’s trusted side are given by Ak = XZ−k. Then, the following three statements hold
true:
(i) Bob’s measurements are projective, that is, all operators Bn|y are unitary such that B

d
n|y = 1,

(ii) Bob’s Hilbert space decomposes asHB = (Cd)B ′ ⊗HB ′ ′ , and
(iii) there exists a local unitary transformation on Bob’s untrusted side, UB :HB →HB, such that

(1A ⊗UB)ρAB

(
1A ⊗U†

B

)
= |ϕ+d ⟩⟨ϕ

+
d |AB ′ ⊗ ρB ′ (38)

7
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and

∀y, UBByU
†
B = By ⊗1B ′ ′ , (39)

where B ′ ′ denotes Bob’s auxiliary system and By := B
(1)
y is given by (10).

Before we present the proof of this theorem, let us stress again that the above statement demonstrates that
all our steering inequalities are nontrivial as they enable self-testing maximally entangled states. Clearly, this
would not be possible if the maximal quantum value of our functionals could be achieved by separable states.

Proof. Here, we present only a sketch of the proof, which full version can be found in appendix C. Note that
we follow similar steps implemented in the proof of theorem 1.2 of [30]. If we observe the maximal violation
of inequality (23), then we can infer from the SOS decomposition (25) that(

An
k ⊗ B̃(n)

k

)
ρAB = ρAB (40)

for every n ∈ {1, . . . ,d− 1} and k ∈ {0, . . . ,d− 1}. From (40) and (21), we can do some manipulations

using (17) to prove that B̃(n)
k , as well as Bn|y, must be unitary. That means that Bob’s measurements Nb|y must

be projective and, therefore, we can use Bn|y = Bn
y . To extend the proof of theorem 1 to mixed states, we start

by writing ρAB in its Schmidt decomposition

ρAB =
k∑

s=1

ps|ψs⟩⟨ψs|AB, (41)

where ps ⩾ 0 for every s such that
∑

s ps = 1. If the steering inequality is violated by ρAB, then every |ψs⟩must

satisfy (An
k ⊗ B̃(n)

k )|ψs⟩AB = |ψs⟩AB. From theorem 1, we can conclude that there must be unitaries U(s)
B such

that (
1A ⊗U(s)

B

)
|ψs⟩AB = |ϕ+d ⟩, (42a)

U(s)
B B(s)

y

(
U(s)

B

)†
= By, (42b)

for every y, where B(s)
y := Πs

BByΠ
s
B is the operator By projected onto the support of Bob’s local state ρ(s)B =

TrA (|ψs⟩⟨ψs|AB). Similarly to the proof of theorem 1, we can conclude that Bob’s observables can be decom-
posed as

By = B(s)
y ⊕ E(s)y , (43)

where B(s)
y are unitary operators such that (B(s)

y )d = 1d and E(s)y are also unitaries acting on the complement

of the local supports Vs ≡ supp(ρ(s)B ). Now, we can multiply the above equation by γ(1)yk on both sides and take
the summation over y to obtain

B̃k = B̃(s)
k ⊕ Ẽ(s)k , (44)

where B̃(s)
k :=

∑d−1
y=0 γ

(1)
yk B(s)

y , and similarly to Ẽ(s)k . Because B̃k = B̃(1)
k is unitary, we can use the same arguments

from theorem 1 to show that B̃(s)
k is also unitary. From (44), we can follow the same steps in the proof of

theorem 1.2 of [30] to conclude that the local supports Vs are mutually orthogonal. That implies that Bob’s
local Hilbert space admits the decomposition HB = V1 ⊕V2 ⊕ . . .⊕Vk = (Cd)B ′ ⊗HB ′ ′ , where the second
equality is due to the fact that dimVs = d for every s= 1, . . . ,K. It is possible to show that the local supports
Vs are orthogonal subspaces. Therefore, there must exist a single unitaryUB that transform |ψs⟩AB ′ into |ϕ+d ⟩
plus some auxiliary pure state |s⟩B ′ ′ . Applying UB to (41) provides (38). From the decomposition ofHB, the
operators B̃k under the action of UB must admit the decomposition

UBB̃kU
†
B =

∑
i,j

B̃i,j,k ⊗ |i⟩⟨j|B ′ ′ , (45)

where B̃i,j,k are matrices of dimension d acting over (Cd)B ′ . From (40) and the above, it can be show that

B̃i,j,k = δijA∗
k . Therefore, we have UBB̃kU

†
B = A∗

k ⊗1B ′ ′ , which implies (39) as we wanted to prove.

8
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Figure 2. Classical bound as a function of ϕ0,0 and ϕ1,0 from solution (46). Values range from∼5.34604 to 6. The black dot
represents the classical bound βC = 6cos(π/9)∼ 5.63816 of the Steering inequality derived in [14] when {ϕ0,0,ϕ1,0}
= {4π/9,−2π/9}.

3.5. Classical bound for the qutrit case
To calculate the classical bound of (23), first we need to provide solutions to (17). In turns out that the
system of equations can be solved analytically and all possible solutions can be brought to two possibilities,
one of them being the following one,

y= 1 :

 ϕ0,1 = ϕ0,0 −
2π

3
,

ϕ1,1 = ϕ1,0,

y= 2 :


ϕ0,2 = ϕ0,0 −

2π

3
,

ϕ1,2 = ϕ1,0 +
2π

3
,

(46)

which on the level of observables translates to

B0 ≡

 0 0 eiϕ 0,0

eiϕ 1,0 0 0
0 e−i(ϕ 0,0+ϕ 1,0) 0

 , (47a)

B1 ≡

 0 0 ω2eiϕ 0,0

eiϕ 1,0 0 0
0 ωe−i(ϕ 0,0+ϕ 1,0) 0

 , (47b)

B2 ≡

 0 0 ω2eiϕ 0,0

ωeiϕ 1,0 0 0
0 e−i(ϕ 0,0+ϕ 1,0) 0

 , (47c)

where ϕ0,0,ϕ1,0 ∈ R. The other solution is presented in appendix D.
Once the numbers {ϕj,y} are specified, the classical bound can be numerically calculated as

βC (ϕ0,0,ϕ1,0) = max
{a0,a1,a2,b0,b1,b2}

2∑
n=1

2∑
k,y=0

γ
(n)
yk ankb

n
y , (48)

where ak,by ∈ {1,ω,ω2}, for every k and y, are the outcomes of the measurements. In figure 2 we plot the
numerical evaluation of (48) as a function of {ϕ0,0,ϕ1,0} following solution (46).

For the specific values {ϕ0,0,ϕ1,0}= {4π/9,−2π/9}, we regain the steering inequality derived in [14] for
d= 3 with classical bound βC = 6cos(π/9)∼ 5.63816.

Let us finally mention that finding analytically a general solution to the system (17) is a difficult task and,
in fact, no general method is known that does the job. Yet, a particular solution to these equations for prime

9
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d was found in [14] and reads

γ
(n)
yk =

λ∗n√
d
ω−nykω−k(k+1), (49)

where λn is a complex coefficient that has a quite complicated structure and is explicitly defined in equations
(18)–(20) of [14]. However, to find other solutions one can use numerical methods.

4. Robust self-testing

If the maximal violation of the steering inequality (23) is not reached by an ϵ, then the state and the
measurements performed in the experiment will be close to the reference state and measurements by a factor
as a function of ϵ. Below, we provide the robustness analysis of our self-testing statement for the qutrit case,
assuming that the measurements performed by Bob are projective and the state is pure.

Theorem 3. For d= 3, consider the unitary d-outcome observables Ak = XZ−k and By, for k,y ∈ {0,1,2} acting
on, respectively C3 andHB. If the Steering inequality (23)

⟨S⟩=
2∑

n=1

2∑
k=0

⟨An
k ⊗ B̃(n)

k ⟩⩽ βC, (50)

is violated by a state |ψ⟩AB ∈ C3 ⊗HB and observables By such that ⟨S⟩⩾ 6− ϵ > βC, then there exists a
unitary operation UB :HB →HB such that∥∥(1A ⊗UB)

(
1A ⊗By

)
|ψ⟩−1⊗By|ϕ+3 ⟩

∥∥⩽ 2
√
3(2ϵ)

1
4 (51)

and ∥∥By −By

∥∥
2
⩽ 12(2ϵ)

1
4 , (52)

where k= 0,1,2 and By are Bob’s ideal observables given by (9), and ∥ · ∥2 stands for the Hilbert–Schmidt norm.

We left the proof of the robustness in appendix E. Our robustness result for d= 3 already well illustrates
the behavior of error bounds as a function of ϵ. The generalization to higher d will introduce some additional
d-dependent coefficient while keeping similar behavior in ϵ.

5. Discussion

Recently, very general schemes for DI certification of quantum measurements have been introduced [20, 21].
However, in these schemes, the generality comes at the price of considerably increasing the cost of
implementing them in terms of the number of measurements that the parties must perform. One way to
reduce that cost is to resort to SDI scenarios, such as that based on quantum steering, where it is assumed
that one of the measuring devices is trusted and performs known measurements.

In fact, by making the scheme SDI, we can reduce the number of measurements required for the
certification but still encompass a large class of measurement operators. Here, we constructed a family of
steering inequalities (23) that are tailored to certain classes of projective d-outcome measurements on the
untrusted side and a set of d fixed and known measurements on the trusted one. One can think of our
inequalities as a generalization of the Bell inequalities introduced in [14] to more general classes of
measurements, which comes however at the cost of assuming that one of the measuring devices is trusted;
this is illustrated on figure 2 for a particular case of d= 3. It is important to note that for a measure-zero set
of points in figure 2, the classical bound reaches the value 6, which is also the quantum bound in dimension
3. In such a case, the steering inequality is trivial and, therefore, useless for self-testing.

We then demonstrate that the new steering inequalities can be used for certification purposes and show
that their maximal violation allows for SDI certification of the considered classes of measurements on the
untrusted side as well as the maximally entangled state of two qudits.

An important open question concerns reducing the number of measurements from d to 2, which is in
fact the minimal number of measurements necessary to observe Bell-nonlocality or quantum steering.
Finally, it would also be useful to find a way of extending our inequalities to the DI scenario.
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Appendix A. Construction of the steering operator

Let us consider the Steering scenario with two qudits of local dimension d, where Alice performs d
measurements Ax = XZ−x, for x= 0, . . . ,d− 1, and Bob performs d arbitrary measurements. The
measurements that we want to self-test on Bob’s side have the following form

By =
1

d

d−1∑
k,j=0

eiϕj⊕1,yω−kjXZk, (A1)

where ϕj,y ∈ R for any j,y= 0, . . . ,d− 1 such that

ϕd−1,y =−
d−2∑
j=0

ϕj,y, for every y= 0, . . . ,d− 1. (A2)

It can be checked that By is unitary and the above condition guarantees that B
d
y = 1. Throughout the paper,

the symbol⊕means addition modulo d. For d= 3, for instance, we want to certify three measurements
made by Bob identified by y= 0,1,2 that depend on two free real parameters ϕ0,y and ϕ1,y, for each y, in the
following form:

By =

 0 0 eiϕ 0,y

eiϕ 1,y 0 0

0 e−i(ϕ 0,y+ϕ 1,y) 0

 , for d= 3. (A3)

As we are going to see, it will be necessary to use the powers of By. To do that, let us implement the explicit
forms for X and Z in the above expression:

By =
1

d

d−1∑
k,j,l=0

eiϕj⊕1,yω−kjωlk|l+ 1⟩⟨l|. (A4)

The sums over k and j result in

1

d

d−1∑
k,j=0

eiϕj⊕1,yω−kjωlk =
1

d

d−1∑
k,j=0

eiϕj⊕1,yωk(l−j) =
d−1∑
j=0

eiϕj⊕1,yδl,j = eiϕl⊕1,y . (A5)

Therefore, we can write By as

By =
d−1∑
l=0

eiϕl⊕1,y |l+ 1⟩⟨l|. (A6)

Now, let us explicitly calculate the n= 1, . . . ,d− 1 powers of By:

B
n
y =

d−1∑
l1,...,ln=0

ei(ϕl1⊕1,y+...+ϕln⊕1,y)|l1 + 1⟩⟨l1| . . . |ln + 1⟩⟨ln|, (A7a)

=
d−1∑
l=0

ei(ϕl⊕n,y+ϕl⊕n−1,y+ϕl⊕n−2,y+...+ϕl⊕1,y)|l+ n⟩⟨l|, (A7b)

=
d−1∑
l=0

ei
∑n

m−1ϕl⊕m,y |l+ n⟩⟨l|. (A7c)
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Inspired by the fact that [14]

(
XZk

)n
= ωkn(n−1)/2

d−1∑
l′=0

ωnkl′ |l ′ + n⟩⟨l ′|, (A8)

we can define the following set of operators

B
(n)
y :=

1

d

d−1∑
k,l=0

ei
∑n

m=1ϕl⊕m,yω−knlω−kn(n−1)/2
(
XZk

)n
, (A9)

for n= 1, . . . ,d− 1. The direct substitution of (A8) into (A9) results in (A7c), that is,

B
(n)
y = B

n
y , for n= 1, . . . ,d− 1, (A10)

which satisfies (
B
(n)
y

)d
=
(
B
n
y

)d
= 1, for n= 1, . . . ,d− 1. (A11)

Also, note that if we take n= d in (A9), we obtain B
(d)
y = d1. In addition, because By is unitary, its powers are

also unitary, as well as, B
(n)
y for every n= 1, . . . ,d− 1.

To make the equations clearer, let us define

γ
(n)
yk :=

1

d
ωkn(n−1)/2

d−1∑
l=0

e−i
∑n

m=1ϕl⊕m,yωknl, (A12)

which means that we can rewrite B
(n)
y as

B
(n)
y =

d−1∑
k=0

(
γ
(n)
yk

)∗ (
XZk

)n
. (A13)

Before proceeding to the construction of the steering operator, let us prove some facts about the above
operator.

Fact 1. For any pair of integers k and n, and for any d⩾ 3, the operator
(
XZk

)n
satisfies the following relation:

(
XZk

)d−n
=
[(
XZk

)n]†
. (A14)

Proof. From equation (A8), we have

(
XZk

)d−n
=

d−1∑
l′=0

ωk(d−n)(d−n−1)/2ωk(d−n)l ′ |l ′ + d− n⟩⟨l ′|, (A15)

With some algebra, we can show that ωk(d−n)(d−n−1)/2 = ωkn(n+1)/2 and that ωk(d−n)l ′ = ω−knl ′ . By applying
these relations to (A15), we have

(
XZk

)d−n
= ωkn(n+1)/2

d−1∑
l′=0

ω−nkl ′ |l ′ − n⟩⟨l ′|, (A16)

where we have used the fact that |a+ d⟩ ≡ |a⟩ for any integer a. Now, we can take the conjugate transpose of
the above equation by doing

[(
XZk

)d−n
]†

= ω−kn(n+1)/2
d−1∑
l′=0

ωnkl′ |l ′⟩⟨l ′ − n|. (A17)
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Observe that we can rearrange the terms inside the above summation in the following way:

d−1∑
l′=0

ωnkl′ |l ′⟩⟨l ′ − n|= |0⟩⟨−n|+ωnk|1⟩⟨1− n|+ . . .+ωnkn|n⟩⟨0|+ . . .+ωnk(d−1)|d− 1⟩⟨d− 1− n|,

(A18a)

= ωnkn|n⟩⟨0|+ωnk(n+1)|n+ 1⟩⟨1|+ . . .+ωnk(n+d−1)|n+ d− 1⟩⟨d− 1|, (A18b)

=
d−1∑
l=0

ωnk(n+l)|l+ n⟩⟨l|. (A18c)

By using the above in (A17), we obtain

[(
XZk

)d−n
]†

= ω−kn(n+1)/2
d−1∑
l=0

ωnk(l+n)|l+ n⟩⟨l|. (A19)

After some basic algebra, we obtain the desired result:

(
XZk

)d−n
=
[(
XZk

)n]†
(A20)

Fact 2. For every y,k= 0, . . . ,d− 1, every n= 1, . . . ,d− 1, and any dimension d⩾ 3, the coefficients (A12)
satisfy the relation

γ
(d−n)
yk =

(
γ
(n)
yk

)∗
. (A21)

Proof. From definition (A12), we can directly calculate

γ
(d−1)
yk =

1

d
ωk(d−n)(d−n−1)/2

d−1∑
l=0

e−i
∑d−n

m=1ϕl⊕m,yωk(d−n)l. (A22)

Similarly to the proof of fact 1, we have

(
γ
(d−1)
yk

)∗
=

1

d
ω−kn(n+1)/2

d−1∑
l=0

ei
∑d−n

m=1ϕl⊕m,yωknl. (A23)

Now, observe that we can rewrite the summation inside the exponential by summing zero in the following
way:

d−1∑
m=1

ϕl⊕m,y =
d−1∑
m=1

ϕl⊕m,y +
d∑

m=d−n+1

ϕl⊕m,y −
d∑

m=d−n+1

ϕl⊕m,y =−
d∑

m=d−n+1

ϕl⊕m,y =−
n∑

m′=1

ϕl⊕m ′+d−n,y,

(A24)

where we implemented a change of variables in the last equality given by m=m ′ + d− n. Again, similarly to
the proof of fact 1, we can use the above equation in (A23) and rewrite the sum over l as

d−1∑
l=0

exp

(
−i

n∑
m′=1

ϕl⊕m ′+d−n,y

)
ωknl =

d−1∑
l=0

exp

(
−i

n∑
m′=1

ϕl⊕m ′,y

)
ωkn(l+n), (A25)

which gives us

(
γ
(d−1)
yk

)∗
=

1

d
ω−kn(n+1)/2

d−1∑
l=0

exp

(
−i

n∑
m′=1

ϕl⊕m ′,y

)
ωkn(l+n). (A26)

By using some basic algebra in the above equation, we obtain the desired result.
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Fact 3. The operators B
(n)
y given by (A9) satisfy the relation

B
(d−n)
y =

(
B
(n)
y

)†
, for n= 1, . . . ,d− 1. (A27)

Proof. Directly from facts 1 and 2.

Now, let us construct the Steering operator. To do that, we need to impose a condition on the coefficients

γ
(n)
yk , which is going to restrict the range of values for {ϕj,y}. We need to impose that

d−1∑
k=0

(
γ
(n)
y′k

)∗
γ
(n)
yk = δyy′ , (A28)

for n= 1, . . . ,d− 1. Because

d−1∑
k=0

(
γ
(n)
y′k

)∗
γ
(n)
yk =

1

d2

d−1∑
k,l,l ′=0

ωkn(l−l ′)e−i
∑n

m=1ϕl⊕m,yei
∑n

m=1ϕl′⊕m,y ′ =
1

d

d−1∑
l=0

ei
∑n

m=1ϕl⊕m,y ′−ϕl⊕m,y , (A29)

relation (A28) is true iff the following system holds:

d−1∑
l=0

exp

(
i

n∑
m=1

ϕl⊕m,y ′ −ϕl⊕m,y

)
= dδyy′ , for every pair y,y ′ = 0, . . . ,d− 1and every n= 1, . . . ,d− 1;

(A30a)

d−1∑
l=0

ϕl,y = 0, for every y= 0, . . . ,d− 1. (A30b)

For instance, for d= 3, the above system establishes that Bob’s reference measurements B1 and B2 must
depend on B0, which is written as a function of 2 completely free parameters, namely ϕ0,0 and ϕ1,0, since
ϕ2,0 =−(ϕ0,0 +ϕ1,0). Later on, we are going to provide some solutions for the above system.

If (A30) holds true, then the following relation also holds:

d−1∑
y=0

exp

(
i

n∑
m=1

ϕl′⊕m,y −ϕl⊕m,y

)
= dδll′ , for every pair l, l ′ = 0, . . . ,d− 1and every n= 1, . . . ,d− 1,

(A31)

which means that

d−1∑
y=0

(
γ
(n)
yk′

)∗
γ
(n)
yk = δkk′ . (A32)

From the above, we can multiply (A13) by γ(n)yk′ and sum over y on both sides to obtain

(
XZk

)n
=

d−1∑
y=0

γ
(n)
yk B

(n)
y . (A33)

Now, we can specify the substitution rule

(
XZk

)n −→ B̃(n)
k :=

d−1∑
y=0

γ
(n)
yk Bn|y, (A34)

where By = {Bn|y}, for y= 0, . . . ,d− 1 and n= 1, . . . ,d− 1, represent the d-outcome arbitrary
measurements satisfying

B†
n|y = Bd−n|y = B−n|y (A35)
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and

B†
n|yBn|y ⩽ 1. (A36)

Now, we can consider a Steering operator where Alice performs d known measurements Ak = XZ−k, for
k= 0, . . . ,d− 1, and Bob performs d arbitrary measurements By, for y= 0, . . . ,d− 1. The Steering operator
reads

S =
d−1∑
n=1

d−1∑
k=0

An
k ⊗ B̃(n)

k , (A37)

which can be written as

S =
d−1∑
n=1

d−1∑
k,y=0

[(
XZ−k

)n ⊗ γ
(n)
yk Bn|y

]
. (A38)

Therefore, we can propose a Steering inequality as

d−1∑
n=1

d−1∑
k=0

⟨An
k ⊗ B̃(n)

k ⟩⩽ βC, (A39)

where βC is the maximum value achieved by classical strategies, henceforth called classical bound.

Appendix B. Quantum bound

To calculate the quantum bound of operator S , let us use the following SOS decomposition:

d−1∑
n=1

d−1∑
k=0

[
1−An

k ⊗ B̃(n)
k

]† [
1−An

k ⊗ B̃(n)
k

]
= d(d− 1)1−S −S† +1⊗

d−1∑
n=1

d−1∑
k=0

(
B̃(n)
k

)†
B̃(n)
k , (B1)

= d(d− 1)1− 2S +1⊗
d−1∑
n=1

d−1∑
y,y ′=0

[
d−1∑
k=0

(
γ
(n)
y′k

)∗
γ
(n)
yk

]
B†
n|y ′Bn|y,

(B2)

where we have used fact 2 and equation (A35) to show that the Steering operator (A37) is Hermitian, i.e.
S = S†. Now we can use (A28) and the fact that B†

n|yBn|y ⩽ 1 to obtain

0⩽ 1

2

d−1∑
n=1

d−1∑
k=0

[
1−An

k ⊗ B̃(n)
k

]† [
1−An

k ⊗ B̃(n)
k

]
⩽ d(d− 1)1−S, (B3)

which implies that the maximum value achieved by S is given by βQ := d(d− 1). If Alice and Bob perform
the measurements represented by

Ax = XZ−x and Bn|y =
d−1∑
k=0

(
γ
(n)
yk

)∗ (
XZk

)n
, (B4)

for x= 0, . . . ,d− 1 and y= 0, . . . ,d− 1 respectively, then operator (A37) becomes a sum of stabilizing
operators of the state |ϕ+d ⟩, that is, (

XZ−k
)n ⊗ (XZk

)n |ϕ+d ⟩= |ϕ+d ⟩. (B5)

Appendix C. Self-testing

We start now by developing the self-testing statements regarding our Steering operator considering that the
state ρAB = |ψ⟩⟨ψ|AB is pure and the measurements By performed by Bob are projective. Because of that,
each of those measurements can be encoded in a single unitary observable By := B1|y that satisfies B

d
y = 1.

Consequently, they also satisfy Bn|y = Bn
y and

Bd−n
y = B−n

y =
(
Bn
y

)†
. (C1)
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From the above and from fact 2, we can conclude that the operators B̃(n)
k defined in (A34) must satisfy

B̃(d−n)
k =

(
B̃(n)
k

)†
. (C2)

Now, consider the state and the measurements that give the maximum violation of (A37). We can infer from
the SOS decomposition (B3) that

An
k ⊗ B̃(n)

k |ψ⟩AB = |ψ⟩AB (C3)

for every k= 0, . . . ,d− 1 and n= 1, . . . ,d− 1. By implementing the notation B̃k := B̃(1)
k , we can write

Ak ⊗ B̃k|ψ⟩AB = |ψ⟩AB. (C4)

The self-testing theorem can be stated as follows:

Theorem 1. Assume that the Steering inequality (A39) is maximally violated by a state |ψ⟩AB ∈ Cd ⊗HB and
unitary d-outcome observables Ak and By (k,y ∈ {0, . . . ,d− 1}) acting on, respectively, Cd andHB such that the
observables on Alice’s trusted side are given by Ak = XZ−k. Then, the following statement holds true: there exists
a local unitary transformation on Bob’s untrusted side, UB :HB →HB, such that

(1A ⊗UB) |ψ⟩AB = |ϕ+d ⟩AB (C5)

and

∀y, UBByU
†
B = By, (C6)

where By is By projected onto the support of Bob’s state ρB acting on Cd and By := B
(1)
y are given by (A9).

Proof. (Step 1.) First, let us show that Bob’s measurements are split into a direct sum as

By = By ⊕ Ey, (C7)

where By := ΠBByΠB is defined in the support of ρB and Ei belongs to the complement of it. Indeed, we can
write By in a block form such as

By =

(
By Cy

Dy Ey

)
, (C8)

where Ey := Π⊥
BByΠ

⊥
B is the projection onto the complement of the support of ρB. We can use ΠB onto (C3)

to obtain

Ak ⊗ΠBB̃kΠB|ψ⟩AB = Ak ⊗ B̃k|ψ⟩AB = |ψ⟩AB, (C9)

where

B̃k := ΠBB̃kΠB =
d−1∑
y=0

γ
(1)
yk ΠBByΠB =

d−1∑
y=0

γ
(1)
yk By. (C10)

The equation (C2) is valid, in particular, for n= 1, which together with (C3) for n= d− 1 provides us

A†
k ⊗ B̃†

k |ψ⟩AB = |ψ⟩AB. (C11)

Now, let us insert (C9) in the l.h.s. of (C11) to obtain

1d ⊗ B̃†
k B̃k|ψ⟩AB = |ψ⟩AB. (C12)

Because the reduced density matrix associated with subsystem A of |ψ⟩AB is full rank, the above equation is
equivalent to

B̃†
k B̃k = 1d. (C13)

Similar arguments result in B̃kB̃†
k = 1d, which proves that B̃k is unitary. Finally, by applying (C9) to itself d

times, we obtain B̃d
k = 1d, which means that B̃k, for every k= 0, . . . ,d− 1, is a proper quantum observable.
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Additionally, we can prove that By is also unitary. Let us multiply (C9) by A†
k to obtain

1⊗ B̃k|ψ⟩AB = A†
k ⊗1d|ψ⟩AB. (C14)

We can multiply the above equation by (γ(1)y′k )
∗ := γ∗y′k and use definition (C10) to write1⊗

d−1∑
y=0

γykγ
∗
y′kBy

 |ψ⟩AB = γ∗y′kA
†
k ⊗1d|ψ⟩AB. (C15)

By summing over k on both sides and from the fact that

d−1∑
k=0

γ
(n)
yk

(
γ
(n)
y′k

)∗
= δyy′ , (C16)

we have

1⊗By|ψ⟩AB =
d−1∑
k=0

γ∗ykA
†
k ⊗1d|ψ⟩AB, (C17)

where we replaced y by y′ for easy of reading. Now, let us multiply the above equation by its own Hermitian
conjugate to obtain

1⊗ByB†
y |ψ⟩AB =

d−1∑
k,k ′=0

γ∗ykγyk′A
†
kAk′ ⊗1d|ψ⟩AB. (C18)

On the r.h.s. of the above we can explicitly calculate the terms

d−1∑
k,k ′=0

γ∗ykγyk′A
†
kAk′ =

d−1∑
k,k ′=0

γ∗ykγyk′Z
k−k ′

=
d−1∑

j,k,k ′=0

γ∗ykγyk′ω
j(k−k ′)|j⟩⟨j|. (C19)

To prove that the above diagonal operator is equal to the identity, we can directly calculate its coefficients

d−1∑
k,k ′=0

γ∗ykγyk′ω
j(k−k ′) =

∣∣∣∣∣
d−1∑
k=0

γ∗ykω
jk

∣∣∣∣∣
2

=

∣∣∣∣∣∣
d−1∑
k,l=0

1

d
eiϕl⊕1,yωk( j−l)

∣∣∣∣∣∣
2

=
∣∣eiϕj⊕1,y

∣∣2 = 1, ∀j,y. (C20)

Therefore ByB†
y = 1d. Similar arguments result in B†

yBy = 1d, which means that By must be unitary. Since By

is unitary as well, we can see from the block decomposition (C8) that Cy = Dy = 0.
(Step 2.)Now, let us prove the self-testing statement. First, let us write |ψ⟩AB in its Schmidt decomposition

form

|ψ⟩AB =
d−1∑
i=0

λi|ui⟩|vi⟩, (C21)

where {|ui⟩} and {|vi⟩} are orthonormal bases ofCd andHB, respectively. Also, because rank(ρA) = d, we have
λi > 0, ∀i, such that

∑
i λ

2
i = 1. Note that, there is a unitary transformation UB that satisfies UB|vi⟩= |u∗i ⟩,

∀i, where ∗ denotes complex conjugation. Therefore, we can rewrite (C21) as

|ψ⟩AB =
(
PA ⊗U†

B

) 1√
d

d−1∑
i=0

|ui⟩|u∗i ⟩, (C22)

where PA is an operator that is diagonal in the basis {ui}, with eigenvalues
√
dλi. Note also that because the

operators Ai = XZ−i form a set of genuinely incompatible measurements, we have that rank(ρA) = d (see
Supplemental Material of [30] for proofs). Therefore, we can write |ψ⟩AB in terms of a maximally entangled
state |ϕ+d ⟩ as

|ψ⟩AB =
(
PA ⊗U†

B

)
|ϕ+d ⟩. (C23)
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Now, we can employ the above equation in (C9) to obtain(
AkPA ⊗UBB̃kU

†
B

)
|ϕ+d ⟩AB = (PA ⊗1) |ϕ+d ⟩. (C24)

A quite useful mathematical fact is the following: If R and Q are any two d× d matrices, then R⊗Q|ϕ+d ⟩=
RQT ⊗1|ϕ+d ⟩. By employing this fact to (C24) and omitting the state, we obtain

AkPA
(
UBB̃kU

†
B

)T
= PA. (C25)

If we combine the above equation with its Hermitian conjugate(
UBB̃kU

†
B

)∗
PAA

†
k = PA, (C26)

we get

AkP
2
AA

†
k = P2A, (C27)

where we have used the fact that B̃k is unitary and PA is self-adjoint. The above equation is equivalent
to [Ak,P2A] = 0, because every Ak is unitary. Also, since PA is positive semidefinite, this further imply that
[Ak,PA] = 0. By lemma 1 of the supplemental material of [30], we can conclude that PA is proportional to
identity. By using this fact in (C23), we immediately obtain (C5).

Now, let us self-test themeasurements performed by Bob. From the fact that PA is proportional to identity,
we can conclude from (C25) that

Ak

(
UBB̃kU

†
B

)T
= 1. (C28)

By applying A†
k on both sides of the above equation and taking the transpose, we obtain

UBB̃kU
†
B = A∗

k . (C29)

From definition (A34), the above equation can be expressed as

d−1∑
y=0

γ
(1)
yk UBByU

†
B = A∗

k . (C30)

We can now multiply both sides by
(
γ
(1)
y′k

)∗
, sum over k, and use equation (A28) to obtain

d−1∑
y=0

δyy′UBByU
†
B =

d−1∑
k=0

(
γ
(1)
y′k

)∗
XZk. (C31)

Finally, from definition (A1), the above equation results in

UBByU
†
B = By, (C32)

which finishes the proof.

Now, we are going to extend the above results to the case where we do not assume that (i) the
measurements performed by Bob are projective and (ii) that the state shared by the parties is pure.

Theorem 2. Assume that the Steering inequality (A39) is maximally violated by a state ρAB acting on Cd ⊗HB
and unitary d-outcome observables Ak and By (k,y ∈ {0, . . . ,d− 1}) acting on, respectively, Cd andHB such
that the observables on Alice’s trusted side are given by Ak = XZ−k. Then, the following three statements hold
true:

(i) Bob’s measurements are projective, that is, all operators Bn|y are unitary such that B
d
n|y = 1,

(ii) Bob’s Hilbert space decomposes asHB = (Cd)B ′ ⊗HB ′ ′ , and

18
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(iii) there exists a local unitary transformation on Bob’s untrusted side, UB :HB →HB, such that

(1A ⊗UB)ρAB

(
1A ⊗U†

B

)
= |ϕ+d ⟩⟨ϕ

+
d |AB ′ ⊗ ρB ′ (C33)

and

∀y, UBByU
†
B = By ⊗1B ′ ′ , (C34)

where B ′ ′ denotes Bob’s auxiliary system and By := B
(1)
y are given by (A9).

Proof. (Step 1.)Let us start by proving that if the Steering inequality ismaximally violated, thenBob’smeasure-
ments must be projective. From the SOS decomposition (B3), if the Steering inequality is maximally violated
by a set of operators Bn|y and a state ρAB, then(

An
k ⊗ B̃(n)

k

)
ρAB = ρAB, (C35)

for n= 1, . . . ,d− 1. In particular, (
Ad−n
k ⊗ B̃(d−n)

k

)
ρAB = ρAB (C36)

also holds. From (A35) and fact 2, we can see that

B̃(d−n)
k =

(
B̃(n)
k

)†
(C37)

is also valid even if we do not assume that the measurements are projective. The three equations above give us[
1A ⊗ B̃(n)

k

(
B̃(n)
k

)†]
ρAB = ρAB, (C38)

which immediately implies that

B̃(n)
k

(
B̃(n)
k

)†
= 1B. (C39)

Similar arguments lead to
(
B̃(n)
k

)†
B̃(n)
k = 1B, so we can conclude that every B̃(n)

k is a unitary operator. From

definition (A34), the above equation becomes

d−1∑
y,y ′=0

γ
(n)
yk

(
γ
(n)
y′k

)∗
Bn|yB

†
n|y ′ = 1B. (C40)

If we some over k on both sides of the above equation, we can use (A28) to obtain

d−1∑
y=0

Bn|yB
†
n|y = d1B. (C41)

Because Bn|yB
†
n|y ⩽ 1B for any n and any y, then (C41) implies that

Bn|yB
†
n|y = 1B. (C42)

Similar arguments can be used to see that B†
n|yBn|y = 1B, which allows us to conclude that every operator Bn|y

is unitary. In that case, Bob’s measurements {Nb|y} must be projective. As in the previous theorem, we can
now use the notation Bn|y = Bn

y .
(Step 2.) To prove the main result, let us suppose that the state ρAB that maximally violates the Steering

inequality (A39) admits the decomposition

ρAB =
K∑

s=1

ps|ψs⟩⟨ψs|AB, (C43)
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where ps ⩾ 0 for every s such that
∑

s ps = 1 and K is a positive integer. Without loss of generality, we
can assume that |ψs⟩ are the eigenvectors of ρAB and, therefore, ⟨ψi⟩ψj = δij. Because ρAB maximally viol-
ates (A39), every state |ψs⟩AB must maximally violate it too. Therefore,(

An
k ⊗ B̃(n)

k

)
|ψs⟩AB = |ψs⟩AB, (C44)

for every k= 0, . . . ,d− 1 and n= 1, . . . ,d− 1. From theorem 1, there must be a unitary U(s)
B such that(

1A ⊗U(s)
B

)
|ψs⟩AB = |ϕ+d ⟩, (C45)

for every s. Note that the unitaries U(s)
B are not necessarily equal for different s.

Let us now proceed similarly to the previous proof and write the state |ψs⟩AB in terms of the maximally
entangled state |ϕ+d ⟩ in the following way

|ψs⟩AB = 1A ⊗
(
U(s)

B

)† 1√
d

∑
i

|ui⟩|u∗i ⟩=
1√
d

∑
i

|ui⟩|fsi⟩, (C46)

where the states |fsi⟩=
(
U(s)

B

)†
|u∗i ⟩ form an orthonormal basis for every s. In addition, we can also conclude

from theorem 1 that

U(s)
B B(s)

y

(
U(s)

B

)†
= By, (C47)

for every y, where B(s)
y := Πs

BByΠ
s
B is the operator By projected onto the support of Bob’s local state ρ(s)B =

TrA (|ψs⟩⟨ψs|AB). This support is characterized as

supp
(
ρ
(s)
B

)
≡ Vs = span

{
|fs0⟩, . . . , |fsd−1⟩

}
⊂HB. (C48)

Similarly to the proof of theorem 1, we can now affirm that Bob’s observables By can be decomposed as

By = B(s)
y ⊕ E(s)y , (C49)

where B(s)
y are unitary operators such that

(
B(s)
y

)d
= 1d and E(s)y are also unitaries acting on the complement

ofVs. Now, we canmultiply the above equation by γ(1)yk on both sides and take the summation over y to obtain

B̃k = B̃(s)
k ⊕ Ẽ(s)k , (C50)

where

B̃(s)
k :=

d−1∑
y=0

γ
(1)
yk B(s)

y , (C51)

and similarly to Ẽ(s)k . Note that we already proved that B̃k = B̃(1)
k is unitary in (C39). In addition, we can use

the same arguments from theorem 1 in (C44) to show that B̃(s)
k is also unitary. From (C50), we can follow the

same steps in the proof of theorem 1.2 of [30] to conclude that the local supports Vs are mutually orthogonal.
That implies that Bob’s local Hilbert space admits the following decomposition

HB = V1 ⊕V2 ⊕ . . .⊕Vk =
(
Cd
)
B ′ ⊗HB ′ ′ , (C52)

where the second equality is due to the fact that dimVs = d for every s= 1, . . . ,K.
(Step 3.) Now, let us prove equations (C33) and (C34) by following the same procedure done in the proof

of theorem 1.2 of [30]. For every s, the states {|fsk⟩}i span orthogonal subspaces. For this reason, we can affirm
that there exists a single unitary UB :HB →HB such that

UB|fsi⟩= |i⟩B ′ ⊗ |s⟩B ′ ′ , (C53)

for i = 0, . . . ,d− 1 and s= 0, . . . ,K. Therefore, we conclude that

(1A ⊗UB) |ψs⟩AB = |ϕ+s ⟩AB ′ ⊗ |s⟩B ′ ′ . (C54)
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Now, we can apply UB on (C43) to obtain

(1A ⊗UB)ρAB

(
1A ⊗U†

B

)
= |ϕ+d ⟩⟨ϕ

+
d |AB ′ ⊗ ρB ′ ′ , (C55)

where ρB ′ ′ =
∑

s ps|s⟩⟨s|B ′ ′ , as we wanted to prove.

From (C52), we can conclude that the operators B̃k admit the following decomposition under the action
of UB

UBB̃kU
†
B =

∑
i,j

B̃i,j,k ⊗ |i⟩⟨j|B ′ ′ , (C56)

where B̃i,j,k are matrices of dimension d acting over (Cd)B ′ and |s⟩B ′ ′ is the computational basis ofHB ′ ′ and,
at the same time, the eigenbasis of ρB ′ ′ . From (C35) for n= 1, we can write that[

Ak ⊗
(
UBB̃kU

†
B

)]
UBρABU

†
B = UBρABU

†
B. (C57)

By applying (C55) and (C56) in the above, we obtain∑
i,j

(
Ak ⊗ B̃i,j,k

)(
|ϕ+d ⟩⟨ϕ

+
d |AB ′ ⊗ pj|i⟩⟨j|

)
= |ϕ+d ⟩⟨ϕ

+
d |AB ′ ⊗ ρB ′ ′ . (C58)

The above matrix equation can only be satisfied if
(
Ak ⊗ B̃i,j,k

)
|ϕ+d ⟩= 0 for i ̸= j. Since Ak is invertible, we

must have B̃i,j,k = 0 for i ̸= j. Thus, the remaining diagonal terms of (C58) must satisfy(
Ak ⊗ B̃i,i,k

)
|ϕ+d ⟩= |ϕ+d ⟩. (C59)

We know that givenmatricesQ andR, we always haveQ⊗R|ψ+
d ⟩= QRT ⊗1|ϕ+d ⟩. Therefore, we can conclude

from the above equation that Ak

(
B̃i,i,k

)T
= 1d, which immediately implies that B̃i,i,k = A∗

k . Having said that,

equation (C56) becomes

UBB̃kU
†
B = A∗

k ⊗
∑
i

|i⟩⟨i|B ′ ′ = A∗
k ⊗1B ′ ′ . (C60)

Finally, we can apply the same procedure that is done in (C30) to obtain

UBByU
†
B = By ⊗1B ′ ′ , (C61)

as we wanted to prove.

Appendix D. Solutions for the qutrit case

Here we prove that in the three-dimensional case (d= 3) the solutions to the systems of equations (17) can
be found analytically and is of the form (46).

The equations (17) can be thought of as the orthogonality conditions for three three-dimensional
vectors, each composed of phases. Let us restate them as

2∑
i=0

exp [i(ϕi,0 −ϕi,1)] = 0,
2∑

i=0

exp [i(ϕi,2 −ϕi,0)] = 0,
2∑

i=0

exp [i(ϕi,1 −ϕi,2)] = 0. (D1)

Denoting then pi = ϕi,0 −ϕi,1, qi = ϕi,0 −ϕi,2 and ri = ϕi,1 −ϕi,2, we can further simplify these equations to

2∑
i=0

exp(ipi) =
2∑

i=0

exp(iqi) =
2∑

i=0

exp(iri) = 0, (D2)

where, the new variables pi, ri and qi satisfy additionally

pi + qi + ri = 0 (i = 0,1,2) . (D3)

Let us now find solutions to the first of these equations and rewrite it as

exp(ip0)+ exp(ip1) =−exp(ip3) . (D4)
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Let us then multiply this equation by its conjugation to obtain

|exp(ip0)+ exp(ip1)|2 = 1. (D5)

This can further be rewritten as cos(p0 − p1) =−1/2 which has countably many solutions, which under
exponentiation are equivalent to are p0 = p1 ± 2π/3. Let us additionally notice that since the angles ϕi,y must
satisfy

∑
iϕi,y = 0 for any y, then we must have

2∑
i=0

pi = 0. (D6)

It is not difficult to see that the above implies that the possible solutions for p0 are p1 = 0,±2π/3. Let us then
notice that due to the fact that the equations (D2) can always be multiplied by ω or ω2, we can fix p0 to be,
say p0 = 2π/3. Taking all this into account, we obtain two possible solutions of equation (D4) which, up to
exponentiations, can be stated as

p0 = 2π/3, p1 = 0, p2 =−2π/3 or p0 = 2π/3, p1 =−2π/3, p2 = 0. (D7)

The same arguments can be applied to the second equation in (D2), however, here we choose
q0 =−2π/3, which gives

q0 =−2π/3, q1 = 2π/3, q2 = 0 or q0 =−2π/3, q1 = 0, q2 = 2π/3. (D8)

To finally fix ri we must take into account equation (D3), but also the fact that r0 + r1 + r2 = 0. All this
implies that the possible solutions are

p0 = 2π/3, p1 = 0, p2 =−2π/3, q0 =−2π/3, q1 = 2π/3, q2 = 0, r0 = 0,

r1 =−2π/3, r2 = 2π/3, (D9)

or

p0 = 2π/3, p1 =−2π/3, p2 = 0, q0 =−2π/3, q1 = 0, q2 = 2π/3, r0 = 0,

r1 = 2π/3, r2 =−2π/3. (D10)

On the level of the angles ϕi,y, the first of these two solutions corresponds to equation (46) and gives rise to
the observables presented in equations (47a)–(47c), whereas the second one to

y= 1 :


ϕ0,1 = ϕ0,0 −

2π

3
,

ϕ1,1 = ϕ1,0 +
2π

3
,

y= 2 :

 ϕ0,2 = ϕ0,0 −
2π

3
,

ϕ1,2 = ϕ1,0,

(D11)

which gives rise to slightly modified observables of the following form

B1 ≡

 0 0 ω2eiϕ 0,0

ωeiϕ 1,0 0 0
0 e−i(ϕ 0,0+ϕ 1,0) 0

 , (D12a)

B2 ≡

 0 0 ω2eiϕ 0,0

eiϕ 1,0 0 0
0 ωe−i(ϕ 0,0+ϕ 1,0) 0

 (D12b)

with B0 being the same as in the previous case.
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Appendix E. Robust self-testing

Let us now prove that when the maximal violation of the inequality is not attained by an ϵ, then the
measurements performed by Bob, i.e. By, are close to the reference measurements By by a factor as a function
of ϵ. For simplicity, we will assume that the state is pure and the measurements performed by Bob are
projective.

To prove the robustness of our self-testing statement for the qutrit case, we will make use of the fact that

B̃(n)
k = B̃n

k , ∀n ∈ {1,2} and d= 3, (E1)

which is true from the fact that B̃(2)
k =

(
B̃(1)
k

)†
and

(
B̃(2)
k

)3
= 1. We can conjecture that the above relation is

also valid for any prime d> 3:

Conjecture 1. For any prime d, we have that B̃(n)
k = B̃n

k , for every n ∈ {1, . . . ,d− 1}. Note that this statement
is true for d= 3.

Having said that, we proceed to the robustness analysis by assuming the above conjecture, keeping in
mind that (E1) holds true for d= 3.

Theorem 3. Consider the unitary d-outcome observables Ak = XZ−k and By, for k,y ∈ 0, . . . ,d− 1 acting on,
respectively Cd andHB. If the Steering inequality (A39)

⟨S⟩=
d−1∑
n=1

d−1∑
k=0

⟨An
k ⊗ B̃(n)

k ⟩⩽ βC, (E2)

is violated by a state |ψ⟩AB ∈ Cd ⊗HB and observables By such that ⟨S⟩⩾ d(d− 1)− ϵ > βC, then there exists
a unitary operation UB :HB →HB such that∥∥(1A ⊗UB)

(
1A ⊗By

)
|ψ⟩−1⊗By|ϕ+d ⟩

∥∥⩽ 2
√
d(2ϵ)

1
4 (E3)

and ∥∥By −By

∥∥
2
⩽ 4d(2ϵ)

1
4 , (E4)

where k= 0, . . . ,d− 1 and By are Bob’s ideal observables given by (A1), and ∥ · ∥2 stands for the
Hilbert–Schmidt norm.

Proof. This proof follows similar steps to [30]. We write them all here for completion, adapted to the operat-
ors (A1). From the violation of the Steering inequality, we have that∣∣∣⟨ψ|An

k ⊗ B̃(n)
k |ψ⟩

∣∣∣⩾ Re
(
⟨ψ|An

k ⊗ B̃(n)
k |ψ⟩

)
⩾ 1− ϵ, (E5)

for k= 0, . . . ,d− 1 and n= 1, . . . ,d− 1. Now, let us consider Alice’s observables Ak and rewrite them in terms
of their own eigenvectors |qj⟩

Ak =
∑
j

ωj|q(k)j ⟩⟨q(k)j |, (E6)

where

|q(k)j ⟩=
d−1∑
m=0

ω−km(m−1)/2−jm|m⟩. (E7)

For a given k, we can write the operators X, Z−l and their product in the basis {|q(k)j ⟩}j as

X=
d−1∑
j=0

ωj|q(k)j ⟩⟨q(k)j+k|, Z−l =
d−1∑
j=0

|q(k)j+l⟩⟨q
(k)
j |, XZ−l =

d−1∑
j=0

ωj+l−k|q(k)j+l−k⟩⟨q
(k)
j |. (E8)
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Now, let us consider a particular basis {|q(k)j ⟩}j for a fixed k, and let us rewrite the state |ψ⟩ in the basis

{|q(k)j ⟩|bj⟩}j as

|ψ⟩=
d−1∑
i=0

αi |q(k)i ⟩|bi⟩, (E9)

whereαi are nonnegative real numbers that satisfy
∑d−1

i=0 α
i = 1 and |bi⟩ are not necessarily orthogonal vectors

in spaceHB. Now, observe that (
XZ−l

)n |q(k)j ⟩= ωnj+n(n+1)(l−k)/2|q(k)j+n(l−k)⟩ (E10)

for k, l= 0, . . . ,d− 1 and n= 1, . . . ,d− 1. By using equations (E9) and (E10) in equation (E5) we have

d−1∑
i=0

αi+n(l−k)αiRe
(
ωni+n(n+1)(l−k)/2⟨bi+n(l−k)|B̃

(n)
k |bi⟩

)
⩾ 1− ϵ. (E11)

From conjecture 1, we have that

B̃(n)
k = B̃n

k , ∀n ∈ {1, . . . ,d− 1} . (E12)

From the above, equation (E11) becomes

d−1∑
i=0

αi+n(l−k)αiRe
(
ωni+n(n+1)(l−k)/2⟨bi+n(l−k)|B̃n

k |bi⟩
)
⩾ 1− ϵ. (E13)

Let us now consider some specific cases of the above inequality to get some bounds regarding the coeffi-
cients αi of the state (E9). If k= l+ 1, we obtain

d−1∑
i=0

αi+nαiRe
(
ωni+n(n+1)/2⟨bi+n|B̃n

k |bi⟩
)
⩾ 1− ϵ. (E14)

Because B̃k is unitary and |bi⟩ are normalized, we have that∣∣∣ωni+n(n+1)/2⟨bi+n|B̃n
k |bi⟩

∣∣∣⩽ 1. (E15)

Since every complex number z satisfies Re(z)⩽ |z|, the above equation and (E14) imply that

d−1∑
i=0

αi+nαi ⩾ 1− ϵ, ∀n ∈ {0, . . . ,d− 1} . (E16)

Note that if we sum over n in the above inequality, we obtain∑
i

αi ⩾
√
d
√
1− ϵ. (E17)

Some extra relations can be derived from the above inequality, such as [30]

1√
d
−
√
2ϵ⩽ αi ⩽

1√
d
+
√
2ϵ (E18)

and

1

d
−
√
2ϵ⩽ αiαi+j ⩽

1

d
+
√
2ϵ. (E19)

Now, let us show that Bob’s observables are going to be close to the reference observables. For that, let us
consider equation (E13) when l= k, that is

d−1∑
i=0

α2
i Re
(
ωni⟨bi|B̃n

k |bi⟩
)
⩾ 1− ϵ. (E20)
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Since Re
(
ωni⟨bi|B̃n

k |bi⟩
)
⩽ 1, we can separate one arbitrary term from the sum in the above inequality as the

following

α2
j Re
(
ωnj⟨bj|B̃n

k |bj⟩
)
+

d−1∑
i=0, i̸=j

α2
i ⩾ 1− ϵ, (E21)

for any j. Since α2
j +
∑d−1

i=0, i̸=jα
2
i = 1, the above inequality becomes

α2
j

[
Re
(
ωnj⟨bj|B̃n

k |bj⟩
)
− 1
]
+ 1⩾ 1− ϵ. (E22)

By rearranging the terms, we obtain

α2
j

[
1−Re

(
ωnj⟨bj|B̃n

k |bj⟩
)]

⩽ ϵ, (E23)

for k, j = 0, . . . ,d− 1 and n= 1, . . . ,d− 1. Now, we can use the left inequality of (E18) in (E23) to obtain

Re
(
ωni⟨bi|B̃n

k |bi⟩
)
⩾ 1− 2d

√
2ϵ. (E24)

Let us now use the eigendecomposition of B̃k with outcomes ωj such that

B̃k =
d−1∑
j=0

ωjPj|k, (E25)

where Pj|k are orthogonal projectors. Now we can insert the above equation into (E24) to obtain

d−1∑
j=0

Re
(
ωn( j+i)⟨bi|Pj|k|bi⟩

)
⩾ 1− 2d

√
2ϵ. (E26)

Since
∑d−1

n=0ω
n(i+j) = dδj,−i, we can sum over n on both sides to get

⟨bj|P−j|k|bj⟩⩾ 1− 2d
√
2ϵ. (E27)

The above inequality means that, for a fixed k, each vector |bj⟩ is close to the subspace corresponding to out-

come ω−j of B̃k by a small amount 2d
√
2ϵ. For convenience, we are going to use the notation |uj⟩= P−j|k|bj⟩

and |uj⟩= |uj⟩/|| |uj⟩ ||. Because all Pj|k are pairwise orthogonal projectors, then |uj⟩ are also orthogonal. In

addition, from (E27) we have that || |uj⟩ ||⩾ 1− 2d
√
2ϵ.

From the above discussion, we can rewrite (E25) as

B̃k =
d−1∑
j=0

ω−j|uj⟩⟨uj| ⊕ B̃ ′
k, (E28)

where B̃ ′
k are operators whose support is orthogonal to every |uj⟩. Since |uj⟩ are pair-wise orthogonal, there

exists a unitary transformationUB such thatUB|uj⟩= |q(k)j ⟩. By applyingUB (·)U†
B on both sides of (E28) we

obtain

UBB̃kU
†
B =

d−1∑
j=0

ω−j|q(k)j ⟩⟨q(k)j | ⊕ B̃ ′ ′
k = A∗

k ⊕ B̃ ′ ′
k . (E29)

Similarly to the previous theorem, the above equation implies that

UBByU
†
B = By ⊕B

′ ′
y . (E30)

We still need another ingredient before starting to work with the norms. Let us denote |b ′
j ⟩= UB|bj⟩ and

observe that (E27) can be written as

⟨b ′
j ⟩q

(k)
j ⩾ 1− 2d

√
2ϵ. (E31)
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Now, let us prove (E3) by developing the left side of it as follows:∥∥UBBy|ψ⟩−By|ϕ+d ⟩
∥∥= ∥∥∥UBByU

†
BUB|ψ⟩−By|ϕ+d ⟩

∥∥∥= ∥∥ByUB|ψ⟩−By|ϕ+d ⟩
∥∥= ∥∥UB|ψ⟩− |ϕ+d ⟩

∥∥ , (E32)

where the last equality is due to the unitary invariance of the norm. Note that we have omitted the identities
in Alice’s space. The Euclidean distance above can be calculated as follows:

∥∥UB|ψ⟩− |ϕ+d ⟩
∥∥=√2

[
1−Re

(
⟨ϕ+d |UB|ψ⟩

)]
. (E33)

To calculate the bracket above, we can write the maximally entangled state of two qudits in the basis {|q(k)j ⟩}j
as |ϕ+d ⟩=

1√
d

∑
j |q

(k)
j ⟩|q(k)j ⟩. Therefore, we have

⟨ϕ+d |UB|ψ⟩=
d−1∑
j=0

⟨ϕ+d |αj|q(k)j ⟩UB|bj⟩=
1√
d

d−1∑
i,j=0

αj⟨q(k)i ⟩q(k)j ⟨q(k)i |UB|bj⟩=
1√
d

d−1∑
j=0

αj⟨q(k)j ⟩b ′
j . (E34)

If we use bound (E31) in the above, we obtain

⟨ϕ+d |UB|ψ⟩⩾
1√
d

(
1− 2d

√
2ϵ
) d−1∑

j=0

αj, (E35)

which together with (E17) gives

⟨ϕ+d |UB|ψ⟩⩾
(
1− 2d

√
2ϵ
)√

1− ϵ. (E36)

By inserting the above inequality in (E33) we obtain

∥∥UB|ψ⟩− |ϕ+d ⟩
∥∥⩽√2

[
1−

(
1− 2d

√
2ϵ
)√

1− ϵ
]
⩽ 2

√
d(2ϵ)

1
4 . (E37)

Finally, from the above and (E32) we obtain∥∥(1A ⊗UB)
(
1A ⊗By

)
|ψ⟩−1⊗By|ϕ+d ⟩

∥∥⩽ 2
√
d(2ϵ)

1
4 (E38)

as desired.
In order to obtain (E4), first we need to observe that the Euclidean norm of an operator A satisfies

∥∥(1⊗A) |ϕ+d ⟩
∥∥=∑

ij

⟨ii|1⊗A†A|jj⟩=
∑
i

⟨i|A†A|i⟩= 1

d
TrA†A. (E39)

Therefore, we have that ∥∥By −By

∥∥
2
=
√
d
∥∥(By −By

)
|ϕ+d ⟩

∥∥ . (E40)

If we sum and subtract ByUB|ψ⟩ inside the norm of the right side of the above, we obtain∥∥By −By

∥∥
2
=
√
d
∥∥By|ϕ+d ⟩−By|ϕ+d ⟩+ByUB|ψ⟩−ByUB|ψ⟩

∥∥
=
√
d
∥∥By

(
|ϕ+d ⟩−UB|ψ⟩

)
+ByUB|ψ⟩−By|ϕ+d ⟩

∥∥ . (E41)

We can apply the triangular inequality in the last norm to have∥∥By −By

∥∥
2
⩽
√
d
(∥∥|ϕ+d ⟩−UB|ψ⟩

∥∥+∥∥ByUB|ψ⟩−By|ϕ+d ⟩
∥∥) , (E42)

where we have used the fact that norms satisfy unitary invariance. Now, the norms on the right side of the
above are bounded by terms specified by equations (E37) and (E3), which implies that∥∥By −By

∥∥
2
⩽ 4d(2ϵ)

1
4 (E43)

as we wanted to prove.
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