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Digital quantum simulations of the nonresonant open Tavis-Cummings model
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The open Tavis-Cummings model consists of N quantum emitters interacting with a common cavity mode,
accounts for losses and decoherence, and is frequently explored for quantum information processing and
designing quantum devices. As N increases, it becomes harder to simulate the open Tavis-Cummings model
using traditional methods. To address this problem, we implement two quantum algorithms for simulating the
dynamics of this model in the inhomogeneous, nonresonant regime, with up to three excitations in the cavity.
We show that the implemented algorithms have gate complexities that scale polynomially, as O(N?) and O(N?),
while the number of qubits used by these algorithms (space complexity) scales linearly as O(N). One of these
algorithms is the sampling-based wave matrix Lindbladization algorithm, for which we propose two protocols
to implement its system-independent fixed interaction, resolving key open questions of Patel and Wilde [Open
Syst. Inf. Dyn. 30, 2350014 (2023)]. We benchmark our results against a classical differential equation solver in
a variety of scenarios and demonstrate that our algorithms accurately reproduce the expected dynamics.
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I. INTRODUCTION
A. Motivation

A foundational object of study in quantum optics is a linear
cavity coupled to one or more two-level systems, representing
atoms or quantum emitters. The well-known single-emitter
case, described by the Jaynes-Cummings model and its
variants [1], captures the physics underlying various quan-
tum technologies, including cavity quantum electrodynamics
(QED) experiments [2], circuit QED systems [3], and quan-
tum dots in photonic crystals [4], among many others. The
Tavis-Cummings (TC) model extends this framework to N
quantum emitters interacting with a common cavity mode [5].
This extension is particularly relevant for modeling optical
quantum devices based on color centers or atoms, where many
emitters can easily occupy a single cavity due to their intrin-
sically small size.

Coupling N emitters to a cavity can enhance their col-
lective coupling by a factor of +/N, which can be beneficial
for emitters with small dipole moments such as color cen-

“Contact author: ahrubin@ucdavis.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2025/7(4)/043302(32)

043302-1

ters [6,7], and it also opens the door to physical phenomena
that are not present in the single-emitter case, such as
superradiance and subradiance, types of photon blockade
[8-12], and collectively induced transparency [13]. These
effects have potential applications in quantum technologies,
particularly in developing enhanced light-matter interfaces,
efficient single-photon sources, and optical quantum memo-
ries [14]. To explore this many-body physics, and to design
experiments and devices making use of its collective effects,
it is necessary to model the behavior of open TC systems
that can exchange excitations with their environments (among
other decoherence processes).

For these reasons, among others, there has recently been a
shift in focus to simulating open systems rather than closed
systems. Closed models are governed by Schrodinger’s equa-
tion, and their dynamics are governed by a Hamiltonian. On
the other hand, open systems that have Markovian dynamics
are governed by the Lindblad master equation [15,16]. Open
models are of greater physical relevance because almost all
physical models contain noisy or nonunitary interactions.

It is well known that quantum systems are generally dif-
ficult to simulate classically. Indeed, the naive approach to
solving an N-body Lindblad master equation using Liouville
operators (based on a vectorized density matrix) requires
memory and run-time that scale exponentially in N. There
are a variety of classical techniques that improve on this
scaling by making various assumptions, which all cut down
the size of the Hilbert space to be simulated. These in-
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clude the use of an effective Hamiltonian [17], only valid in
the single-excitation regime, scattering matrix methods [11],
which focus on the dynamics of few-photon states of the
scattered field, and the use of quantum trajectories [18], which
does not have a closed-form solution if the Hamiltonian does
not conserve the number of excitations. Another result showed
that quantum inverse methods can be used to find solutions;
however, it is difficult to extract quantities of interest using
these methods [19,20]. In addition to the aforementioned
methods, variational techniques inspired by the density matrix
renormalization group and matrix product states have been
leveraged to study the photon statistical dynamics of open
quantum systems akin to the open TC model [21-23].

The challenge of simulating quantum systems was the
original impetus behind Feynman’s proposal for quantum
computers [24]. Digital quantum computers have made great
strides over the last two decades, with appreciable increases
in qubit count and coherence times [25]. A wide variety of
physical models have also been successfully mapped onto
qubits, including special cases of the Tavis-Cummings model
[26-31]. In addition, quantum simulations are one of the most
promising near-term applications of digital quantum comput-
ers [32,33].

Significant progress has recently been made in develop-
ing open-system quantum simulation algorithms [34—40] (see
Ref. [41] for a review). These algorithms have applications
in condensed matter physics [42—44], quantum chemistry
[45,46], quantum optics [47,48], entanglement preparation
[49-51], and other fields [52-54].

B. Contributions

In this paper, we implement the wave matrix Lindbladiza-
tion (WML) algorithm [39,40] and a variant of the algorithm
from Ref. [34], which we refer to as the split J-matrix algo-
rithm, to simulate the open TC model. These two algorithms
differ in their input model; the WML algorithm assumes sam-
ple access to program states that encode Lindblad operators
in a set {L;};, whereas the split J-matrix algorithm assumes
that all these operators are available in matrix form. We show
the results of using these algorithms to simulate the open TC
model and compare their performances [55].

Our paper contains several key contributions. First, we
resolve an open question from Ref. [39] by designing two
protocols for implementing the fixed interaction in the WML
algorithm. Both of these protocols are based on the linear
combination of unitaries (LCU) method for channels from
Ref. [34], Secs. 3 and 4. We show that this fixed interaction is
independent of the system being simulated and easily scales
to larger systems, for the case in which the Lindblad operators
are local and act on a constant number of qubits. Second,
we show that the gate complexities—the number of one- and
two-qubit gates—for the WML and split J-matrix algorithms
scale quadratically and cubically with the number of emitters,
N, respectively, while the number of qubits scales linearly
in N. This is an exponential improvement over the time and
space required by typical classical Lindblad equation solvers.
Finally, our results show that our quantum algorithms can be
used to simulate nonresonant and inhomogeneous regimes of

the open TC model, both of which are inaccessible to standard
classical simulation techniques.

C. Paper organization

The rest of the paper is structured as follows. In Sec. II, we
explain the notation we use, and then Sec. III provides more
background on the nonresonant open TC model, the algorithm
proposed in Ref. [34], which we refer to as the J-matrix algo-
rithm, and the WML algorithm. We then present, in Sec. [V B,
an improved version of the J-matrix algorithm, i.e., the split
J-matrix algorithm. In Sec. V B, along with Appendixes B
and C, we present two protocols for implementing the fixed
interaction of the WML algorithm. In Sec. III B, we demon-
strate how to map the excitation-number states of the cavity
and emitters to qubits so that we can employ our quantum
algorithms for simulating the open TC model. Section VC
describes the program states that encode the Hamiltonian and
Lindblad operators of the open TC model. In Sec. VI, we
investigate the gate complexities of our algorithms. Next, in
Sec. VII, we provide the results of using these algorithms
to numerically simulate the behavior of the TC model. We
conclude the paper in Secs. VIII and IX by summarizing our
results and detailing questions for future research.

II. NOTATION

We start by establishing some basic mathematical notation
used throughout the rest of the paper (see Ref. [39] for similar
notation). First, let the Hilbert space of a d-dimensional sys-
tem associated with the quantum system S be denoted by Hs.
The set of quantum states acting on Hg is denoted by D(Hs).
The trace of a matrix X is denoted by Tr[X], and the conjugate
transpose or adjoint of X is denoted by X . The partial trace
over systems B and C in a joint state papc of systems ABC is
denoted by Trpc[pasc]-

To analyze the performance of the algorithms in this paper,
we define various norms of an operator. For all p € [1, c0),
the Schatten-p norm of an operator X is defined as

IX 1, = (Tr [(XTX)5])7. M

We primarily use p = 1, called the trace norm, p = 2, called
the Hilbert-Schmidt norm, and p = oo, called the operator
norm. Note that the operator norm of a matrix corresponds to
its maximum singular value. For notational convenience, we
omit the subscript “co” when referring to the operator norm.

The normalized diamond distance between two quantum
channels A/ and M is defined as follows:

SIN = Ml =

sup 51 (Zr @ N)(p) — (Zr @ M)(P)l1, (2)
pED(Hr®Hs)

where R is a reference system (of arbitrarily large dimension)
and Z is the identity channel.

We employ the unitary SWAP operator throughout this pa-
per, defined as follows:

SWAP = " [i)(j| ® | j)il. 3)

ij
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TABLE I. Different terms in the TC Hamiltonian, Hyc, and the
systems upon which they act.

Hamiltonian Systems
wcd'a Cavity
Ep(ae’™®?’ + afe ) Cavity
wjoo; Emitter j

g j((r'j*a' +a'o)) Cavity and emitter j

Note that a SWAP operation between registers of multiple
qubits can be represented as the tensor product of pairwise
SWAP operations. A related operator is the unnormalized
maximally entangled operator, represented as |I"I"|, where

IT) = " li)li) - )

Finally, the commutator of operators A and B is denoted
by [A, B] := AB — BA, the anticommutator by {A, B} :=
AB + BA, and we use the notation [M] to denote the set
{1,2,...,M}.

III. REVIEW

In this section, we provide a brief review of the nonreso-
nant open TC model and some important background on the
algorithms we will use to simulate this model. Specifically, we
will discuss Trotterization, the Wave Matrix Lindbladization
algorithm [39,40], and the J-matrix algorithm [34,56].

A. Nonresonant open Tavis-Cummings model

The TC model involves a cavity coupled to N two-level
emitters, whose dynamics are governed by the following
Hamiltonian:

N
Hrc = wcd'a + Za}j O']»JFO'; + gj(aj*a + oj’aT), 5)
=1

where we have set /i = 1 here and throughout, a is the anni-
hilation operator corresponding to the cavity, w¢ > 0 is the
frequency of the cavity, o;r := |1)(0] is the creation operator
of the jth emitter, o~ := |0)(1] is the annihilation operator of
the jth emitter, w; > 0 is the frequency of the jth emitter, and
g; > 0is the coupling strength between the cavity and the jth
emitter. The interaction between the cavity and jth emitter is
governed by the term aj+a +o; a'. This interaction allows the
emitters and cavity to exchange excitations.

Additionally, a coherent photon pump can be attached to
the system during evolution, so that excitations can be pumped
into the system. This pump can be modeled by adding the
following term to the Hamiltonian Hryc:

Ep(ae' +a'e™"), ©)

where wp > 0 is the frequency of the pump and Ep > 0 is the
power of the coherent pump, having the same units as wc.

We can also understand the Hamiltonian by considering
how different parts of the system are affected by different
terms in the Hamiltonian. This is shown in Table 1.

Realistically, excitations can decay out of the cavity and
emitters. The evolution of the system, when accounting for
these decay processes, is governed by the following Lindblad
master equation:

ap i

— = —ilHre, pl +KkLa(p) + ,Z_; vLo-(p). (1)
where p is the combined state of the cavity and all N emitters,
k and y represent the rates of excitation loss by the cavity and
the emitters, respectively, and

N
kLa(P)+ ) vLo-(p) ®)
=1
is the term that governs the dissipative part of the dynamics.
Here, the Lindbladians £,, La; e Eaﬁ are defined through
the following superoperator:

Lr(p) = LpL" - 3{L'L, p}, ©)

for every Lindblad operator L € {a,o0, ,...,04}.

By simulating Eq. (7), we want to study the behavior of two
important quantities: population and the second-order photon
correlation, which is denoted by g»(0). Specifically, we first
want to estimate the population within the cavity and emitters
at any given time t. The population refers to the number
of excitations in a certain part of the system. The expected
value of the population within the cavity is obtained using the
following formula:

Trla'ap], (10)

and the expected value of the population within the jth emitter
is obtained using

Tr[a;’aj_p]. (11)

The second quantity of interest is g (0), the second-order
photon correlation, when the cavity is in the steady-state
regime (o = 0). This quantity is defined as follows [57]:

Trla'ataap]
(Tr[atap])*

The relations between the frequency of the cavity, o,
the frequency of the emitters, w;, and the coupling strength
between the cavity and emitter, g;, are important factors to
consider within the TC model. If the cavity and an emitter
have the same frequency, then the cavity-emitter pair is con-
sidered resonant. If each emitter has the same frequency and
the same coupling strength to the cavity, the system is consid-
ered homogeneous. When all the emitters and the cavity are
resonant and homogenous, the system is classically tractable
[30]. In this paper, we simulate nonresonant and inhomoge-
neous systems along with lossy cavities and emitters.

§2(0) := (12)

B. Excitation-number state to qubit mapping
for open TC model

In this section, we demonstrate how to map the excitation-
number states of the cavity and emitters to qubits so that
we can employ the split J-matrix algorithm and the WML
algorithm for simulating the open TC model.
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To achieve this, we model the cavity as a two-qubit system,
while each emitter is represented as a one-qubit system. This
configuration enables us to simulate up to three excitations in
the cavity. Accordingly, we represent each excitation-number
state of the cavity in the following manner:

|00)00] = 0 excitations,

X
|01)01| = 1 excitation,
i (13)
[10)(10] = 2 excitations,
[11)}11| = 3 excitations.

The annihilation operator a of the cavity can be then
written as

a = |00)01] + ~/2[01)(10] + +/310X11].  (14)

Similarly, the annihilation operator o
be written as '

; of the jth emitter can

o; = [0X1];. (15)

From Eqgs. (14) and (15), we obtain
oo = 1)1, (16)
a'a = |01X01| + 2 |10)10| 4+ 3 [11)11]. (17)

C. Background on Trotterization

Trotterization is a technique for Hamiltonian simulation
that leverages the idea that most physically relevant Hamil-
tonians are sums of smaller Hamiltonians, each acting locally
on a constant number of qubits [58]. The goal of Hamiltonian
simulation is to implement the unitary evolution e~ where
H is the Hamiltonian of interest. However, it can be challeng-
ing to find a sequence of one- and two-qubit gates that realize
this unitary evolution exactly.

To circumvent this, first note that A4 can be written as a sum
of local Hamiltonians. For instance, consider a Hamiltonian H
that can be expressed as H := H| + H, + Hz, where H|, H>,
and Hj are local Hamiltonians. In such a scenario, one can ap-
proximate the unitary e~ with the following compositions
of unitaries:

(eiiHlLre*ingefiHﬁ)r, (18)

where r € N. As r tends to infinity, the distance between the
above sequence of unitaries and e~ goes to zero. In the
literature, such a technique is known as first-order Trotteri-
zation, owing to the fact that the aforementioned sequence of
unitaries implements the zeroth and first orders of the Taylor
expansion of e,

The second-order Trotter approach is similar, but in
addition to applying the aforementioned sequence, i.e.,
e T et =T for time T := 5, one also applies it in the
reverse order for the same amount of time. For example, for
H = H; + H, + H3, the expression

(e—iHlée—iHﬁe—iHﬁ —ity§; =it §; =it 5)r (19

e e

represents a second-order Trotterization. Note that the above
discussion on the first-order and second-order Trotterization
can be easily extended for Hamiltonians with an arbitrary
number of summands, i.e., H = Zj H; [59].

IV. J-MATRIX AND SPLIT J-MATRIX ALGORITHMS
A. Background on J-matrix algorithm

The authors of Refs. [34,56] proposed an algorithm, here
called the J-matrix algorithm, to simulate the Lindbladian
evolution of a finite-dimensional quantum system, which is in
state p, for time ¢. This evolution is governed by the following
Lindblad master equation:

dp

K
1
o T T
Frie L(p) = —ilH, p] + kE:] (Lkak - E{LkLkv p}>,

(20)

where H is a Hamiltonian and L;, L,, ..., Lx are Lindblad
operators (not necessarily the Lindblad operators in the open
TC model). The superoperator £ is a general Lindbladian,
and note that the superoperator £;, as defined in Eq. (9),
is a special case of £ with no Hamiltonian and only one
Lindblad operator. The Hamiltonian H is Hermitian, but there
is no constraint on the Lindblad operators Ly, Ly, ..., Lx. The
J-matrix algorithm assumes that the Lindblad operators are
embedded in a larger Hermitian matrix in the following way:

o L L ... L]
L, 0 0 - 0

Ji=|L 0 0 - 0 QD
Ly, 0 0 - 0

The core idea of the J-matrix algorithm is to simulate Lind-
bladian evolution by performing Hamiltonian evolution on a
larger system that includes both the system qubits and some
auxiliary qubits. [log,(K + 1)] auxiliary qubits suffice for
simulating evolution with K Lindblad operators. Below, we
present pseudocode of the J-matrix algorithm.

Note that the unitary operator ¢~ in Step 2 of the
above algorithm, acts on both the system qubits and the aux-
iliary qubits. Additionally, we did not specify in the above
algorithm how to decompose this unitary operator into smaller
unitary gates that each act on a constant number of qubits.
In general, if some structure of this unitary is not known in
advance, it may require an exponential number of such gates
to implement it.

Note that, in many physically relevant models, the Lind-
blad operators Ly, Ly, ..., Lk are local operators that each act
on only a constant number of qubits, and the Hamiltonian
H is a sum of local Hamiltonians, each of which also act
on a constant number of qubits. To use this structure to our
advantage, we propose an improved version of the standard J-
matrix algorithm, which we call the split J-matrix algorithm.
A similar algorithm has been analyzed in Ref. [56]. The split
J-matrix algorithm requires only K auxiliary qubits, but not
an auxiliary environment, which is potentially much larger
than the system of interest, like in Ref. [56]. In Sec. IV B,
we explain the split J-matrix algorithm in more detail. In this
algorithm, we employ Trotterization to decompose the unitary
e ¥ Vi into unitary operators that act only on a constant
number of qubits.
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ALGORITHM 1. (J-Matrix). Setn := 0(%), where ¢ > 0 is the
simulation time and ¢ € [0, 1] is the desired final error in normalized
diamond distance. Repeat the following steps n times:

(1) Initialize the auxiliary qubits to state |0)(0|®Moe2(K+D1,

(2) Apply the unitary e~/ Vi to the auxiliary qubits and the
system qubits.
(3) Trace out the auxiliary qubits.

(4) Apply the unitary e~ to the system qubits.

B. Split J-matrix

In this section, we present the split J-matrix algorithm
for simulating the Lindbladian £ as defined in Eq. (20). We
begin by rewriting this Lindbladian as a sum of the following
Lindbladians to simplify the gate complexity analysis for this
algorithm, which we present later in Sec. VI A:

L(p) =H(p) + H (p)+ N(p) , (22)
N e’ N——
coherent dissipative
where
K 1 ,
N(p):= ; LpLy = S{LLi p} | (23)
=Ni(p)
P
H(p) =) _ —ilH,, pl, (24)
P=h
—Tip /0)
Y
H (p) =) ~ilH,. pl. (25)
=l

Here, the coherent part of Eq. (22) is composed of the follow-
ing Hamiltonians: the mutually commuting local Hamiltoni-
ans {H,}, and the mutually noncommuting local Hamiltonians
{H (;}q. Furthermore, we assume that the Hamiltonians in these
sets act only on a constant number of qubits. In the dissipa-
tive part of Eq. (22), we assume that the Lindblad operators
Ly, ..., Ly commute with each other. Both these assumptions
are quite common and also hold for the open TC model.

Recall that the naive implementation of the J-matrix al-
gorithm (Algorithm 1) requires the Lindblad operators to be
embedded in a larger Hermitian operator, J, as shown in
Eq. (21). Furthermore, it involves applying the unitary e”/v*
for some small amount of time 7 on both the system qubits
and the auxiliary qubits (see Step 2 of Algorithm 1). It is
simple to see that applying this unitary naively suffers from
a critical drawback—the gate complexity for implementing it
in general, without any assumption on the Lindblad operators,
scales exponentially with the number of system qubits.

We can mitigate this issue for the case that we are con-
sidering, that is, the case where the Lindblad operators are
local operators acting on a constant number of qubits, and
these operators are mutually commuting operators. Hence, we
can break the larger matrix J into smaller matrices, namely,
Ji,, ..., Ji,, each encoding only one Lindblad operator at a

time. These smaller matrices are defined as follows:

0 LI
J, = ko, 26
A |: L 0 :| (26)

for all k € [K]. The key idea is then to apply easier-to-
implement local unitaries e=“1v7, ... e /7 in parallel.
This approach allows us to achieve the same dynamics as
applying the larger unitary e~/v7 to the entire system.

In a similar vein, the naive implementation of the J-matrix
algorithm involves applying the unitary

e*"(z}n):l Hyt 30 Hy)e 27)

to simulate the coherent part of Eq. (22). Here as well if there
is no structure to the Hamiltonian

P Y
> H,+ > H, (28)
p=1 gq=1

then the gate complexity for implementing the above unitary
is exponential in the number of qubits in general. However, for
our case, the above Hamiltonian is the sum of local Hamilto-
nians that act on a constant number of qubits. Therefore, we
apply the second-order Trotterization to the unitary in Eq. (27)
in order to decompose it into a product of easier-to-implement
local unitaries. Refer to Eq. (19) for an explanation of second-
order Trotterization, along with an example. With the above
notions in place, we now present pseudocode for the split
J-matrix algorithm below.

ALGORITHM 2. (Split J-Matrix).

Set
2 2 2 2
ni— 0(7(’( O ! ) (29)

&

where t > 0 is the simulation time, ¢ € (0, 1) is the desired
final error in normalized diamond distance, and

Amax 1= max{[|H |, ..., [Hpll, |H]I. ... IHll, ILi]I,
o Ik 1P (30)

Repeat the following steps n times:
(1) Initialize the auxiliary qubits to state |0)®X.

(2) Apply the local unitaries e *4/# in parallel, where the

unitary ek Vi acts on the kth auxiliary qubit and the
system qubits that L; acts on nontrivially.

(3) Trace out all the K auxiliary qubits.

(4) Apply the local unitaries e~ in parallel, where the
unitary e~ % acts on
the system qubits that H), acts on nontrivially.

(5) Apply the local unitaries e~y sequentially, where the
. _iH’ 717 . .
unitary e~""2¥ acts on the system qubits that H, acts on
nontrivially.
(6) Repeat Steps 4 and 5 in the reverse order, with the order of

the emitters also reversed.

To understand the expression for the number of iterations,
n, in Eq. (29), refer to Sec. VI A for an in-depth analysis of
the gate complexity of the above algorithm.
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V. WAVE MATRIX LINDBLADIZATION

A. Background on wave matrix Lindbladization

WML [39,40] is related conceptually to Density Matrix
Exponentiation (DME) [60], the latter of which is used to sim-
ulate Hamiltonian dynamics when the Hamiltonian is made
available in the form of quantum states. See also Refs. [61,62]
for further exposition of DME. While DME is used to simulate
closed system dynamics, WML is used to simulate Lindbla-
dian dynamics [39,40]. Under the umbrella term of WML,
there are two algorithms for simulating Lindbladian dynam-
ics: the sampling-based WML algorithm and the Trotter-like
WML algorithm. For our purposes, we focus on the sampling-
based algorithm, as we will use it later to simulate the open
TC model. For the sake of brevity, we will henceforth refer
to the sampling-based WML algorithm simply as the WML
algorithm.

The WML algorithm assumes that the Hamiltonian H is
given as a linear combination of mixed states {o j}le :

J
H=Y cjoj, @31)
j=1

where each ¢; € R. This algorithm also assumes that each
Lindblad operator L, is a local operator, acting on a constant
number of qubits, and is given encoded in a pure state |y) in
the following way:

_Le®DhID)

= 32
1V 1L |12 2

where |I') is the unnormalized maximally entangled vector,
defined in Eq. (4), and that we have sample access to multiple
copies of o; forall j € [J] and ¥y := |y )| for all k € [K].
In Refs. [39,40], the authors referred to these states as program
states, a term we will adopt in this paper. The WML algorithm
consists of two registers: the system register, initialized in
the d-dimensional quantum state p, and the program register.
Pseudocode for this algorithm is in Algorithm 3.

B. Realizing the fixed interaction e

In this section, we answer the following question: How can
we realize the fixed interaction, that is, the quantum channel
eMA (see Step 4 of Algorithm 3) of the WML algorithm? An
answer to this question will resolve one of the key open prob-
lems of Ref. [40]. Note that this answer applies more broadly
to the case where we use the WML algorithm for simulating
a general Lindbladian evolution where the Lindblad operators
are local operators; that is, it is not limited to simulating the
open TC model.

To this end, we employ the LCU-based Lindbladian simu-
lation algorithm proposed in Ref. [34] to realize the quantum
channel e¢™”. Note that this algorithm assumes an input
model where the Lindblad operators are represented as linear
combinations of unitaries.

For our case, we have the Lindbladian M with a single
Lindblad operator M as defined in Eq. (35). Using this LCU-
based algorithm, we implement a map M, that approximates

ALGORITHM 3 (WML).

Setn = 0(#) and A := <, where

K

J
c=lejl+ > ILl3s 33)
j=1

k=1

t > 0 is the simulation time and & € (0, 1) is the desired final

error in normalized diamond distance. Repeat the following

steps n times:

(1) Randomly sample a Hamiltonian program state o; or a
Lindbladian program state 1, where o; has probability 1

Il o being

c

of being sampled and ¥ has probability
sampled.

(2) Initialize the program register to the state sampled above.

(3) If a Hamiltonian program state o; is sampled in Step 1,
apply the unitary e=582¢))ISWAPA on both the system and
program registers. Here, sgn(x) evaluates to 1 if x is
non-negative and —1 otherwise.

(4) If a Lindbladian program state vy is sampled in Step 1
instead, apply the quantum channel ¢*'# on both the
program register and the system registers on which L, acts
nontrivially. Here, M is a single-operator Lindbladian:

M) =MEOM" = 1{M™M, -}, (34)
with Lindblad operator
1
M= — (I, ® ITXT" SWAP;, ® 1), 35
@(1 [T'XT]23)( 2®6h) (35)

where register 1 is the system register, registers 2 and 3
jointly represent the program register, and Q is the
dimension of the system registers on which L, acts
nontrivially.

(5) Trace out the program register.

M

eMA where

1
Ma(p) =) AjpA], (36)
j=0

Ag=1—-5M'Mand A, = VAM.

We begin by finding a representation for the Lindblad
operator M as a linear combination of unitaries, which, as
mentioned before, is the input model for the LCU-based al-
gorithm. To simplify things, let us consider the case when the
system of interest is a single qubit. Now, since the expres-
sion for M consists of operators such as [I')I"| [defined in
Eq. (4)] and SWAP [defined in Eq. (3)], we first represent these
operators as a linear combination of Pauli matrices:

IINM = 1I®I+X@X -YQY+Z®Z), (37)
SWAP=3(IQI+X®X+Y®Y+ZQZ). (38)

Plugging the above equations into Eq. (35), we can express
M as a linear combination of the 16 Pauli matrices. Using
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these 16 Pauli matrices, we can directly use the procedure
described in Ref. [34] to realize the fixed interaction e™2.
In Appendix A, we show how to extend the implementation
of e beyond a single qubit to multiple qubits.

A direct implementation involves 16 controlled unitaries,
and each unitary would require up to six control qubits.
However, we can reduce the number of controlled unitaries
using symmetries inherent to M. We provide a detailed circuit
diagram and step-by-step procedure to implement e using
these symmetries and the LCU method in Appendix B.

It is crucial to also note that the LCU-based algorithm
requires a number of auxiliary qubits that scale logarithmi-
cally with the number of Pauli matrices needed to express
M. In Appendix C, we outline how the aforementioned 16
Pauli matrices can be combined so that M can be expressed
as a sum of four unitaries. This quadratic improvement halves
the number of required auxiliary qubits. Although this is a
constant improvement, it is important for the actual imple-
mentation of the algorithm. Additionally, in Appendix C, we
provide detailed pseudocode of the LCU-based algorithm for
approximately implementing the map ¢™” using this fewer
number of auxiliary qubits.

C. WML program states for open TC model

To employ the WML algorithm for simulating the open
TC model, governed by the Lindblad master equation in
Eq. (7), we first need to answer the following question
related to the input model of this algorithm: What are
choices for program states that encode the Lindblad operators
Jka, VY0 ..., /yoy and the Hamiltonian Hrc of the
open TC master equation? We answer this question in what
follows.

Recall that the Hamiltonian for the open TC model with a
coherent drive is as follows:

N
wca'a + Zwi o;“aj_ + gj(aj'a +o;a")
j=1
+ Ep(ae + afe™ ™). (39)
Now, let us break down this Hamiltonian into program states.

From Eqgs. (16) and (17), it is clear that the program state
corresponding to the Hamiltonian term (r;”a i is [1)1]; and

those corresponding to a*a are [01)(01], [10)10], and [11)(11].
Applying a similar analysis on the interaction terms of the
Hamiltonian, we get

a®aj++a+®aj’ =W, — W, + V2(W3 — Wy)
+V3(Ws — W),  (40)

where ¥, = |V, W¥,|, with p € {1, ..., 6}, are the program
states and

1
W) := —=(|001) + 1010)), [¥3) :=1Q®ZQI|¥y),
W) ﬁ(l ) +1010)),  [¥2) ®ZI|V)

1
W3) := —([011) + [100)),
|W3) ﬁ(l ) +1100))

1
Ws) := —(]101) + [110)),
|Ws) ﬁ(l )+ 1110))

|\I/4) =Z®I®I|\I—’3>,

We) :=1®ZQI|Vs).
(4D

Likewise, the coherent cavity drive term, ae’ + a'e=/®c’,
can be expressed as follows:

(@) — D)) + V2(D3 — By) + V3(D5 — Dg),  (42)

where @, = |®,)(®,|, with p € {1, ..., 6}, are the program
states and

1 .

|®y) = E(mo) +e7N0L)), [ ®2) :i=1®Z|Py),
1 .

|P3) := ﬁ(ml) +e " N10)),  |P4) i =ZR1|D3),
1 .

|®s) 1= E(Ilo) +e L)), [Pe) =1 @ Z|Ds).

(43)

For the program states associated with the Lindblad oper-
ators, we can apply the operators in Egs. (14) and (15) to the
definition of program states in Eq. (32) to obtain

(a®DIT) = |0)[1), (44)
(o; ®@DIT) = |0)[1), (45)

for all j € [N].
It is important to note that all the program states mentioned
in this section are easy to prepare.

VI. GATE COMPLEXITY

In this section, we investigate the gate complexities of the
WML and split J-matrix algorithms for implementing the map
e“', where L is the Lindbladian defined in Eq. (20). By gate
complexity, we mean the total number of one- and two-qubit
gates required to implement these algorithms. Note that the
results of this section are applicable for general Lindbladians,
beyond the open TC model.

A. Gate complexity of the split J-matrix algorithm

With the notations and definitions introduced in Sec. IV B,
we can rewrite the split J-matrix algorithm in the quantum
channel form in the following way:

P Y
l_[ e’H,,t/2n o l_[ e?—[;t/n o
p=1 g=1

P

l_[ e’z’-l,,t/Zn

p=1
oJit/n)o---o JK(I/H)) . (40)

where
Tt n)(p) = Try [e /T peii/iTm], A7
Jo =L @0)1]s + Ly ® [1)0l4,  (48)

for all k € [K], and A is a single-qubit auxiliary system. Note
that for simulating the coherent part of the Lindbladian £ in
Eq. (22), the split J-matrix algorithm employs the second-
order Trotterization for first splitting H + H’ and then the
first-order Trotterization for splitting the summands in H
and in H'. However, for our purposes and to simplify the
analysis, we employ the first-order Trotterization for all three
aforementioned splittings. Note that a similar analysis can be
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performed for the second-order Trotterization, or any higher-
order Trotterization, but we leave that for future work. To this
end, the split J-matrix algorithm in quantum channel form is

P
1_[ e?—l,,t/n
p=1

0
o | [T | oitt/myo -+ o0 Tt /m) .
q=1
(49)

which can be written more compactly as follows:

on

[
Mo | [Te™ ™ | o Rie/myo--- o Tx(t/n) (50)
g=1
due to the following fact:
P
etin = l_[ etttin, (51)
p=1

Theorem 1 (Gate complexity of the Split J-Matrix algo-
rithm). Let L be a Lindbladian, as defined in Eq. (22), such
that the Lindblad operators L, L,, . .., Ly commute with each
other. The split J-matrix algorithm, represented as a quantum
channel in Eq. (50), uses the following number of one- and
two-qubit gates such that it is e-close to the target channel *
in normalized diamond distance:

0<(P + 0+ K)K?+ Q2)x3naxz2>
. )

(52)

where An.y 1s defined in Eq. (30).
Proof. See Appendix E. |
Specifically, for the open TC model, we have P = Q =
K = N, where N is the number of emitters. Therefore, the
above theorem directly implies the following result:
Corollary 1. The split J-matrix algorithm uses the follow-
ing number of one- and two-qubit gates to approximate the
open TC model dynamics with one cavity and N emitters:

N3A2 [2
0<¢> (53)

&

where ¢ is the approximation error in normalized diamond
distance.

B. Gate complexity of the WML algorithm

Recall that the WML algorithm assumes that the Hamil-
tonian H is given as a linear combination of quantum states
{o; }§=1 , as shown in Eq. (31), and that each Lindblad operator
L, is given encoded in a pure state |1 ), as shown in Eq. (32).
Step 1 of the WML algorithm is the sampling step where the
state o; is sampled with probability %’ (Case 1), the state o

is sampled with probability # (Case 2), and the state

is sampled with probability % (Case 3), where c is defined
in Eq. (33). Step 2 is simply initializing the program register
with the sampled state. Note that the system register is in the
state p. Depending on the case, Step 2 can be represented as
the following appending channels, defined for all j € [J] and

k € [K]:

(Case 1 and Case 2):
(Case 3):

PLi(p)=p®oaj,  (54)
Prilp) :=p @ Y. (55)
Step 3 of the algorithm involves applying one of the following

three quantum channels jointly to the system and program
registers, also depending on the case:

(Case 1): N"(p ® o)), (56)
(Case 2): ¢V "(p® g;), (57)
(Case 3): ™M (p ® yn), (58)
where
M () := —i[SWAP, -] 59)
N>(-) := i[SWAP, -] (60)
M) :=MOM - HM™M, -}, (61)

with the Lindblad operator M defined as
1
Vo

where Q := 2. Finally, Step 4 of the algorithm is to trace out
the program register, and we repeat all the abovementioned
steps n times.

We represent each iteration of the above algorithm, i.e.,
Steps 14, as a quantum channel A&ﬁiﬁ}gr, where © :=1/n.
This channel is defined as follows:

M = (I ® [TYT[23)(SWAP12 @ I3), (62)

(ideal) . __ ¢j Niet i
AWML = E —“Tryoe 0P
Jjic;j>0
(=c;)
+ E -~ TrzoeNz”oPLj
Jicj<0 ¢

Lell? :
+y NEA113 Trz0eMToPrr.  (63)
X C

This implies that the entire algorithm can be expressed as the
composition of the above channel n times:

(Awn,)" (64)

Note that we use a superscript “ideal” because we assume
that the channels ¢! er eV 27 and eM¢7 can be implemented
exactly without any errors. However, this assumption is not
practical. While the channels ¢Vi¢* and ¢\>°" can be imple-
mented exactly in principle because they are unitary channels,
the same cannot be said for the nonunitary Lindbladian chan-
nel eM¢7,

As mentioned in Sec. V B, we implement the Lindbladian
channel ¢M¢* using an LCU-based algorithm introduced in
Ref. [34]. Let us represent this algorithm as a quantum chan-
nel R... Additionally, we represent this version of the WML
algorithm that employs algorithm R., as a subroutine for
implementing e™¢* as

(Aae) " (65)
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where
Cj .
A = Y o Troe T 0Py
Jjicj>0
(_cj) Nt
+ Z Tryoe o 'Pl,j
Jicj<0 ¢

I 113

+ Y "2 Try3 0Rer 0 Paye (66)

k Cc

Theorem 2 (Gate complexity of the LCU-based WML al-
gorithm). Let £ be a Lindbladian as defined in Eq. (20).
The LCU-based WML algorithm, represented as a quantum
channel in Eq. (65), uses the following number of one- and
two-qubit gates such that it is e-close to the target channel ¢’
in normalized diamond distance:

2,212
O(M) )

elnln(ct/¢e)

where c is defined in Eq. (33).

Proof. See Appendix D. |

The above theorem and the relation between ¢ and N (the
number of emitters), which we show to be ¢ = O(N) in Ap-
pendix F, imply the following result:

Corollary 2. The LCU-based WML algorithm uses the fol-
lowing number of one- and two-qubit gates to approximate the
open TC model dynamics with one cavity and N emitters:

0<N2t2 lnz(Nt/5)>7

eInln(Nt/e) (68)

where ¢ is the approximation error in normalized diamond
distance.

VII. RESULTS

We developed our simulations using Qiskit v.0.45 and
ran them on the QASM simulator from Qiskit-Aer, which is
a noiseless quantum computer simulator. We then compare
these simulations with simulations using the classical Lind-
blad master equation solver of QuTiP [63,64]. Finally, we use
the Matplotlib Pyplot library to generate the figures in this
section.

A. Population plots

We first demonstrate that our algorithms accurately model
the populations of the cavity and emitters over a given time
interval. To generate plots, we first select equally spaced times
over this interval. At each selected time, we calculate the pop-
ulations of the cavity and emitters using one of our quantum
algorithms. To understand how to calculate these, refer to the
paragraph surrounding Egs. (10) and (11).

First, we consider a system consisting of a cavity and
a single emitter (N = 1) with w¢c = wg,| =245THz, « =
24.5GHz, y = 0.4 GHz, and g; = 100 GHz, evolving accord-
ing to the Lindblad master equation, as defined in Eq. (7),
from time #{ = Ons to £, = 0.25ns. At ¢ = Ons, there are two
excitations in the cavity but none in the emitter. We begin
by selecting 250 equally spaced times over the time interval

20 —— Cavity
Emitter 1
1.5
C
°
©
21.0
& v
0.5
'l\\v oA
M aae o o TRV PP
0.0
2.0 —— Cavity
Emitter 1
1.5
e
o
©
31.0
S V
0.5 \,/\
N\
\/\\_"_\ _
0.0 T
0.00 0.05 0.10 0.15 0.20 0.25

Time (ns)

FIG. 1. Population of a resonant single-emitter system initialized
with two excitations between t = 0 and t = 0.25ns. The cavity is
coupled to a single resonant emitter (wc = wg,; = 245 THz) and the
system parameters are (k,y, g1) = (24.5, 0.4, 100) GHz. The top
plot represents the result of the J-matrix quantum algorithm run on
the QASM simulator, while the bottom plot represents the classical
solution simulated in QuTiP. The simulation used 1000 shots, giving
statistical shot noise of approximately 1/+/1000 = 0.03.

[0, 0.25] ns. For each selected time, we ran the J-matrix al-
gorithm starting from f; = Ons to this time to calculate the
populations of the cavity and emitter. For each run of this
algorithm, we employed n = 100 steps. We plot these results
in Fig. 1, where the top plot corresponds to the population
plots produced using the J-matrix algorithm and the bottom
plot corresponds to the population plots produced using the
classical solver of QuTiP.

In Fig. 2, we consider the same resonant system as above,
but initialized with one cavity excitation instead of two. In
addition, we add a coherent drive of strength Ep = /2 (i.e.,
the cavity is pumped with excitations at a rate of 50% at which
they decay) and plot the populations of the cavity and emitter
over the same times as we did previously.

It is important to note that our algorithms are not limited
to homogenous and resonant systems. To demonstrate the
inhomogeneous case, we consider a system consisting of a
cavity with a single excitation and four emitters (N = 4). We
set the cavity frequency to be the same as we set previously,
i.e., wc = 245 THz; however, we set different frequencies for
different emitters because we are considering the inhomo-
geneous case. Specifically, we set the frequency of the first
emitter to be wg | = 245.1THz, and then each successive
emitter has a higher frequency by the same amount so that
wg.; = wg,i—1 + 100 GHz. Furthermore, we set « and y to be
the same as before, i.e., 24.5 and 0.4 GHz, respectively, and
we set g; = 100 GHz, for all i € {1, ..., 4}. We then selected
200 equally spaced times from the time interval [0, 0.25] ns,
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1.0 —— Cavity
Emitter 1

0.8

C

20.6

©

2

I 0.4
o \/\\//\“WMN/WMM“M
0.0
1.0 —— Cavity

Emitter 1

0.8

e

20.6

©

2

o 0.4

o
0.2 \//\//\\//\/\/\V/\
0.0

0.00 0.05 0.10 0.15 0.20 0.25

Time (ns)

FIG. 2. Population of a driven resonant single-emitter system
initialized with one photon between ¢t = 0 and r = 0.25 ns. The cav-
ity is coupled to a single resonant emitter (wc = wg 1 = 245 THz)
and the system parameters are («k,y, g1) = (24.5, 0.4, 100) GHz.
The system also has a coherent drive of power Ep = k /2. The top
plot represents the result of the J-matrix quantum algorithm run on
the QASM simulator, while the bottom plot represents the classical
solution simulated in QuTiP. The simulation used 1000 shots, giving
statistical shot noise of approximately 1/+/1000 = 0.03.

ran the split J-matrix algorithm for each of these selected
times, and calculated the populations of the cavity and four
emitters. For each run of this algorithm, we employed n = 50
steps. We plot the simulation results in Fig. 3, where the top
plot corresponds to the population plots produced using the
split J-matrix algorithm and the bottom plot corresponds to
the population plots produced using QuTiP.

Our most important result is that our algorithms
expand the parameter space for simulations of the TC
model. To give an indication of this, we model the
population of a nonresonant N =9 emitter system.
To this end, we consider a cavity with frequency
wc = 245THz. The emitter frequencies are wg; — wc =
(100, —400, —100, 400, 100, 100, 400, —200, —500) GHz.
Again, we set « =24.5GHz, y =04GHz, and g=
100 GHz. To begin with, we initialize the system with
three excitations so that the dynamics of all nine emitters
are easier to visualize as the system decays. In Fig. 4, for
generating the top plot, we ran the split J-matrix algorithm
for 150 selected times from the time interval [0, 0.25]ns.
For each run of the algorithm, we employed n = 45 steps.
Note that the plots in Fig. 4 are cut off at a population of one
excitation because almost all systems spend the entire time in
this range.

Next, we consider a system consisting of a cavity and two
emitters (N = 2) with wc = 245 GHz, wg,; = wc¢ + 0.4 GHz,
and wg» = wc 4+ 1.3GHz. For simulating this system, we

1.0 —— Cavity
0.8 Emitter 1
' —-— Emitter 2
s 1 e Emitter 3
o
w® 0.6 —— Emitter 4
2
o0.4
o
0.2
0.0
1.0 — Cavity
0.8 Emitter 1
’ —-— Emitter 2
_5 osll Emitter3
® —— Emitter 4
=)
0.4
o
0.2
0.0 - ) e -
0.00 0.05 0.10 0.15 0.20 0.25

Time (ns)

FIG. 3. Population of an off-resonant inhomogeneous N = 4
emitter system initialized with one excitation between ¢ = 0 and
t =0.25ns. The cavity frequency is wc = 245 THz and emitter
frequencies are (wg ;) = (245.1,245.2,245.3,245.4) THz. System
parameters are (k, y, g;) = (24.5, 0.4, 100) GHz. The top plot rep-
resents the result of the split J-matrix quantum algorithm run on
the QASM simulator, while the bottom plot represents the classical
solution simulated in QuTiP. The simulation used 1000 shots, giving
statistical shot noise of approximately 1/4/1000 =~ 0.03.

1.0

—— Cavity
Emitter 1
- Emitter 2
=== Emitter 3
—— Emitter 4
—-— Emitter 5
Emitter 6
—— Emitter 7
Emitter 8
----- Emitter 9

0.8 1

o
o

Population

I
IS

0.2+

0.0

0 0.05 0.10 0.15 0.20 0.25
Time (ns)

FIG. 4. Population of an N = 9 emitter system initialized with
three excitations between r = 0 and r = 0.25ns. The cavity fre-
quency is wc = 245THz and the emitter frequencies are wg; —
wc = {100, —400, —100, 0, 100, 100, 400, —200, —500} GHz. Sys-
tem parameters are (k, y, g;) = (24.5, 0.4, 100) GHz. The plot was
generated by the split J-matrix algorithm run on the QASM simu-
lator with 1000 shots, giving statistical shot noise of approximately

1/4/1000 ~ 0.03.
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Population
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N
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FIG. 5. Population of an N =2 emitter system between ¢ = 0
and r = 3 ns. The cavity frequency is wc = 245 GHz and the emitter
frequencies are wg; — wc = (0.4, 1.3) GHz. System parameters are
(k,y,8 = (160, 19.6, 1000) MHz. The top plot was generated by a
hybrid algorithm run on the QASM simulator and the bottom plot by
QuTiP. The simulation used 1000 shots, giving statistical shot noise
of approximately 1/4/1000 ~ 0.03.

make use of a rotating frame, in which

e—th — e—i(H—aI)t (69)
up to a global phase, where a is some real number and [ is
the identity matrix. Consequently, simulating the system with
wc = 0GHz, wg | = 0.4 GHz, and wg » = 1.3 GHz yields the
same results as simulating the aforementioned system with
higher values of wc, wg.1, and wg . The rotating frame is
crucial for employing the WML algorithm (Algorithm 3) to
simulate the system even more effectively. This is because it
significantly reduces the value of ¢, which directly depends on
the values of wc, wg 1, and wg 2. This reduction in the value of
c leads to a significant decrease in the run-time of the WML
algorithm, which is proportional to ¢?, as proved in Theorem
2. For color center systems, the emitter frequencies wg ; are
quite high; the ¢? time complexity of WML thus makes it more
amenable to apply it to systems of few emitters, or in which
the emitters have identical or nearly identical frequencies. For
the WML algorithm, we create plots by employing a hybrid
algorithm in which we use the split J-matrix algorithm for
implementing the fixed interaction map e defined in Step 4
of Algorithm 3. Finally, in Fig. 5, we plot the population plots
at 19 evenly spaced times from the time interval [0, 3] ns.

We next employ the hybrid algorithm to model the
dynamics of a nonresonant N =4 emitter system. In
this system, the emitter frequencies are wg; —wc =
(0.2,0.5,0.75,1) GHz, and the system parameters are
(k,y,8) = (160,22.5,800) MHz. The results of this simu-
lation, between O and 2ns, are shown in Fig. 6, where for

Iy
o

—— Cavity
0.8 Emitter 1
’ —-— Emitter 2
_5 o6l N\ 7 Em?tter 3
T —— Emitter 4
2
o 0.4
o
0.2
0.0
1.0 — Cavity
0.8 Emitter 1
: —-— Emitter 2
S~ N\ e Emitter 3
£0.6
© —— Emitter 4
2
o 0.4
o
0.2
0.0
0.00 0.25 0.50 0.75 1.00 1.25 150 1.75 2.00
Time (ns)

FIG. 6. Population of an N = 4 emitter system between ¢t = 0
and r = 2 ns. The cavity frequency is wc = 245 GHz and the emitter
frequencies are wg; — wc = (0.2, 0.5, 0.75, 1) GHz, and the system
parameters are (k, y, g) = (160, 22.5, 800) MHz. The top plot was
generated by a hybrid algorithm run on the QASM simulator and the
bottom by QuTiP. The simulation used 1000 shots, giving statistical
shot noise of approximately 1/4/1000 = 0.03.

generating the top plot, we evaluate the system populations
at 11 evenly spaced times.

B. g¥(0) coherence

Estimating the g®)(0) coherence of the cavity, as defined in
Eq. (12), accurately is a challenging task when using a sam-
pling algorithm. This is because, in the steady-state regime,
the numerator Tr[a’a’aap] and the denominator Tr[a'ap] of
Eq. (12) tend to be very close to zero, and thus many samples
are needed to sample sufficiently many nonzero values. Esti-
mating g»(0) by estimating its numerator and denominator
separately requires numerous samples, and an estimate of the
number of samples required to approximate quantities like
2?(0) can be found in Ref. [65]. In this paper, we use the
median of means method [66] to estimate g)(0). Although
the median of means method also requires that we separately
estimate both the numerator and denominator of g(z)(O), it
uses binning to obtain slightly better convergence.

We aim to approximate g®(0) within 0.1 of the QuTiP
value. To demonstrate that our simulations are able to approx-
imate g»(0) within these bounds, we consider the following
examples: A resonant single-emitter system, where w¢ =
wg, =245 THz, k = 245GHz, y = 04GHz, and g| =
100 GHz, is initialized with one excitation and has attached
to it a coherent drive of strength Ep = /5. The value for
the g (0) coherence, estimated using the classical solver of
QuTiP, is 0.1895. Our estimate of g (0), in Fig. 7, is within
0.1 of this value.
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FIG. 7. Coherence in a driven resonant cavity with a single emit-
ter showing the running median estimate for the g®(0) coherence
after each batch mean. The median of means approach is used
to estimate the QuTiP value of 0.1895. The emitter is resonant
with the cavity: we = wg; = 245 THz. The system parameters are
(k,v,8) = (24.5,0.4,100) GHz, and the cavity is subjected to a
pump of strength Ep = /5. The plot was generated by the split
J-matrix algorithm run on the QASM simulator with 1000 shots
per batch. Based on QuTiP simulations, the error in a single g®
simulation is about 0.19, so the expected statistical shot noise in each
batch is about 0.19/4/1000 ~ 0.006.

Now, we demonstrate that the WML algorithm (Algo-
rithm 3) can also be used to estimate the g (0) coherence
of a nonresonant system with one emitter. The cavity fre-
quency is wc = 245 THz. The emitter frequency is wg 1 —
o, = 180 MHz and the system parameters are {«, v, g, Ep} =
{1.8,0.1, 0.2, «/2}. For this system, we divide the total num-
ber of shots into 20 batches of 1500 shots each, and we plot
the running median of these 20 batches in Fig. 8.

0.9
0.90
i)
(]
£
£ 0.85 1 _ o
w
2 —— Running Median
©0.801 ___ y_o0.842
------ Upper bound
0.75{ = Lowerbound

2 4 6 8 10 12 14 16 18 20
Batches

FIG. 8. Coherence in a driven nonresonant cavity with a single
emitter showing the running median estimate for the g®(0) co-
herence after each batch mean. The median of means approach is
used to estimate the QuTiP value of 0.842. The emitter frequency
is wg; — o, = 180 MHz and the system parameters are (k, y, g) =
(1.8, 0.1, 0.2) GHz, and the cavity is subjected to a pump of strength
Ep = k /2. The plot was generated by the hybrid algorithm run on
the QASM simulator using 1500 shots per batch. Based on QuTiP
simulations, the error in a single g® simulation is about 0.04, so the
expected statistical shot noise in each batch is about 0.04/4/1500 ~
0.001.

0.92 —— Running Median

©c o o
© © o
© O =

g2(0) Estimate
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©
©

0.87
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Batches

FIG. 9. Coherence in a driven inhomogeneous system of a cavity
with eight emitters showing the running estimate for the g (0)
coherence after each batch mean. Emitters frequencies are wg; —
wc = (20, 50,75, 40, 15,30, 57, 15) GHz. The system parameters
are (k,y,g) = (2.83,0.8,10) GHz, and the cavity is subjected to
a pump of strength Ep = k /2. The plot was generated by the split
J-Matrix algorithm run on the QASM simulator with 3000 shots per
batch. Because this large system is difficult to simulate by typical
classical means with QuTiP, we do not estimate the shot noise.

Finally, consider a larger system with eight emitters, a
size difficult to simulate numerically on a typical classical
computer. We set the frequencies of these eight emitters
as follows: wg; — wc = (20, 50, 75, 40, 15, 30, 57, 15) GHz.
Furthermore, the other system parameters are (k,y,g) =
(2.83, 0.8, 10), and the cavity is subjected to a coherent drive
of strength Ep = « /2. For this system, we divide the total
number of shots into 13 batches of 3000 shots each. We plot
the running median of these 13 batches in Fig. 9; the median
quickly converges to g (0) ~ 0.867.

VIII. DISCUSSION

In this section, we discuss important considerations when
deciding which of the algorithms, i.e., the J-matrix algorithm
(see Sec. IV A), the split J-Matrix algorithm (see Sec. IV B),
and the WML algorithm [39,40], to use when simulating a
system of interest using a quantum computer.

The choice between the J-matrix algorithm and the split
J-matrix algorithm depends on the size and number of Lind-
blad operators in the system of interest. The standard J-matrix
algorithm may be better for situations where the Lindblad
operators are not local operators and thus the matrix encoding
these operators cannot be split into smaller operators acting
on subsystems. The split J-matrix algorithm is well suited for
systems with multiple Lindblad operators, each acting on a
constant number of qubits, like in the open TC model.

The main difference between the WML [39,40] and the
split J-matrix algorithm is the input model. WML assumes
sample access to program states that encode the Hamiltonian
and Lindblad operators of a given model. This is an easy
assumption to satisfy if the program states required can be ef-
ficiently prepared. On the other hand, if we are provided with
classical descriptions of the Lindblad operators, then we can
use the split J-matrix algorithm since we can obtain a classical
description of the unitary operators required. Another differ-
ence between the two algorithms is that the WML algorithm’s
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run-time is sensitive to the quantity ¢ [defined in Eq. (3)].
As described in Sec. VII, this means that systems featuring
many emitters with different frequencies are more expensive
to simulate than systems with few emitters, or emitters with
lower frequency variation. In contrast, while the simulation
time depends on system size for the split J-matrix method, its
performance degrades much more gradually as these factors
increase.

In the context of the open TC model, we discuss gates
involving three or more qubits in each algorithm, which must
be decomposed into one- and two-qubit gates. The decompo-
sition is specific to the quantum computer in question. Several
auxiliary qubits are used in the LCU-based WML algorithm
to simulate the fixed interaction. This subroutine uses a series
of controlled-unitary gates. In order to apply these gates, four
control qubits and three target qubits are used, for a total of
seven qubits. On the other hand, the largest gates in the split
J-matrix algorithm act on only three qubits (i.e., the cavity
J-Matrix gate and the cavity-emitter interaction Hamiltonian
gate).

The simulations presented in this work can handle up to
three excitations in the cavity. This can be achieved by chang-
ing the way the Pauli-X gates are applied to initialize the
cavity qubits. To simulate R excitations in the cavity, our tech-
niques require log, (R + 1) qubits corresponding to the cavity.
The dimension of the cavity annihilation operator increases
linearly in R, and the constants ¢ and Ay« scale quadratically
in R, as shown in Appendix F. The gate complexity of both
the split J-matrix and WML algorithms then scale according
to Theorems 1 and 2, respectively. Additionally, if we assume
that the number of emitters, N, is proportional to the number
of excitations in the cavity, R, we can see that our techniques
scale polynomially with the number of excitations. This is
a marked improvement over commonly used classical simu-
lation techniques, which scale exponentially with number of
excitations (see Appendix G for details). The final modifica-
tion we should consider is when emitters can hold more than
a single excitation at a time, e.g., modeling three-level atoms.
This would require using multiple qubits per emitter. The gate
complexities then scale according to the dimension of annihi-
lation operators of the emitters. The number of qubits required
in these algorithms scales linearly in N, another substantial
improvement over the exponential scaling of typical solvers.

IX. CONCLUSION

The key contributions of our paper are threefold. First, we
implemented two open quantum simulation algorithms—the
WML algorithm and the split J-matrix algorithm—to model
the behavior of the open TC model. Our results show that
these quantum algorithms can model open model dynamics
accurately. Furthermore, our theoretical findings broaden the
parameter regimes for simulating the open TC model (non-
resonant and inhomogeneous) using our quantum algorithms.
Second, we proposed two efficient LCU-based protocols for

implementing the fixed interaction channel of the WML al-
gorithm. This resolves one of the key open questions of prior
studies [39,40]. Third, we investigated the gate complexity of
our algorithms. We discovered that the gate complexities of
the WML and split J-matrix algorithms scale quadratically
and cubically with respect to the number of emitters in the
system, respectively, while the number of qubits scales lin-
early as O(N).

Looking ahead, one open question is how the simula-
tions would perform if the algorithms were run on hardware
with bosonic modes instead of qubits. Finally, it would be
interesting to extend these algorithms to model the Tavis-
Cummings-Hubbard model, in which multiple cavities are
coupled to each other and to emitters.
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APPENDIX A: DECOMPOSITION OF THE LINDBLAD OPERATOR M

In Sec. VB, we presented a decomposition of the Lindblad operator M, defined in Eq. (35), as a linear combination of
unitaries for the case of the system of interest being a single qubit. In this Appendix, we extend this to the case where the system
of interest consists of multiple qubits.

To begin with, let A denote the system register consisting of g qubits. Similarly, let B and C jointly denote the program
register, each consisting of g qubits. As stated previously in Eq. (34), the Lindbladian M acts jointly on the system register and
program register, and it consists of a single Lindblad operator M, which is given as follows:

1

MZW

(In ® [T'XT|pc)(SWAPsp ® Ic). (A1)

Now, consider the fact that the multiqubit operators I4, |I')I"|gc, and SWAP4p can be decomposed as tensor products of operators
that each act on only one or two qubits:

Iy=14 ®ly, ® - Qly,, (A2)
ICXT|gc = ITXT |g,c, ® TN |y, ® -+ - @ [T XT|p,c,» (A3)
SWAP4g = SWAP4, 3, ® SWAPA,z, ® - - - ® SWAP, 3., (A4)

where the registers {A;}iciq), {Bi}ieq» and {Ci}ic[q) are all single-qubit registers andA :=A| ® --- ® Ay, B:=B| ® --- ® B;, and
C :=C; ®---®C,. Using the above equalities, we decompose M as follows:

1 1
M = W(IAI ® |F><F|31C1)(SWAPA]B] ® IC]) ® W(IAZ ® |F)(F|32C2)(SWAPA232 ® ICQ)

=M, =M,
1
&+ ® 575 (I, ®INNTlac,)(SWARsp, @ Lc (A
=M,
— MM ® - ®M,. (A6)

It is straightforward to see that we can obtain the linear-combination expression for M if we can get the linear-combination
expression for each M;; therefore, we now focus on obtaining the latter. For all i € [g], SWAP4,5, and |I"XT"|,c, can be written in
terms of Pauli strings as follows:

SWAPA B, = 5 (In, ® I, + Xa, ® Xp, + Y4, @ Y5, + Za, ® Zp,), (A7)

IT)(Tlsc, = 5(Is, ® Ic, + X5, ® Xc, — Y5, ® Yo, + Zp, ® Zc,). (A8)

Ignoring the system labels for simplicity, we can rewrite each M; as follows:

M; URIRI+XQIXRQI+YRYRI+ZIZRQIIT+IRXRX+XRIR®X

T 4212
1YQIZOX -ZRIV X —IQYRY+XQiZOY —-YRIQY —ZQiX®Y
1IRZQZ+XQIYRZ-YRIXRZ+ZRIRDZ). (A9)

Observe that there are 16 terms in the above linear-combination expression. This implies that there are 167 or 2*¢ terms in the
linear-combination expression for M.

APPENDIX B: WAVE MATRIX LINDBLADIZATION ¢4 CHANNEL PROTOCOL 1

In this section, we outline a protocol for the implementation of the fixed interaction channel e™* of the WML algorithm
using symmetries inherent to the operator M. For simplicity, the following protocol details the steps for the implementation of
eMA channel with three qubits, A, B, and C, as input, where A is the system of interest and BC contains the program state. We
detail how we employ the LCU-based algorithm proposed in Ref. [34] to realize this fixed interaction. Using the LCU method,
we can produce a quantum map M, that approximates e”!*, where M, can be written in the following manner:

1
Ma(0)=>"A;0AT, (B1)
j=0
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FIG. 10. Circuit diagram for Protocol 1 for approximately implementing the channel e,

withAg =1 — %M M and A, = v/ AM. Since we will express M and MM as a linear combination of unitaries, we can use the

LCU method [34] to implement this approximation. First, recall the definition of M from Eq. (35):

1
M = (14 ® [P lac)(SWAPAS & fe)

1
= m(lA QBRI+ L XgRXc+1hRZpRZc — 14 QY ® Y¢)

XU QLRI +XaQXp®Ic+Z4@ZpRIc + Y4 @Y ®I¢)

1 o o
- Y @xezx)c1@x o zx).
4ﬁ i,j,k,(Xe:{O,l}

Then, it follows that

+ 1 1
M'M = (SWAP4p ®IC)E(IA ® |F)(F|BC)E

= (SWAP4p ® Ic)(Is ® |I'XT|pc)(SWAP4E ® Ic)
ITXCac ® Ip

(Ia ® ITXT|pc)(SWAPAp ® Ic)

1
E(IA®IB®IC +Xa QX+ ZsQ R Zc —Ys QI ®Yc)

Ly @xiozixy).

k,£e(0,1)
We would like to implement a quantum channel that has the following two Kraus operators to approximate e
A
Ag=1—-=M'Mm,
2
Ay = VAM.

To do so, we can use LCU methods [34]. Consider that the first Kraus operator can be written as

A
Ag =1y ®IB®IC_Z(IA®IB®IC+XA QIRXc+Zy QIR Zc — YA QI R Y¢)

MA.

A
=1 ®IB®IC+Z(_IA QIRIc —Xpa I RXc —Zy QIp R Zc + Y, ® I ® Yo).
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An LCU algorithm for implementing e is depicted in Fig. 10. Let us verify that the constructed circuit in Fig. 10 is indeed

correct. We define unitaries B and C as follows:
1

Bs|0) = «/1+—A(|0) + VA1),
Csl0) = ;((1 + A)|0) 4+ 2v2A(1)).
V(I + A2 +8A

The remaining gates, in order of their appearance, are defined as

Cys6XaXc = [1)1]4 @ [1)(1|5 ® [0)O0]c ® Xa ® Xc + (Iss6 — [1)1]4 @ [1){1|5 ® [0)Ol6) ® Ix & I,
Gas6ZaZce = |1)(1]3 @ [1)(1]5 @ [0)0l¢ ® Zs ® Zc + (Is6 — [1)(1]3 @ [1)(1]s @ [0)0l6) ® 14 @ Ip,
CaeZsz := [1X1]4 @ [1)1]6 ® Z3 + (Iss — [1X1]s ® [1){1]6) ® I,
CeZs := [1)(1]6 ® Zs + (Is — |1X1]6) ® I,
CaeXaXp := |11 @ [1)1]6 ® X4 ® Xp + (Iss — [1){1]s ® [1)X1]6) ® Ix ® I,
Cy6ZaZp = |1){113 ® [1)X1]6 ® Za ® Zp + (I35 — [1)1]3 @ [1)}1]6) ® 14 ® I,
CieXpXc = [1X1]1 ® [1X1]6 ® Xp & Xc + (Iis — [1)X1]1 ® [1X1]6) ® I ® I,

CaeZpZc = [1X12 @ [1)X1]6 ® Zp ® Zc + (I16 — 112 @ [1){1]6) ® Ip ® Ic.
The state after the application of the gates H;H, H3H,Z5B5Cg is

)1 1) 2143144105 — VA[1)5)((1 4+ A)|0)6 4 2/2A11)6)|¥) asc

= (1+ M)+ ) 2l4+)314)a10)51006 1) anc + 2V2A14)114+)214)314)4(10)s — VA1) 5)I 1)elv)anc

— VAU + D)1 [+)214)31+)al 151006 ) apc-
The first term in the superposition is never modified by the circuit. We just need to handle the other terms. Let
1A-)s = 10)s — VA[D)s.
The second term can be written as follows:
1 oy
[l H2l+)sl+)al A-)s[ el ¥)asc = 7 D lidi1)2lk)s1€)al AZ)s|1)6lv) asc
ijk,e
After the application of CysZ3, we get
1 ety |
~ 3 Z (=D i1 )alk)s1€0al A)s| D6l ¥ asc-
1,7kt
After the application of C4XsXp and C36Z4Zp, we get
1 o
= 7 2 DM alksl0al A )s1)6(Z4X) © Z5X5) 19 ) anc.
ik,
After the application of CsXpXc and Ci6ZpZc, we get
1 . . iviJ i 1 .
= 3 2 el A )s16(ZXg ® ZeX) (=DM (ZIXS @ ZpXg) ¥ asc.
ijik,€

The third term can be expressed as follows:

1
)12l +)31+)alD)s10)6[V)asc = I+)1l+)23 D 1k)31€)a11)510) ¥ anc-
k€

After the application of Cys6X4Xc and Cs56Z4Z¢c, we get

1
= 1025 D I310411)510)6(ZAXS ® ZEXE) 19) anc.
k,t
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So, this means that the overall superposition goes to

= (1 + A)[+)11+)2l+)31+)410)510)6 ¥ ) anc

1 . . i i i i .
+2V2AL D7 1Nkl A )s06(Z5X] © ZEX]) (— DM (ZLXE ® ZEXy) 1) anc
i,j,k,l

1
= VAL + D)1+ YRl Dsl0)6(ZiX; ® ZEXE) ) anc
k.t
= (1 + M)+ 1l+)2l+)314)410)5|0)6 1) ac

A . . i j i i .
/5 2 12kl A )sI De(Z5X5 ® ZEX2) (=DM (Z4X @ ZyXg) 1) asc
i,j.k,l
VA

= =+ M)+l 3 K)310)al1)510)6 (Z4X5 © ZEXE) W )anc

k.t
Now applying the projection onto (4| {+|2{+|3(+/4, the state then becomes

A o o
(L )I0)s10)el ¥ hanc +/ 3518 )sl1s D (Z5X5 © ZeX2) (=1 (ZAXE ® ZX) W) anc
i,j,k. €

1 /A
- 5\/;(1 + M)1)s10)6 Y (ZiXy ® ZEXE) 1Y) anc

k.t

1 [A ;
= (14 A)|0)510)]¥)asc + v/ AIA)s1)6M 1Y) anc — 7\ 7 U+ 2IDs10)6M M) asc.

Now, apply C¢Zs. The state then becomes

1 (A .
(14 A)|0)s10)6|¥)ac + VAIAL)s|1)eM|Y) asc — 2 5(1 + A)|1)5]0)6M M| r) apc,

where
|A4) = 10)s + VA[1)s.
Now apply the projection onto (0|5 + (1]5+/A, which gives

A t
(14 A)0)s|¥)ase + (1 4+ AW A[1)6M W) apc — > (14 A)[0)6M M1y} anc

A
=1+ A)|0)6<1 - EMTM>|W>ABC + (1 4+ A1)V AM|Y) apc

2

This is the final correct state, so that we realize the quantum map in Eq. (B1) after tracing over register 6.

o |0>6(1 —~ éM*M)wfmc + 1)/ AM |Y) ape-

APPENDIX C: WAVE MATRIX LINDBLADIZATION e** CHANNEL PROTOCOL 2

(B32)

(B33)

(B34)

(B35)

(B36)

(B37)

(B3%)

In this Appendix, we demonstrate how to reduce the auxiliary-qubit overhead by reducing the number of unitaries required
to express each M; as defined in Eq. (A9). The key idea for reducing the number of terms in the linear-combination expression
given in Eq. (A9) is to map this linear combination of unitaries to a linear combination of different unitaries. We achieve this by
combining certain unitaries in a manner that ensures the resulting combination remains a unitary operator. To this end, we define

the following unitaries:

1
M = ﬁ(Ul,o +Ui1 + U2 + Ui 3),

where
2010 =XQ®XQI—IQYQRY+ZR®ZII-YR®IQY,
U1 =IXQ@X+YRXYRX+XRIX+ZRXZ®X,
201, =Y QZYQRZ+ZQIRZ+IRZRZ+XQZX ®Z,
2U13:=1QIQI+YRYRI-XQRYXQY -ZRYZRY.
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FIG. 11. Circuit diagram for Protocol 2 for approximately implementing the channel e*4

Now, we evaluate MM as follows:

M™™ = J((sWAP, ® I)(I} ® [T)T|23) () ® |TXT |23)(SWAPY, ® 1)) (C6)
= (SWAP;2 ® I)(I; ® |I'YI"|23)(SWAP12 ® ) (C7)
= V2(sWAP;, ® DM = L(sWAP), ® [)(Uy o + Uy + Ups + Uy 3) (C8)
= L(Uoo + Vo1 + Vo + Up3), (€C9)

where Uy ; = (SWAPy, ® 1)U, ;. This represents the case in which M is applied on a one-qubit system.

Observe that M is now a linear combination of only four unitaries. From Eq. (A6), and the above equality, we have that
there are now 47 (or 229) terms in the linear-combination expression of M. This is a quadratic improvement over the previous
expression of M, which contained 167 (or 2%7) terms. This quadratic improvement halves the number of required auxiliary qubits.
Although this is a constant improvement, it is important in the actual implementation of the algorithm.

Using this linear combination of unitaries, we describe a protocol to implement a quantum channel that approximates e’2:
AL A
Ag=1— EM M=1+ Z(UO’O + U1 + U2+ Up3), (C10)
VA
A =\/ZM=E(U1,0+U1,1 + U2+ Uis) (C1D)

To do so, we can use LCU methods [34]. The unitaries required to implement the Kraus operators Ay and A; are defined are
follows:

C1234U(0, 0)apc := [00)00]12 @ [1){1|3 ® [0)O0]4 ® Up,0 + (1234 — [00)}00]12 ® [0)0[3 ® [0)X0]4) ® Lasc, (C12)
Ci234U (0, 1)apc = 101X01]12 ® [1X1]3 ® |0)X0l4 ® Up,1 + (11234 — [01X01]12 ® [0XO0]3 & |0)X0l4) ® Lapc. (C13)
C1234U (0, 2)apc := [10)10]12 @ [1){1|3 ® [0)O0]4 ® Up 2 + (L1234 — [10){10]12 ® [0)0[3 ® [0)X0]4) ® Lasc, (C14)
Ci234U (0, 3)apc = [11X11]12 ® [1X1]3 ® |0X0l4 ® Up,3 + (T123¢ — [11)11]12 ® [0XO0]3 & |0)X0l4) ® Lapc. (C15)
Ci24U (1, 0)apc := [00)X00]12 ® [1)1]4 ® U0 + (124 — [00)X00[12 ® [1)1]s) ® apc, (C16)
Ci2aU (1, Dapc := [01)}01]12 ® [1X1]4 ® Ur.1 + (124 — [01)01]12 ® [1)X1]4) ® Lapcs (C17)
Ci24U (1, 2)apc := [10)X10]12 ® [1)1]4 @ U1 2 + (124 — [10)10]12 ® [1)X14) ® apc, (C13)
Ci2aU (1, 3)apc := [11)X11]12 @ [1X1]4 ® Uy 3 + (124 — [11)(11]12 @ [1){1]4) ® Lapc- (C19)

Channel Protocol 2 (e’'*)—Collect the four unitary gates for the Ay Kraus operator and the four unitary gates corresponding
to the nonidentity part of the A; Kraus operator and calculate A. In Fig. 11, we show a sample ¢ channel quantum circuit
being applied when an emitter term is sampled.

Apply the following gates:

1
B3|0) = m(|0>+ﬂ|1>), (C20)
C4|0) = ! (14 A)|0) + ~/2A11)). (C21)
Ja+ay+ 28y
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The state after the application of the gates H;H,Z3B3Cy is

[+)11+)2(10)3 = VAID)3)((1 + A)[0)s + V2A[1)a) |9 ) asc

= (14 A)+)114)210)310) 419 anc + V2A14)114+)2(10)3 — VA DI 4l ase — VA + A)+H)114)211)310)4] %) asc-
(C22)

Let us evaluate the second term,

[0 11-9)2(10)3 — V/A[1)3)[1) 4l ¥ ) asc- (C23)

UpOIl applylng unitaries C124U(1, 0)ABC9 C]24U(1, l)Agc, C124U(1, 2)ABC’ and C124U(1, 3)ABC9 the state is

(10)3 — \/Z|1)3)®%(|001>124 ® Ut ol¥)asc + [011)154 @ Uy 1|¥)apc + 1101) 104 @ Ui o]V )apc + [111) 154 @ Uy 3|¥) ac).

(C24)
Let us evaluate the third term,
I+)11+)211)310)4] V) apc- (C25)
Apply Ci234U (0, 0)apc, C1234U (0, 1)agc, Ci234U (0, 2)apc, and C1234U (0, 3)4pc. The state is
110)34 ® 3(100) 15 ® Uool¥)asc + 101) 13 ® Uo,11¥)asc + 110)12 ® Up2|¥)asc + 111)15 ® Uo3|¥)asc)- (C26)

Applying the projection onto (+]|; (4|2, the resulting state is

VA
(14 A)10)310)alvrasc — == (1 + A)[10)34 ® Wo,0 + Vo1 + Uoz + Uos)l¥)asc

A
2_\/\;2("”3 — VA1) 1)y ® Uro+ Uiy + Uiz + U 3)I¥)asc

Then upon applying C4Zs := [1)(1]4 ® Z3 + (I4 — |1)(1]4) ® I3 and the projection onto (0|3 + (1|3+/A, the final state is

+

A
» (1 _ EMTM> () asc 1004 + VAMIY) asc [1), (c27)

APPENDIX D: PROOF OF THEOREM 2

In what follows, we prove Theorem 2 by breaking the analysis into two parts. To make sense of these two parts, consider the
following:

1 on 1 H on 1 on on
e — (AN = et — (A" + (A" — (ABE), 1)
1 H on 1 1 on on
< Dl — (AL, + LA — (A, ®2)
1 H on 1 i on on
= BT — (A + 2 A — (AR ©3)

n i n i
< 5 llef = AW + S IAGE = AW (D4)

To achieve a final error of at most €, we can ensure that each of the two terms on the right-hand side of the inequality is bounded
from above by 3:

Zlefr — AR, <3 (DS)
nyo e
ShAWL = Al < 5- (D6)

To simplify the subsequent analysis, we divide it into two parts. In the first part, we analyze the initial inequality, which resolves
the sample complexity of the algorithm, i.e., n. In the second part, we analyze the second inequality, which resolves the gate
complexity of the algorithm.
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1. Sample complexity

Consider the following:

c; Nict (=¢j) Naet .
Je“r — AGL |, = [[¢" — < Dm0 ¢ o e ToPrj+ 3 g == Tnoe ™ oPy ) (D7)
WML Lell?
+> L1 Z”z Try; 0 €M7 o Pak o
Expanding the second term on the right-hand side of the above equation, we obtain
cj or Cc; = T

Y LTroToP = Y Lol I+ctNi+ Y —NT ) o P, (D8)
. ¢ A c r!
Jicj>0 Jicj>0 r=2

-y fz+ 3 rTnoNioP+ Y Zcf Ty oNT 0 Py (DY)

j:cj>0 jicj>0 jicj>0 r=2
Cj cic
= fz+ D citHi+ Y Z e Al Trzo./\f o Py (D10)
j:cj'>0 Jj:ic;j>0 Jicj>0r=2

Similarly, we obtain the following expression for the third term:

r—1
Z ( CCJ)Tr Oef\fzcrop L= Z (— Cj TGlr Z( c)TH; + Z ZLTTZONzoPU» (D11)

Jicj<0 Jicj<0 Jicj<0 Jicj<0r=2

and the following expression for the fourth term:

L2 , L Lil3c!
Z—” §”2Tr23oeM”o7>2,k_Z I "”21+Z||Lk||2r£k+zz—” s Traz 0 M” 0 Pay. (D12)
k k r=2

k

Combining Egs. (D10)—(D12) and rearranging, we get

) . 2
YUy ( Ccfuz”Li”z el Y e+ Y (—epn; +Z||Lk|| Li

Jjic;j>0 Jicj<0 k Jjic;>0 Jjic;j<0
=1 =L
c] (=¢j)e” ILell3e " e
+ ZZ TI'QON OP]]-i—ZZ—TrzON OP1]+ZZ—T230M OPZk
jic;j>0r=2 jicj<0r=2 r=2
(D13)
cj (=cj)c™ 'z
_I—}—tﬁ—i—zz Trzo./\/ oPlj—i—ZZ—Trzoj\/zoPU
jicj>0r=2 Jicj<0 r=2
o 2 r=1_r
L
. zz—” e o o 14
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By substituting the right-hand side of the above equation into Eq. (D7) and expanding the term e~*

first two terms of the Taylor series get canceled. As a result, we get the following:

using its Taylor series, the

cic" e ¢ Lr 1or .

Jefr — AleD) — 7" o D=0 2orer L TraoNT o Prj+ 300 0 2002 » ST T oNf o Py

o =2 +2 s MTlfzs oM" o Py o
(D15)
x _r
< ZT—,IIE’IIOJr 3 Zcf | Ty oA 0P, + > Z( Cf)c Ty oA o Py il
" Jiej>0r=2 jicj<0r=2
2 r—1 zr

+ ZZ ” "” I Tras oM” 0 Pall, (D16)

r

- r T () T
Z%ucuﬁzch Cimil,+ ¥ 3 C T g,

r=2 jicj>0r=2 Jjicj<0 r=2

n ZZ | k||zc ||/\/l I 17

oo

r r—1_r
< Zr—,nznr P Y Y e Y Z%HMH’
" Jjicj>0r=2 Jicj<0 r=2
= LB
I 9) DpAPVITe (D18)

The first inequality follows from the triangle inequality. The second inequality follows from the following two facts: (1) The
diamond norm is submultiplicative under composition of maps; i.e., for maps Q and R, it holds that ||Q o R|l, < [ QI IR,
and (2) the diamond norm for a quantum channel is equal to one, i.e., for a quantum channel Q, it holds that || Q||, = 1. Finally,
the third inequality also follows from the submultiplicativity of the diamond norm under composition of maps.

Now, consider the following:

Lo = || D e+ Y (—cpH, +Z||Lk||§£k (D19)

Jicj>0 Jicj<0 o

< D cilfjllo+ Y (—e)lIH; ||Q+Z||Lk||2||£kno (D20)
Jj:c;j>0 Jjiej<0

< D@+ D (—ep@+ Y IL32) (D21)
Jj:c;j>0 Jicj<0 k

=20 Y e+ Y (- c,)+Z||LkII2 (D22)

Jjicj>0 Jicj<0
= 2c. (D23)

The first inequality follows from the triangle inequality. The second inequality holds due to the following:

1Hllo = sup [H; (@) = sup | (=D}, o]l < 2, (D24)
IZe(llo = sup IZx(@)lly = sup |LewL] — MLy, o} |, < 2. (D25)

where Ly := Li/||Le]I3.
Now, similar to bounding ||£'||,, we bound || ||, |IN2]l,, and || M|, from above:

INtllo = sup [NVi(@)]l, = sup [[(=D)[SWAP, @][l;, (D26)

= sup || (SWAPw — wSWAP)||; < 2||SWAP|| < 2, Dd27)
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N2l = sup [Ni(@)ll; = sup |(—)[-SWAP, @], (D28)
= sup || (SWAPw — wSWAP)||; < 2||SWAP|| < 2, (D29)
IMlls = sup | M(@)]l; = sup [MoM" — 3 (MM, 0}, (D30)
<2M|* < 20. (D31)

Here, the last inequality follows due to the following:

M| = ” (i @ ITXT|23)(SWAP2 ® I3) (D32)
70
= VO ® | P} P|23)(SWAP12 ® 1) | (D33)
<Vo, (D34)
where the last inequality follows due to the submultiplicativity of operator norm under composition and tensor product.
Using the bounds in Egs. (D23), (D27), (D29), and (D31) in Eq. (D18), we get
7’ cjc (=¢; >c ||Lk|| 't
L ideal r r r 2 r
e~ — Agel] ZF(%) + > Z G oy > Z DT, +ZZ (2Q) (D35)
jicj>0r=2 Jicj<0 r=2
(261) cjc (21) (—c; )C 'ty ILelI3¢"~ 1(2t)’ ;
<Z ZZ’ +ZZ — = ZZ (140 - 1)
r=2 jicj>0 r=2 Jicj<0r=2
(D36)

o r -1 r * 2 r—1 r
=Z(2”) RS g Y - c,)+Z||Lk||§ Ty llLkllzcr‘_(zf) © -
k r=2 :

r=2 Jjicj>0 Jicj<0

\

=c

(D37)
e Qery (2ct)” o ILelze '@y
—g ; , +Zz—r! Q-1 (D38)
—ay Oy I gy 039)
= QRet) - dTh@ry
o0 2 r o0 2 r
gzz( if) +Z( ch!r) . (DA41)

\
Il
S}

r=2

The third inequality follows from the fact that ), ||Lk||% < cand Q" — 1 < Q. Now, substituting T = % in the above inequality
and dividing by two on both sides for normalizing the diamond distance, we get

1 2ct Lo 120\
e il < 2 A(5) 52 4

r=2

To bound the right-hand side of the inequality from above for n > 2cQr, we utilize the fact that forall 0 < x < 1, ) 2, % < a2

l H LT A(ldedl) ” (ZCt )2 1 2cQr )2

WML 2 2 (D43)

_ 4(cQt)2

X
n2

, (D44)
where the last inequality follows due to the fact that O > 2

043302-22



DIGITAL QUANTUM SIMULATIONS OF THE ... PHYSICAL REVIEW RESEARCH 7, 043302 (2025)

Now, we use the above inequality to further bound the first term of Eq. (D4) from above:

AcQr)* _ 4(cQr)?

L (ideal)
”'5”6 f = Ay ||<><” 2 0 (D45)
If we want the final error to be less than %, then we need
8(cOt)? 242
0y 8@ o(c—), (D46)
& &

where we use that fact that Q = 29 = 2°) = O(1). This resolves the sample complexity of the WML algorithm.

2. Gate complexity

Substituting Egs. (66) and (63) into Eq. (D4), the first two terms of Egs. (66) and (63) cancel out, leaving us with the following
expression:

nydea n 5~ Il c ILkl13
5 | AW — A, = 5 Z - 2 Troz 0™ 0 Py — Z . 2 Try3 0Rer 0 Pak (D47)
k k S
n o~ L3 M
<50 [ Tro3 0™ 0 Pa — Tra3 oRer 0 Pallo (D48)
2 P c
n Met
< 7 [ Tro3 0™ 0 Pox — Troz oRer © Pakllo (D49)
n
< I3 0™ = Rer) 0 Pasle (D50)
n
< S 1e™T = Reello, (D51)
where the first inequality follows from the triangle inequality, the second inequality follows due to the following fact:
L 2
y B, (D52)

c
k

and the last inequality follows from the following two facts: (1) The diamond norm is submultiplicative under composition of
maps, i.e., for all maps Q and R, it holds that ||Q o R||, < ||Qll,lIR],, and (2) the diamond norm for a quantum channel is
equal to one; i.e., for all quantum channels O, it holds that || Q||, = 1. Now, if we want the final error in Eq. (D51) to be at most
5 then it suffices to have the following:

%”eMCT - Rcr”o g 28_”

Recall that R, is an LCU-based quantum algorithm proposed in Ref. [34] for simulating Lindbladian channels. In our case,
the channel of interest is ¢*1°*. The algorithm R, assumes an input model where the Lindblad operators are expressed as linear
combinations of Pauli strings. Therefore, before applying the algorithm, we need to first express the Lindblad operators of the
Lindbladian M into this required form, which we have in Appendix A.

Observe that there are 16 terms in Eq. (A9). This implies that there are 167 or 247 terms in the linear-combination expression
for M. This resolves the number of terms in the linear combination expression of M.

Additionally, note that a coefficient o; in the linear-combination expression for M is either +1/29/2 or —1/29/, which is clear
to see from Eqs. (A6) and (A9). Using this fact, we resolve the quantity || M |p,,; in the following way:

(D53)

241 2 241 2
1
IMllpaii == | Yoo | <| X0 505 (D54)
i=0 i=0
1 2
= (Wz“‘f) =274, (D55)

Using the development above and Theorem 1 of Ref. [34], we can say that the gate complexity G of the algorithm R, for
implementing the channel e* such that ||eM‘" — R, ||, < &/n holds is given as follows:

(In(2%nct /e) 4+ g) In(net /¢) _o In%(n/e) o In?(ct/¢€)
Inln(Nct/¢) >_ Inln(n/¢e) Inln(ct/s) )’

(D56)

G= 0(215%1
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where the second equality holds because ¢ = O(1) and ct < 1. This implies that the total gate complexity of the full

algorithm is
2t2 In?(ct
n-G=0 c’t"In"(ct/2) ) (D57)
elnln(ct/e)

This is the expression for the gate complexity of the LCU-based WML algorithm claimed in the statement of Theorem 2, and
thus concludes its proof.

APPENDIX E: PROOF OF THEOREM 1

To analyze the performance of the split-J matrix algorithm, we need to bound the following quantity from above:

on

[Y
e — Mo [ [Te™ ™ | o itt/nyo -0 Tx(t/n) . (E1)
g=1 o

Using the fact that the diamond distance obeys subadditivity under composition, we get

on

(Y]
eH— | Mo ne%'/” oJit/n)o -0 Jx(t/n)
q=1

<&

[Y
Snfetn —emo [ T]e ™| o ilt/n)o -0 Jk(t/n) (E2)
g=1 °
= nHeE'/” —ettin g gHtin g Nit/n o gNit/n
0
+e7{l/n o eH{/n o eN]l/l’l 0---0 e./\/[(l/n _ eHl/l’L o Hqut/n o L71(1‘/”) 0--+0 JK(t/n)H (ES)
<&
g=1

< n”eﬁt/n _ eHl/n ° e?—l’r/n ° e./\/ll/n 0---0 eNKt/n “<>

0
+nfettn o Miing Nitln g ..o Netln _ gHi/n HeH;’/" oJit/n)o---o Jk(t/n) (E4)
g=1
<
< n||e£t/n _ eHl/n o eH't/n o e./\/lt/n 6.0 e./\fKt/n ||
<
0
Mmoo MM — Fit/n) o0 Ti(t/m)|, + || — | [T (ES)
q=1 °
— n”eﬁt/n _ e?—[t/n ° 6‘H’t/n o e./\f]t/n 6.0 e./\fKI/n Ho
0222 12
+n||eN"/" 0.0 VKN _ Jit/n)o---o jK(t/n)”O + 0(%)’ (E6)

where we obtain the second inequality by using the triangle inequality, the third inequality by using the subadditivity under
composition property of the diamond distance, and the last equality follows from the standard error analysis for the first-order
Trotter for Hamiltonian simulation ([68], Eq. 4), with Ay« defined in Eq. (30).

1. Bounding the first term of Eq. (E6)

Consider the following:

Bl — Hiin o Hitm o Nitln o N[
— n||€Lt/n _oHtn o gHtn o JWNit Nt ”<> (E7)
= nl|eft/m — Miim o QHiin o N (E8)
= nf|dHHHAN I _ gHaln o H1/n o GNi/n R (E9)
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Z+(H+H’+N)%+Z—(H+7!+N) (i)

=n
r=2 n
[e.¢] oo
t HOHNT (1)
—|Z+H+H +N)- —_—| - E10
M ESFEDNID I o () (E10)
rrtr=r o
o0 oo
H4+H+N) (1) HOHN (1"
- g(» S —<_) ELD)
= r! n it rilnln! \n
nrtr=r o
SN HAH+NY (1) N HNHTNT (1
N R R ¢ ®
— r: n — ryirpirs. n
ritrtr3=r o
00 ('H+H/ +N)r ¢ r 0 ervH/errs t r
R e 2 i \a EL3)
— r! n ° ——_ ryirlrs. n
ritrtr=r o
<"i UM+ H N (1), i IHISIH NSNS () EL4)
h s r! n iy riln!rs! n

ritr4r=r

3£H13.Xr t ' = L:;‘llax ‘Cgax £:1§13X t '
GILI )(_) - £l £ e 1Ll (_) E15)

N
S
e

r! n ri'rlr;! n
r=2 ri,r2,r3=0:
r+r+r=r
[o¢] r oo r
3NL| . [t L||rtrs
= | FE(E) - Heme(d ©16)
— r! n romzg, T1ir2lsl An
ri+rtry=r
o0 o0
3Lt L\ t\
r! n ri'n'ry!\n
r=2 ry,rp,r3=0:
ri+r+r3=r
o0 r r o0
37 L% t t 1
=ny [ === =) +1llnl =) Y. (E18)
r! n n rilr'rs!
r=2 r1,r2,r3=0:
rit+rtr3=r

N\
3
[

\ r\ =
3’||.c||fmx(r—l> +||.c||;m<;) > (E19)

r=2 r1,12,13=0:

ri+r+r=r
where || L nax = 2K max{||H ||, |H;.1|l, .-, 1Hisl, 1L I, ..., ILk|I*}. The first equality holds due to the fact that the Lind-
bladians Vi, ..., Nx commute with each other. The first and second inequalities follow due to the triangle inequality. The third

inequality follows due to the submultiplicativity of the diamond norm and the triangle inequality. The number of ways to pick

r1, 72, 13 = 0 such that r; + r, + r3 = r is given by (rerZ), and for > 2, this number can be bounded from above by (2" — 1)3".
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Using this fact in the above inequality, we get

0 - -
’ t t

n”eﬂt/n _ e?—[t/n o eH t/n o ef\/]t/n 0--+0 eNKt/n ”<> < nZ <3r”£”:*nax<_) + ”[’”:*nax<_) Q- 1)3r) (E20)
n n

r=2

:nzanﬁngm( ) (E21)

36| L1120 (£
"= 6IIEIImax(;)
2
72||£||mx , (E23)
where, for the last inequality, we assume that 6||£||max(i) < 1/2.
2. Bounding the second term of Eq. (E6)
Consider the following:

nfeMim oo MKIN— Fit/n)o- 0 Tk(t/m)], < n Z 1" — Tt )l (E24)

k=1

Now we can analyze the individual term |eNet/n — T /n)|\,. For this, we must first understand the action of J;(¢). Note that,
up to O(z?), Hamiltonian simulation can be expressed as follows:

2
Mot = p — itlH, p]+Q[H (H, pll+ - (E25)

Given the definition of J; (), we can use Eq. (E25) and get
(iv1)?

eI (p @ |0)0L1)e™ " = (p ® |0)014) — ivI[Jk. (p ® [0)014)] + Vi Uk (o & 10O - - - (E26)

= (p ®|0)0]a) — iv/t[ (L] ® 10X1]a + Li ® [1}0l4), (p ® [0X0]4)]

+ 0 @ 100114+ L @ 1101, (L] ® 10K+ Lu  [1X014). (0 ® 1040L)T] +
(E27)
Now consider the individual terms in Eq. (E27). The first commutator can be simplified as follows:
(L] ® [0)(1]4 + Li ® [1)0]4). (o ® [0)(0]1)] = Lk ® [1X0]a(p ® [0)0]a) — (o ® [0X04)L{ ® [0)(1]4 (E28)
= Lep ® [1)(014 — pL ® [0)1]4. (E29)
The second commutator can be simplified as follows:
[(L] ® |0)X1]a + L @ [1X0]4). [(L] ® [0)1]a + Li ® [1)0[4). (p & [0)0]2)]]
= [(L{ ® [0X1]a + Ly ® [1X014), Lep ® [1)(014 — pL{ @ [0)1a] (E30)
=L/ Lip ® |0)0|s + oL Ly ® [0XO0ls — LipL] ® [1)1]4 — LpL) @ [1)(1]4. (E31)
After substituting the appropriate terms in Eq. (E27) and tracing out the auxiliary system, we get
Ji(0)(p) = Tra [e7(p @ [0)011)e” "] (E32)
1 =2
=p +z(szLk = SlLdy, p}) +Tra [’; ij%)] (E33)
2 2
= p + Ni(p)t + Try [2; o j,{”(p)], (E34)

where J"(p) = [Jk, J" ' (p)] and Ji(p ® [0)0l4) = [Jk, p ® |0)X0]4]. Note that terms with /7 and (+/7)* do not contribute to
the above equation. Using the Taylor expansion of both N and Ji (t /n), and plugging these back into |eNet/m — Tt /)|
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we get

[ = Tt /m], =

- m/2
T+ Nk+z I——Nk TrA(Z;'nm%m>

m=3

Then,

[N — Fete/m)|, =

o tm o tm/2 B

m

Zm!n’" k — Tra Zmnmjk
m=3

m=2

<

o m o M2 B
m m
<2 eV +wam@
m=2 kS m=3 o

x tm 5
S Zm!n’" m” +Z m!nm A‘jkm”o
m=2

00 o
<
= Z m!nm

m=2

[m/2 5
SO LT AR
,E

(E35)

(E36)

(E37)

(E38)

(E39)

The first and second inequalities hold due to the triangle inequality, and the final inequality holds due to the submultiplicativity
of the diamond norm. Note that [N, < 2[IL¢l|* < 2Amax- Now consider || Tra " [lo. If m is odd, || Tra J"|lo = O because,

after the partial trace on A, these terms do not contribute to J;. If m is even,
| Tra T2, = 1 Tea(Fe 0 T™ Nl < GULAP™ < )™

where m’ := m/2. Substituting these bounds on ||A;||, and || Try jk'”||<> in Eq. (E39), we get

m

>, pmpm gm 4ripm g
N
Nt/ — Fe ), < mzzz e+ mZ:: Gty

’

mym m m ym m
Z 2 Amaxt Z 4 Amaxt
= m'nm m !nm

m=2 m'=2

2 2 2 2
v~ Pt /1y 1625t At /1

< ng rx:;ax
< ‘U‘%—;xtz Pt/ 16)”3;#2 ot
2000t i/
n2
Substituting Eq. (E45) in Eq. (E24), we get
K 2ox2 2

eV = (Fit) o0 Tx@)llo < n Z max_ ghmest /1

2
< Z 2())‘max 4Amaxi/n

2010\2 12

max 4)Lmaxt /n
n

When # is large enough that e*m/" ~ 1, we get

Nt — (Ti@) o0 Tl < 20Kx3nax
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(E46)

(E47)
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3. Final bound and gate complexity

From Egs. (E6), (E23), the above inequality, and normalizing the diamond distance on the left-hand side of Eq. (E6), we

finally get
Q on
1 ,
3 L — | M He”q’/” oJi(t/n)o o Jk(t/n)
g=1 o
1 12 12 202 12
< —(72||L||3mx— +20KA2 — + 0(Q$>> (E50)
2 n n n
If we require that our final simulation error is at most &, then
1 12 12 202 12
n> —(72||L||ﬁm— +20KA2 — + 0<Q¢)) (E51)
2 n n n
KZ)\'Z [2 QZ)\’Z t2
g 15
K2 2)32 42
:0(( + O )Aax (E53)
£

where, in the first equality, we use the fact that || L] . = 2K Amax-
Given n, we can now directly compute the gate complexity of the split J-matrix algorithm from the channel form of this

algorithm given by Eq. (50). Note that the unitary e="#*

, where H is a local Hamiltonian, acting on a constant number of qubits,

and t is some time, can be implemented using O(1) number of one- and two-qubit gates. With this in mind, we can determine
the number of one- and two-qubit gates required to implement the different components of the split J-matrix channel [Eq. (50)]

as follows:

P
e?—[t/n — l_[eH,>f/” — O(P) gates,

Therefore, the total gate complexity of the split J-matrix algorithm is

On(P+Q+K)) = 0(

This concludes the proof of Theorem 1.

APPENDIX F: CALCULATING ¢ IN EQ. (33)
AS A FUNCTION OF N AND R

(E54)
p=1
[Y
l_[ef"‘if’/” — 0(Q) gates, (E55)
q=1
Ji(t/n)o---o Jk(t/n) — O(K) gates. (E56)
2 2\12 2
[
Similarly, using Eqgs. (1) and (15), we get
loj 13 =1. (F3)

Recall that N is the number of emitters included in the open
Tavis-Cummings model. Let R be the number of excitations
allowed within the cavity. To express c, as defined in Eq. (33),
in terms of N and R, we first calculate ||a||%. Note that when R
excitations are allowed in the cavity, a can be expressed in the
Fock basis as follows:

a=|0)1] + 2102 + V3 12)3| + - - - + VR |R — 1)R|.
(F1)

Using Eqgs. (1) and (F1) we get

R
2 Tt =T |3 et | = BRED o
lall; = Trla'a]l = Tr |: r |r)(r|:| = 5 < 2R-.

r=1

(F2)

From Sec. V A, we can infer the weights c; associated with
each of the program states. Hence, we get

R R
wc
;c, =R(R~ )= +wpN + ;25'«/;—}- rz;zEpﬁ.

(F4)
We can bound the above summation as follows:

Y ¢; <Rwc +wpN +2gRVR + 2EpRVR. (F5)
j

Therefore, for the Tavis-Cummings model, ¢ can be bound as
follows:

¢ < (k 4+ we)R? + (v + wp)N +2(g+ Ep)RVR.  (F6)
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APPENDIX G: COMPUTATIONAL COMPLEXITIES
OF BASIC CLASSICAL METHODS

In this Appendix, we briefly describe the simplest clas-
sical methods of simulating open quantum systems, and we
also give their associated space and time complexities when
applied to the open Tavis-Cummings model. We show that
the two most basic approaches to simulating open-system
dynamics (solving the Lindblad master equation in Liou-
ville space and the wavefunction Monte Carlo method, which
QuTiP employs) incur exponential space and time cost. For
a comprehensive review of classical methods for simulating
open-system dynamics, see Ref. [69].

1. Lindblad master equation in Liouville space

As in the main text, we seek to solve Eq. (7), which
contains terms representing both unitary and dissipative time
evolution. For tractability, we truncate the Hilbert space of the
cavity to D dimensions, which allows for simulations contain-
ing up to D — 1 photons. With N two-level quantum emitters
coupled to the cavity, the dimensionality of the Hilbert space
H of the entire Tavis-Cummings system is 2V D.

We again present the Lindblad master equation as given in
Eq. (7), rewritten as

p = L(p),

where L is a superoperator. Let L(#H) be the space of linear
operators from an input Hilbert space H to H itself, so that
an operator X € L(H) takes states in H to states in H. A su-
peroperator, then, is a function A" : L(H) — L(#) that maps
operators to operators. The Hilbert space of operators is also
known as Liouville space, and its dimensionality is the square
of the dimensionality of elements of L(#): 2V D)* = 2°ND?.
An operator p € L(H) can be converted to an element of the
corresponding Liouville space by vectorizing it, i.e., “column
stacking” [70]. For example, for a 2 x 2 operator,

(GD)

P11
P11 P12 P21

= = = , G2

P <pz1 Pzz) o)) P12 G2
£22

where |p)) denotes the vectorized form of p. In making this
transformation, operations on p (superoperators) transform as
follows:

ApB = (BT®A)lp)), (G3)

where BT indicates the transpose of B. Importantly, the right-
hand side can be written as a matrix acting on |p)).

Using this transformation, the superoperator terms of the
general Lindblad master equation (20) can be written as

[H,pl=Hp—pH +

Hip)) = (I @ H) — (HT @ 1))|p)). (G4)

Li(p)=LpL' = 3{L'L, p} +

Lilp)) =[(L*®L)— I ®L'L) — LLTL* ® D]|p)).
(G5)

where L* denotes the complex conjugate of L and [ is the
identity matrix. So, the Lindblad master equation for an open
Tavis-Cummings system (7) becomes

N
) =Lip)) = | =H + Lo+ ) L, |Ip)),  (G6)
j=1

where, notably, L is a (22N D?)-dimensional matrix. The solu-
tion of this Liouville space master equation is then given by

lp()) = e“|p(t = 0))). (G7)

Steps to obtain e are as follows:

(1) Diagonalize L so that it can be written as L = AAA™!,
where A = diag(A;, A2, ...) is the diagonal matrix of the
eigenvalues of L.

(2) Compute e = AeMA~! = Adiag({e*' A~

The matrix operations involved in computing e |p(r =
0))) are thus diagonalization, two matrix-matrix multiplica-
tions, and a matrix-vector multiplication. If d is the dimension
of L, these operations have time complexities O(d?), O(d?),
and O(d?), respectively [71]. Therefore, the first two oper-
ations dominate the time complexity, for an overall scaling
of 0(d*) = 0(2°VD%). The space resources required by this
algorithm are proportional to the memory needed to record
L, which is O(d?) = O(2*¥D*). Thus, this basic method of
classical simulation has time and space costs that are both
exponential in the number of emitters, with the caveat that we
have not considered any potential methods for taking advan-
tage of the sparsity of L.

2. Wavefunction Monte Carlo method

The wavefunction Monte Carlo method, also known as
the quantum jump or quantum trajectories method [72-75],
improves the computational complexity of evolving the vec-
torized density matrix in Liouville space by doing the
following. Consider the spectral decomposition of the density
matrix p = ), A;|¢;)(¢:]. The key idea, then, is to evolve each
of the pure states |¢;) in this decomposition according to an
“effective” or “conditional” Hamiltonian.

The terms in a Lindbladian dissipator (9) can be grouped
into two types: LoL" represents quantum jumps, where the
system transitions between states, while {LL, p} represents
the gradual loss of coherence in the system. This allows us to
define a non-Hermitian effective Hamiltonian:

. K
1
. § : i
Heff =H — E ~ ykLkLka (G8)

which enables us to rewrite the Lindblad master

equation (20) as

p=—i(Her p— p Hip) + ) wiLipLy.
k

(G9)

The effective Hamiltonian combines the coherence decay
terms with the unitary evolution, a factor of i so that it gener-
ates decay, and the oscillations of the unitary evolution under
H. Having defined this quantity, we proceed to approximate
the time evolution of the open quantum system from time
t = 0tot =t with the following steps [76]:
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(1) Initialize the system in state | (0)) and set j = 0. For
each time step, ¢; € [t7].

(2) Evolve the state under the effective Hamiltonian for a
small time step 7: [ (#; + 7)) = e~ BT |y (¢))).

(3) Calculate jump probabilities for each jump operator
Li: pp = ZMF 0ol

2k VellLel ¥ (6 +))12

(4) On the basis of the probabilities, randomly select an L,

and apply it: [ (¢; + 7)) = % Settj 1 =t;+T.
(5) Repeat Steps 2 through 4 P times.
(6) For all p € [P], denote the outcome of the pth round as
|¥,(tr)) and take the average over all such outcomes: p(ty) =
1% Zi:l [Vp(t)) (Wp(tr)]. Upon convergence of p(tf), this av-
erage gives an estimate of the solution.

The space complexity of this method is proportional to the
memory required to store the density matrix which, as before,
has dimension 2V D, so the memory cost is O(2?Y D?). Similar
to the Liouville space method, the most expensive part of this
method in terms of run-time is computing the matrix exponen-
tial e~*HeiT As discussed in the previous section, the cost of
this operation scales as the cube of the dimension of Hg, SO
the run-time cost is O(23V D3). These costs are polynomially
lower than those of the Liouville space method, yet still ex-
ponential. The price of this slightly lower exponential scaling
is that we trade-off accuracy. The direct method computes the
exact density matrix, whereas the Monte Carlo method only
approximates it; the error of approximation scales like the
standard error of the mean: 1/+/P.
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