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In this study, we investigate the semianalytic solution of the fifth-order Kawahara partial differential equation (KPDE) with the
approach of fractional-order derivative. We use Caputo-type derivative to investigate the said problem by using the homotopy
perturbation method (HPM) for the required solution. We obtain the solution in the form of infinite series. We next triggered
different parametric effects (such as x, t, and so on) on the structure of the solitary wave propagation, demonstrating that the
breadth and amplitude of the solitary wave potential may alter when these parameters are changed. We have demonstrated that
He’s approach is highly effective and powerful for the solution of such a higher-order nonlinear partial differential equation
through our calculations and simulations. We may apply our method to an additional complicated problem, particularly on the
applied side, such as astrophysics, plasma physics, and quantum mechanics, to perform complex theoretical computation.

Graphical presentation of few terms approximate solutions are given at different fractional orders.

1. Introduction

PDEs have important applications in physics, engineering,
and other applied sciences. They can describe different
phenomena and processes of real-world problems. One of
the important KPDE arises in the theory of magnetoacoustic
and shallow-water waves. Furthermore, it arises in the
theory of shallow-water waves with surface tension and
magnetoacoustic waves in plasmas. Therefore, several ana-
Iytical and numerical methods have been established in
literature to investigate the prosed problems of PDEs. For
instance, [1] authors have used the comparison method for
the solution of the famous Kawahara equation. In the same
line, a procedure was developed in [2] for the exact solution
of the said problem. Also, authors [3] have computed the
solution of the Kawahara equation by using symbolic

computation. In this study, we apply a semianalytic HPM to
solve the fifth-order KPDEs. As in the last several decades’
investigation, traveling-waves solutions for nonlinear
equations played an important role in the study of the
nonlinear physical phenomenon [4]. The mentioned method
provides an efficient approach to solve a nonlinear problem.
The KPDE was first suggested by Kawahara [5] in 1972. Since
these nonlinear equations need to be solved by using some
approximate methods, researchers have solved several
nonlinear problems by using HPM. This method was first
proposed by He [6] and has been applied in [7] for the
solution of differential equations and integral equations in
both linear and nonlinear cases. The said method is a
combination of topological homotopy and traditional per-
turbation methods. The advantage of this method is to
provide an analytic approximate solution in applied sciences
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with a capacious range, and in this method, a small pa-
rameter is not necessary for an equation. This method is also
applied to the system of the nonlinear system of equations as
in [8] for the analytic approximate solution for the model of
rabies transmission dynamics.

Because of the popularity of fractional calculus and
applications in many fields of science and engineering [9],
fluid mechanics [10], some more frequent applications in a
diverse area of science by using fraction calculus have been
investigated in [11, 12]. The mentioned derivative extends
order from integer to any real or complex number which
provides a detailed explanation to physical problems.
Fractional derivatives can produce a complete spectrum of
the geometry which includes its integer counterpart as a
special case. Motivated from the aforesaid work, we extend
the given KPDE [13].

=+ _ —_—=
ax o Vo (1)
u(x,0) = g(x),

where g is a continuous function, while p, 0, andy are the
nonzero arbitrary constants to fractional order as
ou Fu Fu du

—gtpu—pto

or_ 9" _ 2
¥ WAL yax5 0, O<ac<l, (2

u(x,0) = g(x), (3)

while 0<f<1,2<x<3,4<d8<5, and g: R— R is con-
tinuous function.

For the demonstration of our problem, we testified the
example given by Albert [14] as

0“u Fu  ou  du

— —_— —_—— — 4
5 + pu ok + GaxK yaxa 0, (4)
with the initial condition
105 +f x
,0) =—sech’'| — ), 5
#l0,0) = fggtec (2\/13 ) ©)

by using fractional derivative in Caputo sense. We also
present the solutions graphically and then, at the end,
provide conclusion and discussion.

2. Preliminaries and Notations

Here, we recall some preliminaries and notations from [15].

Definition 1. Caputo fractional-order derivative of a func-
tion ¢ on the interval [0, 00) is defined as

& _ 1 ! _ n—a—ld_n
Dhp0 = gy |, (= s ©

where n = [a] + 1 and [a] represent the integral part of a.

Definition 2. If a >0, the Caputo fractional integral is de-
fined as
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where a € (0, 00).

Lemma 1. The following result holds:

I"[CDy, ()] = ¢(t) +ag +a,t + at’ +-+a, ",
(8)

for arbitrarya; € R,i=0,1,2,3,...,n—1, wheren = [5] + 1
and [n] represent the integral part of n.

3. A General Algorithm about HPM
Consider a general type problem given by
AW-f(r)=0, req, (9)

with boundary condition as
ﬁ(y,%) =0,rel, (10)

where A is a general differential operator, 8 is a boundary
operator, f(r) is a known analytic function, and I is the
boundary of the domain Q. The operator A is divided into
linear part L and nonlinear part N. Therefore, (9) can be
written as

L(p)+ N (u) - f(r) =0. (11)
By HPM, we can construct a homotopy as
v(r, p): Qx[0,1] — R, (12)
satistying
H(v,p)=(1-p)[L(v) - L]+ p[Alv-f ()] =0,
(13)

which is also equivalent to
H(v,p)=L(v) = L(yy) + pL(vy) + pIN(v) = f(r)] =0,
(14)
where p € [0;1] is an embedding parameter, and g, is the

initial approximation of the given equation that satisfies the
boundary conditions; we have

H(v,0) = L(v) = L(y) =0,

(15)
Hv,1)=AW) - f(r)=0.

Keeping these points, we construct the required solution
to equation (11) as

v:vo+plvl+p2v2+p3v3+-~-. (16)

Furthermore, by taking limit as p — 1 in the ap-
proximation equation (16), one has

lim v = lim1 v +p1v1 +p2v2 +p3v3 e, (17)

p—1 p—

which yields
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4. Approximate Solution to
Considered Problem

(18)

Equation (18) represents the semianalytic solution of the

problem equation (9).

We assume the solution of equation (2) as follows:

Now, using equation (20) in (19) and comparing the
coefficients of p', for i=0,1,2,3,..

0._ am”o
ot”
p= %
p = %
p = %
pt= %
Where

H(u, p) =

o

ot*

u(x,t) = Z pu; (x,1).
i=0

a(X
+uaﬁu +aaK
Poax 0 ax
+uaﬁu +aaK
Plax 1 ax
+uaﬁu +aaK
Pzax 2 ax
+uaﬂu +aaK
Psax 3 ax
u,
ot*

u, =

Here, in view of HPM as discussed in previous section, we

proceed as
i " Pu_ ou  du
_9 9 gu, ;o8 J9H . 19
atmg(x)+pat0£g(x)+p ocuax/5+(rax,c yax6 0 (19)
From system equation (21), we get
(20) Zeroth-order problem
Consider zeroth-order problem as
0 L;(, d2%g E‘x) (22)
., we have ot ot
Which yields
uy = g(x). (23)
aé
- Vﬁuo =0, First-order problem
X
5 Fuy __3'g(x) 85 A
B a_ B " - " Ya sho — P 0a B0 Uaxx 0
Y541 =0,
0x (21) s
S ( o & > "
Uy = y—=uy — pug—7ly — 05—ty | =—
LA, P TP T e T )
0x (24)
aé\
—y——u; = 0, Second-order problem
0x
n O e ¥ o T,
CT(a+Dox® T(a+1)’oxf  Tla+1)ox"”
(25)
LS. S S i
F(a+2)9x°" T(a+2)°T(a+3)0x’  Tl(a+2)0x""
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Pl P o In the same way, one has
= VU — PUN——Up — O —— 26
¢ Yaxauo P”oaxlguo Uaxxuo~ (26)
Third-order problem
s = i‘*(L“B_“ Y. SR S )
3_Vax5 I'(a+3) 9y F(a+1)2F(0c+4) oxP I'(a+3) 0x"
_ a( yt a_ag_ pEt" AP a_Kg>
[(@+2)9x"" T(a+1)°T(a+3)ox"  T(a+2)0x"
(27)
y i( (LS. N S S i 5)
oxF\I(a+3)0x°" T(a+1)T(a+4)ox’ T(a+3)0x"
-B o ( LA pit™ ig_ ot™ a_xg)
0x"\I'(a+3) ox°" T(a+1)T(a+4)ox’ T(a+3)ox"")
Now, taking the limit as p — 1 in equation (20), we get Next, equations (23)-(28) imply that
u(xt) =Y u(x,1). (28)
i=0
(x,1) = g(x) + 75 _ ﬁ - LA N
u(x,t)=g(x yaxauo puoaxﬁuo 05 o Tt D
P L AT . A S
[(a+2) 9x°" T(a+1)°T(a+3)dxf  T(a+2)ox"
a& yt30c a& p£t4zx aﬁ o,t3(x o
Y o\ Tla a3 300 2 SF5T F
ox° \I'(a+3) 9x T(a+1)T(x+4) ox I'(a+3)ox
(29)
_ a( LY. S AP S S )
T(a+2) ox°" T(a+1)T(a+3)0xf  T(a+2)0x"
y aﬁ( (LS. S A S S g)
oxF\T(a+3) 9x’" T(a+1)’T(a+4)ox  T(a+3)ox"
L AP Y
ox"\T(a+3) ox° " T(a+1)°T(a+4)0ox’ Tla+3)ox" ’
9’ g 0"
where &= yﬁuo - puoﬁuo - oﬁf. (30)
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Hence, (29) is a required solution of the fractional-order ~ 4.1. Fractional Temporal Numerical Example. Consider the

KPDE. fractional-order KPDE given by

?u  Fu u Pu

—tUu—+=—5-——5=0,0<a<1,0<B<1,2<k<3,4<6<5,
" ok T oxd ¢ F ‘

with initial condition Using HPM, equation (21) yields that

105 X
u(x,0) = @secl/ﬁ(W). (32)

H(u )'—a—(xu—ga—asech4 a +g a—msech‘l _x
P 5 T 169 o 213 ) 169 f o 24/13

U+-—u

AP
puaxﬁ ox ax‘su

Using equations (20) and (33), we get the following
comparison with respect to p:

0-—a—au —Ea—asech4 X -0
P =5 T 169 o 2413 )

1._a_a +<ﬁ)2 KW X i Kt X
p = at"‘”l 169 sec V3 axﬁsec SENA

, 105 o afx 105 &° % 0
— sec ——— ——=SeC = U
169 0x"* 24/13 169 9x?0 2413

Zeroth-order problem First-order problem
From equation (34), we get the zeroth-order problem From equation (35),
or u(x,0):
105 4 X . 105 4 X
= —sech* —— ), ifu(x,0) = —sec h*[ —— ).
u, 169sec (Zm) if u(x,0) 169sec <2\/E)
(36)

11025t° ) 105t 9’
U (x,8) = ——— ch4( X )—sech4(2x ) —35ech4(i>

+
28561 (a+ 1) ¢ V13 ) T169T (a+ 1) ox 2413

105t 9’ i x 0
—————— —=SeC =0,
169T (a + 1) ox°

which gives

(31)

(33)

(34)

(35)

(37)
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22050+/13t" 4 xV13 xV13 735+/13t" xv13 \*
u; (x,t) = sech sech tanh + sech
371293T (a + 1) 2\/ 26 26 28561T (o + 1) 26

xV13 UERS 840~/T3¢" xV13\* xV13\’
X tanh| ——— 1 — tanh — sech tanh
26 26 28561T (a + 1) 26 26

13755+/13t" ISUERY UERY xV13\° 3360/13t" xv13 \*
+ sech tanh | ——— 1 — tanh - sech
3712937 (a + 1) 26 26 26 3712937 (a + 1) 26

2
xVI3\  4935y13t" xV13\* xV13 xV13\°
X tanh - sech tanh 1 — tanh .
26 3712937 (a + 1) 26 26 26

(38)
If we use p — 1, then solution of equation (31) implies
that
105
u(x,t) =ug+uy (1) +uy (%, 1)+ u(x,t) = —sec (T)
22050+/13t" I . PN an
371293 (a+ 1) 2\/ N 26
73513t VI3 \* x\/ 84013t
+—————sech tanh —_—
28561T (o + 1) 26 26 28561T (o + 1)
xv13\* xvI3\ 1375513t xv13 \* Vi3 )’ V13 '\
x sech| ——— | tanh + sech tanh 1 - tanh
26 26 371293T (e + 1) 26 26 26
336013t xv13 \* xVI3\® 493513t PRERY xVI3
-—————sech tanh - sech tanh
371293T (a + 1) 26 26 371293T (a + 1) 26 26
viz
x<l—tanh(x )> +
26
In Fi 1-4 hical ion of Fu, Fu du du_ e @)
n kigures 1-4, we present graphical presentation o " axﬁ I~ 30 =0, <L

solutions.

In this equation, for the fractional spatial solution, we
5. Fractional Spatial Numerical Solution only consider the first fractional derivative with order f for
the sake of eliminating long calculations. Therefore, the first-
Consider the equation with orders 0<f<1,2<x <3,4  order problem is turn out to be as follows.
<8 <5 for fractional spatial numerical solution, that is, First-order problem
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FiGure 1: 3D fractional temporal numerical solution u(x,t) for order @ € (0,1], k =4, and § = 5.

(. 8) = 11025t° PTaE: isec}# x Y, 105¢* 6—33ech4 x
O = gseil (a+ 1) \2v13 ) oxP 2v13 ) T 1690 (a + 1) 9x° 213

(41)
105t 9 o x
Bl e———— —Ssech = O,
169T (e + 1) 9x 2+/13
implies that
(6.6) 105t of x (593227042 x 107" (1) , 004779241642 (3 p)
u, (X, = secC X
! 169T (a + 1) 2+/13 r'(2-p) r(3-p)
, L104877850 x 10°° 15\ 735VI3C . (x\I3 4tanh xV13
X
T(4-p) 28561T (a + 1) 26 26
xV13 ) 840/13t" xV13 \* xV13 '\’
x| 1-tanh| ——— - sech tanh [ ——
26 28561T (a + 1) 26 26
(42)
13755+/13t" *v13 \* IUERY xV13\°
+ sech tanh 1 — tanh
3712937 (a + 1) 26 26 26
3360/13t" ek xV13 4t " xVI3\  4935/13t° e xV13 \*
371293T (a + 1) 26 26 3712937 (a + 1) 26

X tanh(m/E) <1 — tanh (xx/ﬁ ) > .
26 26

Hence, the solution at p — 1 becomes
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FIGURE 2: 2D fractional temporal numerical solution u (x) for order ¢t = 0.01, k = 4, and § = 5.

u(xt) = Y u(x,1), (43)

i=0

u(x,t) =uy+u; (x,8) +uy (%6, 1) + -+

105¢*

which implies that

105
u(x,t) = —sech (2\/_>+169r((x+1)sec

af _x ) (5:93227042 10‘1°x(1_m
2+/13 r2-p)

105¢* W x 0.04779241642 (5 1104877850 x 10° (5 )
+ secC X X
169T (a + 1) 2+/13 ri3-p) r(4-p)
N 735/13t" e xV13 4tanh xV13 x\/1_3 : 840/13t"
28561T (a + 1) 26 26 26 - 28561T (a + 1) (44)
xv13 \* xvi3 '\’ 13755413t x\/ﬁ 4 x\/_
x sech[ —— | tanh tanh
26 26 ) T371293T(a+ 1) ¢ 26 26
xV13 ) 3360y/13t" Vi3 \’
x| 1 —tanh -
26 3712930 (a+ 1) © 26

o 4
4935+/13¢ h(x\/E) tanh(

— T =, ..SeC
371293T (a + 1) 26

6. Results and Discussion

In Figure 1, we have plotted the temporal solution of the
fractional-order Kawahara partial differential equation

2
xm)(l—tanh(xmy) +een,
26 26

against position x and time t based on equation (35), for
different fractional-order «, the plot shows that with «
amplitude of the solitary wave potential increases while its
width squeeze in size slightly. In Figure 2, we have the
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Figure 3: Contour of fractional temporal numerical solution u(x) for order & = 0.6, x = 4, and § = 5.
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FIGURE 4: 2D fractional temporal numerical solution u(x) for order a = 0.6, ¥ = 4, and § = 5.

comparison of the solitary wave temporal solution u(x)
against x for t = 0.01 and with different fractional-order «;
this simulation shows a more clear picture of amplitude and
dispersion variation with «. Figure 3 is the contour plot of
solitary wave propagation against x and t for order a = 0.6.
In Figure 4, the plot is among solitary wave propagation
u(x,t) against x and for different time ¢, which shows a very
interesting situation of the solitary waves structure; while at
the smaller time, we found a compressive type of solitary
wave, but when we take the time ¢ greater than 0.6, then we
observe the refractive type of the solitary wave and that

waves increase its amplitude with time ¢ and also its dis-
persion property.

In Figure 5, we have the 3D spatial numerical solution
u(x,t) of solitary wave propagation against x and t for
differential spatial-order 8 based on equation (40); the
simulation shows us that with spatial-order fluctuation,
amplitude of the solitary wave change slightly, but the width
of the solitary wave change dramatically in greater steps;
likewise in Figure 6, we have shown the 2D cross-sectional
wave of Figure 5 that demonstrates the amplitude and width
of the solitary wave clearly with spatial-order f3 for t = 0.01.
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u(x,t)

FIGURE 5: 3D fractional spatial numerical solution u(x,t) at order € (0,1], x =3, § =5.
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FIGURE 6: 2D fractional spatial numerical solution u(x) at orders &« = 0.9, =1, x =3, § = 5, and time ¢ = 0.01.
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FiGgure 7: Contour of fractional spatial numerical solution u (x,t)
at orders a« = =0.6, k =3, § = 5.

Figure 7 is the contour plot of solitary wave spatial solution
against x and t.

7. Conclusion

Upon the use of the homotopy perturbation method (HPM),
we have investigated the Kawahara fractional-order partial
differential equation of fifth-order under fractional order. By
using Caputo derivative of fractional order separately on
temporal and spatial bases, obtained the semianalytical
solution for the Kawahara frictional-order differential
equation. We have then stimulated various parametric ef-
fects (such as x, t, a, and f3) on the structure of the solitary
wave propagation that demonstrates that the width, as well
as the amplitude of the solitary wave potential clearly, can
change with the change of these parameters. We have shown
through our calculation and simulation that He’s technique
is very useful and power full for the solution of such a
higher-order nonlinear partial differential equation. We can
extend our calculation to other complex problems especially
to the applied side such as astrophysics, plasma physics, and
quantum mechanics to solve a complex theoretical calcu-
lation by that technique.
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