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Abstract
Heat transfer and electrical transport in granular materials are important phenomena in many engineering applications. 
The discrete element method (DEM) is commonly used to simulate conduction in such media. The DEM usually employs 
explicit time integration algorithms due to their computational efficiency. The first-order differential equations describing 
transient thermal or electric problems in the DEM are commonly solved using the forward Euler explicit solution scheme. 
All explicit schemes have a serious disadvantage of conditional stability, which limits the time step length. The present 
paper introduces the super-time-stepping (STS) acceleration method into the DEM framework for transient thermal and 
electric problems governed by the first-order differential equations. The STS idea consists of relaxing the stability condi-
tion for single steps and imposing the stability on a cycle of steps (substeps), making up the so-called superstep. The length 
of the superstep is much longer than the critical time step of the standard explicit time integration. This is an established 
method for solving parabolic differential equations, commonly recognized for its advantages over the standard explicit 
time integration. Despite the efficiency, its application within the DEM framework remains unexplored. Herein, STS is 
applied to thermal and thermoelectric simulations. The efficiency and accuracy of the STS scheme for different combina-
tions of parameters are investigated. The results demonstrate that speedup of up to 15 is achievable without compromising 
accuracy. The strong performance justifies a wider applicability of the STS acceleration scheme in the DEM for problems 
governed by the first-order differential equations.
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Super-time-stepping acceleration within the discrete element 
framework for thermal and electric analyses in granular materials

Jerzy Rojek1 · Fatima Nisar1

[9] and electric-current assisted sintering [10] rely on the 
interplay of both thermal and electrical phenomena. Our 
research is mainly motivated by the electric-current-assisted 
sintering, but the developments are general and relevant to 
any applications of electric current flow and heat transfer in 
granular materials.

The behaviour of granular materials is highly complex, 
as thermal and electrical conduction not only depend on 
the bulk transport properties of the grains themselves but 
also on the microstructure of the granular materials and the 
intergranular transport mechanisms. Numerical analysis is 
indispensable for understanding the behaviour of granular 
materials and determining effective transport properties. The 
discrete element method (DEM) is a typical tool for simu-
lating heat and electrical transport in granular materials, e.g. 
[11, 12]. The main drawback of the DEM is the conditional 
stability of the explicit solution scheme usually employed 
in the DEM, which limits the time step. The present paper 

1  Introduction

Heat transfer and current flow in granular materials are 
important phenomena in many engineering applications. 
Heat conduction is crucial in applications such as thermal 
insulation [1], powder metallurgy, 3D printing [2], com-
bustion reactors [3], and fluidized beds [4]. Conversely, 
electrical properties are essential, for instance, in batteries 
[5], granular metal films [6, 7], and tactile sensing devices 
[8]. Furthermore, applications like thermoelectric systems 
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presents a possibility to improve the efficiency of thermal 
and electrical simulations with the DEM by the so-called 
super-time-stepping acceleration algorithm, which enables 
us to use larger time steps.

The discrete element method was first introduced to sim-
ulate the dynamics of granular materials [13, 14]. It was suc-
cessfully applied to model cohesive materials such as rocks, 
e.g. [15–17]. It was further extended to model thermal prob-
lems, e.g. [18, 19], as well as electrical problems, e.g. [12, 
20, 21]. Transient thermal problems in the DEM framework 
can be solved by any explicit or implicit scheme. Zohdi [20] 
used an iterative implicit scheme for time integration of the 
thermal problem in the framework of the thermo-electro-
mechanical model of electrically enhanced sintering of 
powdered materials. Zhang et al. [22] performed the time 
discretisation using an implicit finite difference scheme, the 
generalised trapezoidal method, also known as the gener-
alised midpoint rule.

However, explicit time integration methods, such as the 
forward Euler method, due to their compatibility with the 
standard formulation of the DEM and computational effi-
ciency, are commonly chosen to solve the thermal equa-
tions in the DEM, especially for coupled thermomechanical 
problems, as it was pointed out by Feng et al. [18]. Particle 
temperatures are computed in an explicit manner using for-
ward Euler integration in a thermomechanical DEM model 
of granular flow by [23]. The explicit forward Euler scheme 
was used by Terreros et al. [24] in the time integration of 
the thermal part of the thermomechanical model of friction 
stir welding, by Nguyen et al. [25] in thermomechanical 
modelling of friction effects in granular flow, and by Rojek 
[19] in a thermomechanical discrete element model of rock 
cutting. The explicit forward Euler scheme was adopted by 
Quintana-Ruiz [26] to compute the time evolution of the 
thermomechanical system, and by Paiva Teixeira et al. [27] 
to investigate transient temperature regime in a thermome-
chanical model of sintering. Explicit time integration was 
used by Morimoto et al. [11] and by Nisar et al. [28] to solve 
thermal problems.

Although electric current flow in granular materials is 
usually solved as a steady-state problem with no need for 
time integration, e.g. [12, 20], it was shown by Nisar et al. 
[21] that the steady-state problem of electric current flow 
can be solved iteratively using the forward Euler scheme.

Explicit time integration methods are simple to imple-
ment and are very fast in solving a single time step, but they 
have the disadvantage of conditional stability, which limits 
the time step below a certain critical value. This may lead 
to a very large number of time steps and make the whole 
explicit solution inefficient. In the explicit dynamics, the 
critical time step can be artificially increased by mass scal-
ing. However, this affects the solution, and therefore its use 

has limitations [29]. There are some possibilities to increase 
the computational efficiency of transient heat transfer simu-
lations by scaling parameters [30], however, this is possible 
for some special problems.

An alternative is to search for integration methods with 
better stability properties. Oñate et al. [31] derived an 
explicit procedure for the first-order differential equations 
allowing for larger time steps using the so-called Finite 
Increment Calculus (FIC). In this work, we will investigate 
the super-time-stepping (STS) acceleration scheme. The 
STS scheme speeds up explicit time-stepping for parabolic 
problems. The concept of STS is quite old. It was presented 
by Gentzsch [32] for time integration of parabolic equations 
combined with the finite difference spatial discretisation. It 
was used to solve the heat transient equation in the FEM by 
Droux [33]. Alexiades et al. [34, 35] presented the develop-
ment of a variant of Gentzsch’s method for parabolic equa-
tions spatially discretised with the finite difference method. 
Lewis et al. [36] used the STS scheme for irregular finite 
element meshes to solve a heat transfer problem from the 
casting industry. Gurski and O’Sullivan developed the STS 
algorithm for non-symmetric parabolic problems in [37] and 
studied its stability in [38]. Pelovska [39] adapted and modi-
fied STS algorithm to analyse numerically age-dependent 
population models with spatial diffusion. Barnaś and Bien-
iasz [40, 41] applied the STS technique to nonlinear diffu-
sion equations in electrochemistry. A comparison of the STS 
scheme with new fast and accurate explicit time integration 
schemes for FE solution of the heat conduction problem has 
been recently reported by Oñate et al. [42].

All the authors investigating the STS method confirm 
its outstanding performance—significant speedup with 
sufficiently good accuracy. Despite this, it has not become 
commonly used in numerical engineering analyses. It is 
better known among mathematicians working in partial dif-
ferential equations. The STS scheme for time integration is 
usually combined with the finite difference method for spa-
tial discretisation. It is hardly known in the finite element 
method community [33, 36, 42], and it has not been used in 
the discrete element method yet.

The objective of the present paper is to present the 
implementation and validation of the STS scheme in the 
discrete element method for transient thermal and electri-
cal problems, as well as for coupled thermoelectric prob-
lems. Numerical tests focus on the efficiency and accuracy 
obtained with the STS scheme. Efficiency is measured by 
the speedup of the STS simulation with respect to the stan-
dard explicit analysis. The standard explicit solution is also 
used as the reference solution to assess the accuracy of the 
STS simulation.

The present work is limited to thermal/electric tran-
sient transport simulations on fixed granular networks, in 
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the absence of any dynamics. In many practical applica-
tions involving granular media, transport processes such 
as heat conduction and electrical conduction occur in static 
or quasi-static particle assemblies, where particle motion 
is negligible or not of importance. For example, packed 
bed systems used in thermal energy storage [43–46] are 
frequently modelled using DEM approach to analyse heat 
transfer at particle level in the absence of any significant 
mechanical movement/dynamics. Haddad et al. [47] per-
formed DEM analysis of heat conduction in composite 
materials using the DEM as a discretisation method of a 
continuous medium. The configuration of granular systems 
can be generated using geometric constructive methods, 
e.g. [43, 46, 47] or by prior dynamic DEM simulation, e.g. 
[44, 45]. DEM simulations of powder sintering produced 
DEM geometries, which were subsequently used for DEM 
thermal and electrical analyses to evaluate effective elec-
trical and thermal conductivity in sintered porous materi-
als [21, 28]. Various applications and models of the DEM 
for thermal simulations have been reviewed by Peng et al. 
[48]. These studies illustrate that the DEM is often used in 
the absence of coupled mechanical evolution to provide a 
solution for transient transport phenomena in static granular 
assemblies. The present is aimed to show a possibility to 
significantly accelerate the solution of such problems.

The rest of the paper is organised as follows. Section 2 
will present the formulation and governing equations of the 
discrete element method for thermal, electric and thermo-
electric problems. Section 3 presents the standard explicit 
forward Euler time integration scheme of the first-order dif-
ferential equations describing transient thermal and electri-
cal problems. The conditional stability of the forward Euler 
scheme is discussed. The stability criterion and critical time 
steps are specified. The idea of the super-time stepping 
method is introduced in Sect. 4. Modification of the stabil-
ity criterion and sub-stepping, maximising the length of 

the superstep, are presented. The theoretical speedup of the 
STS for various parameters is analysed. Implementation of 
the STS method in the explicit solution algorithm is briefly 
outlined in Sect. 5. Approximate assessment of the critical 
time step for the standard explicit solution is presented in 
Sect.  6, and adaptation of the STS algorithm for coupled 
thermoelectric problems is commented in Sect. 7. Conduc-
tance model for thermal and electrical analysis is presented 
in Sect. 8. The STS performance is investigated in Sect. 9. 
First, the STS is applied to transient thermal analysis on a 
cylindrical discrete element sample in Sect. 9.1, and then, 
thermoelectric analysis is performed in Sect.  9.2. In both 
studies, the efficiency and accuracy of the STS scheme for 
different combinations of parameters were investigated. 
Finally, Sect. 10 summarises the results of the investigation 
on the STS performance and applicability in the discrete 
element method. The derivation of minimum and maximum 
eigenvalues for thermal and electrical problems, required 
for STS time integration, are presented in the Appendix.

2  Formulation of the discrete element 
method for thermal, electric and thermo-
electric problems

2.1  Problem definition

We will consider transient problems of heat conduction 
and electric current in a granular material represented by 
an assembly of spherical particles (discrete elements). We 
will study these problems as independent as well as cou-
pled ones. Electrically and thermally conductive bars are 
assumed to connect the particle centres as shown in Fig. 1.

It is assumed that thermal and electrical capacitances are 
concentrated at the particle centres, and the temperature and 
electric potential at the particle centres represent respective 
average particle quantities. We will analyse the temperature 
or electric potential evolution under prescribed boundary 
conditions. In the coupled problem, we will consider elec-
tric current flow, heat generation due to the Joule effect, heat 
absorption and conduction.

2.2  Equations for thermal problem

The thermal problem is governed by the first law of thermo-
dynamics, which implies the heat balance law. The rate of 
thermal energy stored in each particle should be in balance 
with the rate of heat flow through the heat transfer branches 
and any other heat source [49]. This can be written for the 
i-th particle in the following form:

i
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Fig. 1  Schematic of the DEM thermal and electrical models

 



1 3

   60   Page 4 of 23 J. Rojek, F. Nisar

Cth
i Ṫi +

nc
i∑

j=1
Kth

ij (Ti − Tj) = Qi ,� (1)

where Ti and Tj  are particle temperatures, and Kth
ij  is the 

conductance of the bar connecting the particles i and j, and 
nc

i  is the number of particles in contact with the i-th particle. 
Cth

i  is the heat capacity of the i-th particle evaluated as

Cth
i = mic

th
i ,� (2)

where mi—particle mass, and cth
i —specific heat. Qi is the 

resultant heat flux for a given particle, and it may include 
an externally supplied heat source Qext

i , and convective and 
radiative heat transfer, Qconv

i  and Qrad
i

Qi = Qext
i + Qconv

i + Qrad
i � (3)

The term Qrad
i  includes radiative heat exchange between 

particles and the environment (for example, walls or 
boundaries). The interparticle radiative heat transfer is not 
included in the implemented algorithm.

Equation (1) can be written in a global matrix form (for 
all the nodes):

CthṪ + KthT = Q� (4)

where vector T contains the unknown nodal temperatures 
T = {T1, T2, . . . , TNp}T, Np is the number of particles with 
unknown temperatures, vector Q contains nodal heat fluxes 
Q = {Q1, Q2, . . . , QNp}T. The global thermal capacitance 
matrix Cth is diagonal, Cth = diag(Cth

1 , Cth
2 , . . . , Cth

Np
). 

The global thermal conductance matrix Kth is assembled 
from the conductances of all the connections Kth

ij . The con-
ductance matrix Kth is analogous to the stiffness matrix in 
the FEM, and it is symmetric and positive-definite.

Fig. 5  Cumulative time within a superstep for Nτ = 20

 

Fig. 4  Cumulative time within a superstep for Nτ = 10

 

Fig. 3  STS substeps within the superstep for Nτ = 20 compared to the 
explicit critical step

 

Fig. 2  STS substeps within the superstep for Nτ = 10 compared to the 
explicit critical step
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2.3  Equations for electric problem

In view of the analogy between electrical and thermal con-
duction, cf. [50], the equation for the electric problem can 
be written analogously to Eq. (1) as follows

Cel
i V̇i +

nc
i∑

j=1
Kel

ij(Vi − Vj) = Ii ,� (5)

where voltage V corresponds to temperature T, current I to 
heat flux Q, electric capacitance Cel to thermal capacitance 
Cth, and electric conductance Kel to thermal conductance 
Kth. Unlike particle heat flux given by Eq. (3), electric cur-
rent Ii does not include any convection- or radiation-related 
contribution. Although, in general, there can be a convec-
tion electric current or an electric charge flow generated by 
exposure to a form of radiation, in the present work, we have 
not considered any such phenomena. Equation (5) expresses 
the law of conservation of electric charge for the electric 
circuit nodes connected to the ground via a capacitor. In the 
models of electric current flow in granular materials, elec-
tric capacity can be treated as an algorithmic parameter, cf. 
[21].

The set of Eq. (5) for the whole system of Np particles 
with unknown potentials can be written in the matrix form 
analogous to Eq. (4) as follows:

CelV̇ + KelV = I� (6)

where the following global vectors and matrices are intro-
duced: V = {V1, V2, . . . , VNp}T, I = {I1, I2, . . . , INp}T, 
Cel = diag(Cel

1 , Cel
2 , . . . , Cel

Np
), Kel is is assembled from 

the conductances of all the branches in the network Kel
ij .

2.4  Coupled thermoelectric problem

We will consider a coupled thermoelectric problem with 
Joule heating as a coupling term. Heat generated due to the 
Joule effect will be evaluated in the solution of the electric 
problem and passed to the solution of the thermal problem. 
The rate of Joule heat generation QJoule

ij  in the branch con-
necting particles i and j is given by

QJoule
ij = Kel

ij(Vj − Vi)2 = I2
ijRel

ij ,� (7)

where Kel
ij  and Rel

ij  is the electrical conductance and resis-
tance of the particle connection, respectively, (Vj − Vi) is 
the potential difference between j-th and i-th particle, and 
Iij  is the current between the two particles. Joule heating 
generated in the particle connection is distributed to the par-
ticles proportionally to their contributions to the resultant 
resistance and included into the resultant heat flux given by 
Eq. (3).

3  Explicit time integration

Both problems, thermal and electric ones, are described by 
the systems of the first-order ordinary differential equations 
(ODE), (4) and (6), respectively. Let us present Eqs. (4) and 
(6) in a general form as follows:

CẊ + KX = Y� (8)

where [C, K, X, Y] is either [Cel, Kel, V, I] or [Cth, Kth, 
T, Q]. X is unknown function of time t, whereas Y is a 
given function of time, and C and K are positive definite 
constant matrices. Additionally, the matrix C is diagonal, 
and we can easily transform Eq. (8) into the following form

Ẋ + AX = B� (9)

where

A =C−1K, � (10)

B =C−1Y. � (11)

Given an initial value of X

X(0) = X0 ,� (12)

the solution of the system (9) is obtained employing a suit-
able time integration scheme. To integrate the system of the 
first-order ODEs given by Eq. (9), we use the forward Euler 

Fig. 6  Theoretical speedup achieved with various Nτ  and ν values
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explicit scheme, in which the solution for time tn+1 can be 
obtained from the known state at time tn as follows:

Xn+1 = (I − ∆tA)Xn + Bn∆t ,� (13)

where ∆t = tn+1 − tn, and I is the identity matrix.
The solution of the system of Eq. (8) given by Eqs. 

(9)–(13) employs the inverse of the capacitance matrix C
, which for the diagonal matrix is trivially obtained by tak-
ing the inverses of the diagonal elements. Therefore, the 
explicit solution is computationally efficient. However, the 
disadvantage of the explicit scheme (13) is its conditional 
stability. The stability of the numerical integration prevents 
oscillation or amplification of the solution errors.

Let us suppose that the initial condition X0 is perturbed 
with ε0. The perturbed solution X̃ satisfies the initial value 
problem:

˙̃X + AX̃ = B with X̃(0) = X0 + ε0 .� (14)

Let us denote the difference between the perturbed and 
exact solutions as ε(t)

ε(t) = X̃(t) − X(t) .� (15)

It can be easily seen that ε(t) satisfies the following IVP:

ε̇ + Aε = 0 with ε(0) = ε0 .� (16)

The difference εn between the numerical solutions, X̃n and 
Xn, can be obtained as the solution of the IVP given by 
Eq. (16). The forward Euler scheme gives the relationship 
analogous to Eq. (13)

εn+1 = (I − ∆tA)εn .� (17)

Applying the recurrence formula (17) to subsequent terms 
on the right-hand side of Eq. (17), we can obtain

εn+1 = (I − ∆tA)n+1ε0 .� (18)

The numerical solution scheme is stable if ∥εn∥ is bounded 
for all n. This is ensured if the spectral radius of the amplifi-
cation matrix is less than or equal to one for all n

ρ(I − ∆tA) ≤ 1 .� (19)

The condition (19) involves the time step ∆t. The stability 
requires the use of small time steps, which are limited by the 
critical step ∆tcr:

∆t ≤ ∆tcr .� (20)

The critical time step is determined from the condition (19) 
and it is given by

∆tcr = 2
λmax

.� (21)

where λmax is the maximum eigenvalue of the matrix A. It 
should be remarked that the matrix A is obtained by scaling 
the diagonal elements of the positive definite matrix K by 
positive inverse elements of the diagonal matrix C, there-
fore, it keeps the positive definite property and all its eigen-
values are positive.

4  Super-time-stepping acceleration of the 
explicit scheme

The super-time stepping (STS) algorithm, as presented by 
Alexiades et al. [35], is based on relaxing the stability con-
dition (19) at every time step, and instead requiring stability 
at the end of the cycle of Nτ  steps. We will define Nτ  steps 
denoted τ1, . . . , τNτ  making up the so-called super-step 
∆tSTS:

∆tSTS =
Nτ∑
j=1

τj .� (22)

The stability condition for the super-step can be written as 
follows:

ρ




Nτ∏
j=1

(I − τjA)


 ≤ 1 .� (23)

The intermediate steps τj , j = 1, . . . , Nτ , are determined 
by solving the problem of maximisation of the length of the 
superstep ∆tSTS with the stability criterion (23) as the con-
straint. The solution yields the time steps τj  in the following 
form [35]:

i

i i

�
C   

j�
R       jC   cR       jR       

Fig. 7  Thermal pipe connecting two particles with a contact interface
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τj = ∆tcr

[
(−1 + ν) cos

(
2j − 1

Nτ

π

2

)
+ 1 + ν

]−1

, j = 1, . . . , Nτ ,� (24)

where ∆tcr is determined according to Eq. (21), and ν is a 
certain small parameter:

0 < ν <
λmin

λmax
,� (25)

with λmin and λmax, being the minimum and maximum 
eigenvalues of A. Each of the Nτ  substeps has a different 
length as given by Eq. (24). Variation of the lengths of sub-
steps τj  for different values of the parameter ν for Nτ = 10 
and 20 is shown in the form of histograms in Figs. 2 and 
3, respectively. It can be seen that the lengths of steps are 
decreasing with the increase of j. The substep lengths τj  are 
normalised with respect to the critical time step ∆tcr. The 
first steps for j = 1, . . . , Nτ /2 are larger and the rest are 
smaller than ∆tcr. It can be seen that, particularly, the step 
τ1 is much larger than ∆tcr as well as the other substeps τj  
for j > 1. Figures 2 and 3 also show the influence of the 
parameter ν on the length of the STS substeps. The smaller 
ν is, the larger STS substeps are.

The effect of the parameter ν can be observed better in 
Figs.  4 and 5, which show the cumulative time within a 
superstep for Nτ = 10 and 20, respectively. It can be seen 
that for the smaller values of ν the time covered by a super-
step is nearly (Nτ )2 larger than the critical time step:

∆tSTS → (Nτ )2∆tcr if ν → 0 .� (26)

In the standard explicit time integration, Nτ  steps cover a 
time of Nτ ∆tcr. This means that the time covered by Nτ  
intermediate steps in the STS algorithm can be up to Nτ  
times larger than the time covered by the same number of 
steps in the standard explicit scheme. This, in turn, reduces 
the number of necessary time steps required in the analysis. 
The theoretical gain (speedup) of the simulation measured 
by the ratio ∆tSTS/(Nτ ∆tcr) for various values of Nτ  and 
ν is plotted in Fig. 6. It can be seen that for larger values 
of ν the theoretical gain saturates with increasing Nτ . The 

theoretical maximum speedup for larger numbers of sub-
steps Nτ  is obtained for very small parameters ν. However, 
by decreasing the value of ν close to zero, we are approach-
ing the stability limit of the STS scheme (ν = 0), which is 
warned by Alexiades et al. [35]. We should also remember 
that the accuracy of the STS scheme is of order one with 
respect to ∆tSTS [35]. The effect of STS parameters on 
efficiency and accuracy will be studied further in numerical 
examples.

It should be remarked that practical calculations show 
that the inequality (25) does not need to be strictly satisfied 
[35, 40]. Barnaś and Bieniasz [40] have found out that the 
value of ν can be chosen rather freely, without taking into 
account the spectral properties of the matrix A, given by 
Eq. (10). It was also observed in the studies of Alexiades et 
al. [35], Gonzalez-Morales et al. [51], and French [52], that 
robust solution is achieved if ν is chosen within the interval 
of 0 < ν < 1.

5  Implementation of the STS algorithm

Implementation of the STS algorithm is straightforward 
[35], with few changes to the standard explicit scheme 
defined by Eq. (13). First, the critical time step ∆tcr for 
the forward Euler scheme is determined. Then, instead 
of performing time stepping with ∆t < ∆tcr, we execute 
supersteps of length ∆tSTS composed of Nτ  substeps τj  
evaluated according to Eq. (24). The substepping is per-
formed replacing ∆t in Eq. (13) with τj . The only additional 
cost is computation of the substep τj  given by Eq. (24). We 
should remember that the solution is meaningful at the end 
of each superstep only. The STS scheme with Nτ = 1 and 
ν = 0 is reduced to the standard explicit scheme. Therefore, 
implementation of the STS scheme allows us to perform the 
normal time-integration given by Eq. (13). In principle, the 
choice of Nτ  and ν is arbitrary. However, the STS scheme’s 
stability and accuracy aspects should be considered. Per-
formance, stability and accuracy of the STS scheme for 

h

ri

rj
aij h

ri

rj
aij

)b)a

Fig. 8  Geometry of two interacting 
particles: a by contact, b bonded 
by a sintering neck
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different combinations of Nτ  and ν will be studied in the 
numerical tests.

6  Approximate evaluation of the critical 
time step

In practical implementation of the explicit scheme, evalu-
ation of the maximum eigenvalue λmax of the matrix A, 
to determine the critical time step according to Eq. (21) 
would be computationally costly, especially because the 
global matrix A need not be assembled. The matrix–vec-
tor multiplication AX is performed locally by taking con-
tributions from two-particle connections. Accordingly, the 
critical time step ∆tcr is evaluated approximately by taking 
the minimum of the critical time steps ∆tcrij  for two-particle 

systems and additionally scaling it by a certain safety factor 
α (0 < α < 1) [28]:

∆tcr ≈ α min(∆tcrij) .� (27)

where

∆tcrij =
Ceq

ij

Kij
,� (28)

and Kij  is the conductance between particles i and j, and 
Ceq

ij  is the harmonic mean of the capacitances Ci and Cj

, cf. [28]:

Ceq
ij = 2CiCj

Ci + Cj
.� (29)

The STS stability condition given by Eq. (23) assumes the 
matrix A to be constant during a super-step. The critical 
time step used in Eq. (24) is evaluated based on the maxi-
mum eigenfrequency of the matrix A. However, in practice, 
Eq. (24) is implemented with the critical time step assessed 
with a certain safety margin α (0 < α < 1), cf. Equation 
(27). Therefore, some small changes to the matrix A dur-
ing the super-step can be allowed without affecting the sta-
bility. Additionally, the critical time step and STS substeps 
can be re-evaluated after each superstep or, in the case of 
moderate variation of the matrix A, every certain number 
of supersteps. Thus, we can expect that the STS can also be 
used in problems in which matrices K and A are subject 
to changes. The STS was used by other authors for nonlin-
ear problems with satisfactory results. Alexiades et al. [35] 
observed that STS performance was very good not only in 
the linear case, but also for non-linear problems, although, 
in the latter case, no theoretical foundations were available.

Fig. 10  Temperature (in ◦C) distribution in the sample at different time steps: a t = 0 ms, b t = 0.02 ms, c t = 0.2 ms, d t = 1 ms

 

P

Ttop  = 10 oC

Tbottom  = 0 oC

Fig. 9  Discrete element sample with definition of boundary conditions
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7  STS method for the coupled thermo-
electric problem

Implementation of the coupled thermo-electric discrete ele-
ment model using the standard explicit time integration was 
presented in [53]. The thermo-electric problem is defined by 
the set of equations for heat conduction (4) coupled by the 
Joule heating term given by Eq. (7) with the set of equations 
for the electric problem (6). Here, we consider one-way cou-
pling. However, it can be easily extended to two-way cou-
pling by taking into account the temperature-dependence 

of the electric properties. The sets of equations (4) and (6), 
complemented by adequate initial conditions, are integrated 
in time in a staggered manner. The STS scheme is employed 
in the time integration of thermal and electric problems, tak-
ing the STS superstep’s unified lengths. The STS substeps 
are evaluated according to Eq. (24) using the critical time 
step ∆tcr as minimum of the critical time steps calculated 
for both problems:

∆tcr = min(∆telcr, ∆tthcr ) .� (30)

8  Conductance model

The effective conductance Kij  of the branch connecting 
particles i and j can be obtained assuming the connection in 
a series of elements representing contributions of particles, 
Ki and Kj , and the inter-particle interface, Kc, as shown in 
Fig. 7. The effective conductance can be obtained from the 
following relationship

1
Kij

= 1
Ki

+ 1
Kj

+ 1
Kc

,� (31)

which can be rewritten as follows, cf. [28]::

Kij = KiKjKc

KiKj + KjKc + KiKc
.� (32)

Taking advantage of the thermal-electrical analogy [50], the 
conductance model presented here can be applied to electri-
cal as well as thermal problems.

The contributions of the particles, Ki and Kj  to the effec-
tive electric or thermal conductance Kij  will be evaluated 
using the linear relationship obtained in [54]:

Ki = 1.08κiπaij Kj = 1.08κjπaij ,� (33)

where κi and κj  are the electric or thermal bulk conduc-
tivities of particles i and j, and aij  denotes the radius of the 
contact area or neck connecting two particles.

The radius of the contact area or the neck size for two 
overlapping particles defined by their positions and radii 
(Fig. 8) can be calculated based on suitable contact or sin-
tering models, respectively.

If we assume the two non-bonded particles overlapping 
by h (Fig. 8a) are elastic, the contact radius can be evaluated 
using the Hertz contact model for two elastic spheres as, 
e.g. [55, 56]:

aij =
√

0.5 reff h ,� (34)

Fig. 11  Comparison of temperature evolution (at particle P, Fig. 9): a 
ν = 1e−3, b ν = 1e−4, c ν = 1e−5
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where

reff = 2rirj

ri + rj
.� (35)

The relationship between contact radius aij  and the overlap 
h for plastic particles has been obtained by Larsson et al. 
[57] in the following form:

aij =
√

f2
c reff h ,� (36)

Fig. 12  Error in temperature evolu-
tion (at particle P, Fig. 9): a, b Nτ

= 5, c, d Nτ = 10, e, f Nτ = 20, g, 
h Nτ = 25; a, c, e, g—normal scale 
with exponential fitted trendlines; 
b, d, f, h—log scale with linear 
fitted trendlines
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where f2
c  is a function of the Hollomon strain-hardening 

exponent m. The function f2
c = f2

c (m) obtained by the 
FEM analyses varies from 0.5 for linear hardening (m = 1) 
to 1.45 for perfect plasticity (m = ∞).

The neck radius for a pair of sintered particles is evalu-
ated considering the sintering geometry shown in Fig. 8b. 
The sintering neck is formed by the diffusive mass transport 
from the grain boundary to the neck surface. The two-parti-
cle sintering model proposed by Coble [58] assumes that the 
material from the particle intersection is distributed to the 
neck. The neck size for a pair of unequal particles predicted 
by Coble [59] is given by

aij =
√

2 reff h .� (37)

Equation (37) overestimates the neck size, and the error 
increases with an increase in the overlap. The correction to 
the formula (37) has been introduced by Rojek et al. [54] 

Table 1  Analysis of error in temperature evolution

ν Nτ
∆Tmean

(◦C)
k
(s−1) R2

1e−3 5 2.3748e−3 8.6628e3 0.65
10 8.8457e−3 8.2452e3 0.65
20 2.2955e−2 8.2233e3 0.63
25 3.2215e−2 1.0058e3 0.71

1e−4 5 1.9996e−3 7.5579e3 0.60
10 9.8804e−3 8.0641e3 0.57
20 4.1444e−2 8.7700e3 0.70
25 5.7081e−2 8.9013e3 0.62

1e−5 5 1.7720e−3 8.4179e3 0.47
10 9.6847e−3 8.6044e3 0.58
20 4.1347e−2 7.7703e3 0.63
25 1.1409e−1 8.1627e2 0.16

Table 2  Performance metrics for the simulations of the thermal problem
STS parameters Total No. of

STS substeps
Total CPU
time (s)

CPU time (s)
of time stepping

Speedup
(total CPU time)

Speedup
(time stepping)ν Nτ

0 1 46561 1283 1269.9 1.00 1.00
1e−3 5 9610 263 255.7 4.87 4.97

10 5260 149 141.1 8.63 9.00
15 3990 116 108.7 11.06 11.68
20 3460 103 95.1 12.51 13.36
25 3225 96 89.0 13.31 14.27

1e−4 5 9335 254 246.8 5.04 5.15
10 4720 139 131.6 9.22 9.65
15 3195 96 88.3 13.39 14.38
20 2460 77 69.2 16.73 18.36
25 2025 65 57.4 19.79 22.12

1e−5 5 9310 254 246.1 5.06 5.12
10 4660 133 125.8 9.63 9.92
15 3120 93 85.6 13.78 14.82
20 2340 73 65.6 17.56 18.82
25 1900 62 54.7 20.70 23.14

Fig. 14  Comparison of theoretical speedup and that achieved from 
simulations (total CPU time)

 

Fig. 13  Comparison of theoretical speedup and that achieved from 
simulations (CPU time of time stepping only)
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by imposing the criterion of volume preservation. The cor-
rected model presented in [54] is used in the present work in 
the numerical simulations.

The contact/neck radius aij  affects the particle conduc-
tance given by Eq. (33) as well as the interface conductance 
Kc. The interface conductance is given as follows, cf. [21, 
28]:

Kc = ϵijκeq
ij

πa2
ij

δgb
,� (38)

where κeq
ij  is the equivalent transverse conductivity of the 

bi-layered interface of thickness δgb:

κeq
ij = 2κiκj

κi + κj
,� (39)

 and ϵij  (0 < ϵij < 1) is the conductivity reduction fac-
tor used to reduce conductivity by a certain fraction in the 
grain boundary. This accounts for any porosity, impurity or 
roughness in the grain boundary region.

The two parameters defining conductance of the grain 
boundary, ϵij  and δgb, are treated as fitting parameters in the 
calibration of the discrete element model. The present work 
takes advantage of the calibration performed in our earlier 
works on evaluation of effective thermal [28] and electri-
cal [21] conductivities of sintered geometries using DEM. 
In the case of different particle materials, these parameters 
should be determined for each pair of materials. Herein, all 
the particles are from the same material, with thermal or 
electrical conductivity κ. Thus, we have

κi =κj = κeq
ij = κ, � (40)

ϵij =ϵ. � (41)

9  Numerical examples

9.1  Thermal analysis using the STS scheme

Transient thermal analysis was carried out using a cylin-
drical discrete element sample of diameter 123.6  μm and 
height 166 μm shown in Fig. 9.

The sample is composed of 17515 bonded particles with 
diameters of 1.5 μm to 20 μm representing partially sintered 
intermetallic NiAl powder. This is one of the samples (with 
a relative density of 0.784) studied in [28], where effective 
conductivity was evaluated using DEM thermal model, and 
the grain-boundary parameters (δgb and ϵ) were calibrated 
and validated with experimental measurements. Herein, 
heat conduction analysis was performed with the following 
model parameters:

	– density ρ = 5910 kg m−3,
	– specific heat capacity cth = 640  J/(kg K),
	– thermal conductivity κth = 85 W/(m K),
	– thickness of the grain boundary δgb = 0.2µm,
	– conductivity-reduction factor for the grain boundary 

ϵ = 0.17,
	– safety factor for assessment of the critical time step 

α = 0.3.

Thermal insulation of the sample in the radial direction was 
assumed. The initial temperature of 0◦C was prescribed 
to the whole sample. Heat conduction in the sample was 
induced by setting and holding constant the temperatures of 
10◦C and 0◦C to the top and bottom layers of the particles, 
as shown in Fig. 9. The transient heat flow during 1 ms was 
simulated. First, the analysis was started from the simula-
tion with the standard explicit forward Euler method. Fig-
ure 10 shows the evolution of temperature distribution in the 

Vtop = 1.75 x 10-4

dV
dr

= 0

Vbottom = 0 V

dT
dr

= 0

dT
dz

= 0

dT
dz

= 0

)b)a

Fig. 15  DEM problem definition: a 
electrical boundary conditions, b thermal 
boundary conditions
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sample obtained using the standard explicit time integration. 
Initially, we can observe a large temperature gradient at the 
upper part of the sample and a very small one at the lower 
part. Gradually, the temperature distribution varies to reach 
a linear profile along the axis at the end of the simulation, 
indicating the steady-state heat flow.

The STS simulations were performed for different com-
binations of STS parameters Nτ ∈ {5, 10, 20, 25} and 
ν ∈ {1e−5, 1e−4, 1e−3}. The ratio of the minimum and 
maximum eigenvalues, estimated for this problem in Appen-
dix A.1, is λth

min/λth
max = 1.275e−4. Two of the tested val-

ues of ν, 1e−5 and 1e−4, are in the prescribed range. The 
third value is higher than the upper limit.

Efficiency and accuracy of the STS scheme for different 
values of Nτ  and ν were compared to those of the standard 
explicit forward Euler method which was used as the refer-
ence solution. Figure 11 compares the temperature evolu-
tion at particle P at the half of the sample height (Fig. 9) for 
different combinations of STS parameters and the standard 
explicit solution (labelled with Nτ = 1). All the solutions 
present an increase in temperature in the initial phase and 

stabilisation at the end, which corresponds to a quasi-state 
heat flow. The curves in Fig. 11a obtained with various val-
ues of Nτ  and ν = 1e−3 coincide nearly perfectly. Some 
divergence, especially in the transient stage, can be observed 
in Fig. 11b and c. The curves for the highest values of Nτ  in 
Fig. 11b and c demonstrate oscillations which are especially 
pronounced in Fig. 11c (for the lowest value of ν).

Since the standard explicit solution Tst−expl can be 
regarded as close to the exact solution, the difference 
between the STS solutions TSTS and Tst−expl

∆T (t) = TSTS(t) − Tst−expl(t)� (42)

can be considered an error in the STS solutions. It can be 
observed in Fig. 11 that the solution converges to the stan-
dard explicit solution, which means that the error decreases. 
The absolute errors |∆T (t)| in the transient phase are plot-
ted in Fig. 12a, c, e, and g, which show their rapid decrease 
in time. Assuming that the error decreases exponentially, the 
errors can be fitted by a function:

Fig. 17  Temperature (in ◦C) distribution in the sample at different time steps: a t = 1e−3, b t = 2e−3 s, c t = 3e−3 s, d t = 4e−3 s

 

Fig. 16  Distribution of the electric potential (in V) at different time steps of the transient phase: a t = 0 ms, b t = 2e−5 s, c t = 6e−5 s, d t = 4
e−4 s
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|∆T (t)| = Z e−kt ,� (43)

where Z is a constant, and k is the error decay rate. To verify 
the assumption, the exponential relation (43) is transformed 
to a linear form by taking the logarithm of both sides:

log10 |∆T (t)| = log10 Z − k

ln 10
t ,� (44)

where we took advantage of the relation:

log10 e = 1
ln 10

.� (45)

In accordance with the transformation given by Eq. (44) 
we plot log10 |∆T (t)| vs. time in Fig. 12b, d, f, and h. We 
perform a linear regression analysis to fit the errors with 
linear functions. The error plots in Fig. 12b, d, f, and h indi-
cate that linear fitting is possible, although the coefficient of 
determination R2, cf. Table 1, is relatively weak due oscil-
latory nature of the errors. The error decay rate k can be 
determined from the slope s of the linear fit of log10 |E(t)| 
given as:

s = − k

ln 10
.� (46)

The decay rates obtained for all parameter combinations 
are given in Table 1. For most cases, k has similar values. 
The only noticeable exception is the cases with Nτ = 25 and 
ν= 1e−5 where the decay rate is approximately one order 
slower. The decay rate k characterizes how fast the error 
decreases in time. However, it does not provide information 
about the magnitude of the error. The error magnitude is bet-
ter assessed based on the exponential fits shown in Fig. 12, 
where both the decay constant k and the intercept Z are taken 
into account according to the Eqs. (43) and (44). To analyse 
the error quantitatively, mean absolute error (∆Tmean) was 
evaluated as:

∆Tmean =
∑ne

i=1 |∆T (ti)|
ne

,� (47)

where |∆T (ti)| is the absolute error at time ti and ne is the 
number of output instants in the interval used for the lin-
ear fitting. ∆Tmean values given in Table 1 show a gradual 
increase with the number of STS substeps Nτ . It is under-
standable, since the increase of Nτ  leads to an increase of 
the superstep ∆tSTS, and the accuracy of the STS scheme is 
of order one with respect to ∆tSTS. Thus, with the increase 
of Nτ  and in consequence of ∆tSTS, the error increases. 
The increasing trend in error with the increase of Nτ  can 
be seen for all the values of ν; though, it is more prominent 
for smaller ν. Particularly, for ν= 1e−5, ∆Tmean increases 
more noticeably as Nτ  increases. for small Nτ  (Nτ  = 5, 10), 
the error is nearly insensitive to the changes of parameter 
ν. Small variations appear for Nτ = 20, while for Nτ = 25, 
dependency of the error on the parameter ν becomes more 
prominent. Overall, the error increases with increasing Nτ  
and decreasing ν. This analysis shows that high values of 
Nτ  combined with very low values of ν may produce unac-
ceptably large errors.

Fig. 18  Comparison of potential evolution (at particle P, Fig.  9): a 
ν = 1e−3, b ν = 1e−4, c ν = 1e−5
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On the other hand side, Fig. 6 demonstrates that the larger 
value of Nτ  and smaller value of ν are, the bigger gains in 
computational efficiency can be expected. Parameter com-
binations that yield higher accuracy are unfavourable with 
respect to computational efficiency. Performance metrics 

obtained in the simulations with various combinations of 
STS parameters are given in Table 2.

Data for ν = 0 and Nτ = 1 represent the performance of 
the standard explicit scheme. The performance is measured 
in terms of CPU time. Simulations were performed on the 
PC workstation equipped with an AMD Ryzen Threadripper 

Fig. 19  Error in potential evolution 
(at particle P, Fig. 9): a, b Nτ = 10, 
c, d Nτ = 15, e, f Nτ = 20, g, h Nτ

= 25; a, c, e, g—normal scale with 
exponential fitted trendlines; b, d, 
f, h—log scale with linear fitted 
trendlines
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2950X processor with a base clock frequency of 3.5 GHz. 
The CPU time is given for the whole analysis and for the 
time-stepping (without input of the data and initial calcu-
lations). All the data were collected from the simulations 
with a minimum number of output operations. The speedup 
obtained with STS algorithm is evaluated as the ratio of 
the CPU times of the standard explicit and STS simula-
tions. The speedups obtained for various combinations of 
STS parameters are compared with the theoretical speed-
ups in Figs. 13 and 14. It can be observed in Fig. 13 that 
the speedup measured for time-stepping is very close to the 
theoretical speedup. The speedups obtained for the whole 
analyses (Fig. 14) are only slightly lower. We can observe 
that the speedups of up to 20 can be obtained for Nτ = 25 
and ν = 1e−4 and ν = 1e−5. However, the error analysis 
carried out above shows that the errors of simulations with 
high values of Nτ  and very low values of ν can be too large. 
Practical speedup obtained in simulations with a smaller 
error is up to 15, for instance, solutions for ν = 1e−3 and 
all the considered values of Nτ  or for Nτ = 15 and all the 
values of ν.

9.2  Thermo-electric analysis using the STS scheme

Thermo-electric simulations were performed on the sample 
used in the thermal analysis. The flow of the electric current 
through the sample under a prescribed voltage was analysed 
in the electric problem. Definition of the boundary condi-
tions for the electric problem is shown in Fig.  15a. Elec-
trical potential of 1.75 × 10−4 V was assigned to the top 
layer of particles and 0 V to the bottom layer. The insula-
tion was assumed for the lateral surface of the sample. One-
way coupling between electrical and thermal problems was 
considered. The Joule heat evaluated in the electrical solu-
tion was passed at each step to the thermal problem. Heat 
absorption and conduction were analysed in the sample. The 
temperature increase and its distribution in the sample were 

evaluated. Adiabatic boundary conditions (zero temperature 
gradient) were applied for the whole sample as shown in 
Fig. 15b. Zero initial conditions were assumed for the elec-
tric and thermal problems, for electric potential and temper-
ature, respectively. The thermal model parameters specified 
in Sect. 9.1 were complemented with the following data for 
the electric model:

	– specific electrical capacitance cel = 2 × 106 F/kg,
	– electric conductivity κel = 9.8 × 105 S/m,

Table 3  Analysis of error in potential evolution

ν Nτ
∆Vmean

(V)
k
(s−1) R2

1e−3 10 1.8914e−8 1.3532e4 0.77
15 6.1143e−8 1.3421e4 0.58
20 9.5380e−8 1.5290e4 0.89
25 6.9684e−8 1.4099e4 0.89

1e−4 10 2.1535e−8 1.4034e4 0.87
15 7.3712e−8 1.3856e4 0.86
20 1.3448e−7 1.6475e4 0.97
25 1.1856e−7 1.4350e4 0.90

1e−5 10 3.5343e−8 1.5445e4 0.77
15 5.9004e−8 1.4395e4 0.82
20 8.0822e−8 1.3177e4 0.86
25 1.2016e−7 7.2688e3 0.89

Fig. 20  Comparison of temperature evolution (at particle P, Fig. 9): a 
ν = 1e−3, b ν = 1e−4, c ν = 1e−5
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	– thickness of the grain boundary δgb = 0.23 µm,
	– conductivity-reduction factor for the grain boundary 

ϵ = 0.16,
	– safety factor for assessment of the critical time step 

α = 0.15.

The parameters defining grain boundary resistance, ϵ and 
δgb, were calibrated in [21].

A similar thermo-electric problems were analysed in 
detail in [53] using the standard explicit forward Euler 
method for time integration. Here, we will investigate 

the performance and applicability of the STS scheme for 
the coupled problem. The STS simulations were per-
formed for different combinations of STS parameters 
Nτ ∈ {10, 15, 20, 25} and ν ∈ {1e−5, 1e−4, 1e−3}. The 
ratio λel

min/λel
max based on the minimum and maximum 

eigenvalues, estimated for the electric problem in Appendix 
3, is 1.34e−4. This value is close to the ratio evaluated for 
the thermal problem, 1.275e−4. Two of the tested values of 
ν, 1e−5 and 1e−4, are in the interval (0, λmin/λmax) for 
both thermal and electric problems. The third value, 1e−3, 
is higher than the upper limit for both problems. Efficiency 
and accuracy of the STS scheme for different combinations 
of the STS parameters will be investigated by comparison to 
standard explicit solution.

The critical time steps, evaluated in Appendix, for 
the thermal and electric problems are 5.0881e−8 s and 
1.5345e−8 s, respectively. Therefore time integration step 
of the coupled problem is limited by the critical step of the 
electric problem, which is smaller of the two.

Figures 16 and 17 show the evolution of the distribution 
of the electric potential and temperature, respectively. Fig-
ure 16 shows the changes of the distribution of the electric 
potential in the transient phase until the steady-state distri-
bution (Fig.  16d) is obtained. Figure 17 shows a uniform 
temperature distribution during heating due to the Joule 
effect. It was shown in [53] that despite nonuniform Joule 
heating at the particle scale, the temperature in the sample 
is uniform due to a high diffusivity of the metallic material.

Figure 18 presents the evolution of the electric potential 
at particle P at the half of the sample height (Fig.  9) for 
different combinations of STS parameters and the standard 
explicit solution. All the solutions present a fast increase in 
a short initial phase and a constant value at the steady-state 
phase. The curves in Fig. 18 obtained with various values of 
Nτ  and ν = 1e−3 coincide nearly perfectly.

Errors in the solution of potential evolution V are anal-
ysed in analogy with the temperature evolution T in ther-
mal problem in Sect. 9.1 Difference between STS solutions 
VSTS and standard explicit solution Vst−sxpl in the transient 
phase are plotted as absolute error |∆V (t)| in Fig. 19a, c, 
e, and g. A rapid decrease in error can be seen for all cases. 
Assuming that the errors drop exponentially, the curves can 
be fitted according to Eq. (43). Exponential decay appears 
as a straight line when plotted on a semi-log scale as given 
by Eq. (44). Figure 19b, d, f, and h presents log-transformed 
absolute errors log10 |∆V (t)| plotted against time. The plots 
indicate quite good linear fitting with coefficient of determi-
nation R2 generally higher 0.77, cf. Table 3. The error decay 
k can be evaluated from the slope of the linearly fitted lines 
according to the relation given in Eq. (46). The decay rates 
obtained for all parameter combinations are given in Table 
3. For most cases, k has similar values. The only noticeable 

Fig. 21  Error in temperature evolution (at particle P, Fig. 9): a ν = 1
e−3, b ν = 1e−4, c ν = 1e−5
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exception is the cases with Nτ = 25 and ν= 1e−5 where the 
decay rate is visibly slower. The exponential fits according 
to the Eqs. (43) with the decay constant k and the intercept 
Z taken from Eq. (44) are plotted in Fig. 19a, c, e, and g. 
To analyse the error quantitatively, mean absolute error 
(∆Vmean) was evaluated using Eq. (47) where temperature 
T can be replaced by potential V. ∆Vmean values given in 
Table 3 show an overall increase with the increasing number 
of STS substeps Nτ . The increasing trend in error with the 
increase of Nτ  can be seen for all the values of ν; though, 
it is more prominent for smaller ν (ν = 1e−4, 1e−5). This 
analysis shows that high values of Nτ  in combination with 
small values of ν should be avoided to ensure accuracy of 
the STS solution.

Figure 20 presents temperature evolution at the at par-
ticle P at the half of the sample height (Fig. 9) for different 
combinations of STS parameters and the standard explicit 
solution. The temperature evolution is related to the electric 
current changes. In the initial short phase, corresponding 
to the transient phase in the electric problem, temperature 
increases nonlinearly. After the steady state is achieved in 
the electric problem the Joule heating is constant and the 
rate of increase in temperature is constant, therefore, the 
temperature increases linearly in time.

All the curves in Fig. 20, except for that corresponding 
to the highest value of Nτ  (Nτ = 25), overlap very well 
and are very close to the reference solution with the stan-
dard explicit time integration. The difference between STS 
and standard explicit solutions can be treated as error in 
STS solution. The errors are presented in semi-log plots 
in Fig.  21. It can be seen that the smaller Nτ  and larger 
(but still small) ν are, the smaller the error is. The error 
increases in the initial phase and then stays constant. The 
error in temperature is affected by the error in the STS solu-
tion of the electric problem. Joule heating is proportional to 
the square of the electric potential. Therefore, the error in 

Table 4  Performance metrics for the simulations of the thermoelectric problem with different combinations of STS parameters
STS parameters Total No. of

STS substeps
Total CPU
time (s)

CPU time (s)
of time stepping

Speedup
(total CPU time)

Speedup
(time stepping)

ν Nτ

0 1 1374238 39190 39166.5 1.00 1.00
1e−3 10 155090 4545 4536.0 8.62 8.63

15 117450 3460 3452.0 11.33 11.35
20 101860 2922 2913.2 13.41 13.44
25 94500 2798 2789.9 14.01 14.04

1e−4 10 139110 4017 4007.8 9.76 9.77
15 94260 2737 2729.3 14.32 14.35
20 72280 2138 2129.7 18.33 18.39
25 59425 1736 1728.2 22.58 22.66

1e−5 10 137470 4017 4007.8 9.76 9.77
15 91800 2648 2640.6 14.80 14.83
20 69020 2006 1998.4 19.54 19.60
25 55375 1624 1615.7 24.13 24.24

Fig. 23  Comparison of theoretical speedup and that achieved from 
thermo-electric simulations (total CPU time)

 

Fig. 22  Comparison of theoretical speedup and that achieved from 
thermo-electric simulations (CPU time of time stepping only)
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temperature is proportional to the square of the error in the 
electric solution. This explains why we observe the largest 
difference for Nτ = 25, for which the error is the largest. As 
was commented earlier, the error in the electric solution for 
the steady state becomes close to zero, and the difference 
in temperature is kept at the same level in the phase of the 
steady state in the electric problem.

Similarly to the thermal simulations, we analysed an 
increase in the computational efficiency yielded by the STS 
scheme compared to the standard forward Euler explicit 
time integration. Performance metrics obtained in the simu-
lations for various combinations of the STS parameters are 
given in Table 4. Data for ν = 0 and Nτ = 1 represent the 
performance of the standard explicit scheme. The CPU time 
is given for the total execution and for the execution of the 
time stepping only, without taking into account the time for 
input of the data and initial calculations. Based on these 
CPU times and the respective CPU time of the standard 
explicit simulation, the speedups were calculated for the 
STS simulations with different combinations of Nτ  and ν. 
The speedups are also presented graphically in Figs. 22 and 
23 in comparison to the theoretical speedups. It can be seen 
that the speedups obtained in simulations are very close to 
the theoretical speedups. There is not much difference in 
the speedups for the whole execution and for the time step-
ping. In this case, the number of time steps is much higher 
than in the case of the thermal simulation (compare the data 
in Tables 2 and 4), so the CPU time for the data input and 
initial calculations is less significant. We can observe that 
the speedups can be obtained as high as 22.6 and 24.1 for 
Nτ = 25 combined ν = 1e−4 and ν = 1e−5. However, the 
error analysis carried out above shows that the error in tem-
perature for Nτ = 25 may be unacceptably large. The STS 
scheme with Nτ = 20 yields the speedups 18.33 (ν = 1
e−4) and 19.54 (ν = 1e−5) with much lower error, which 
usually can be acceptable in practice.

10  Conclusions

The super-stepping-acceleration method was implemented 
and validated for thermal, electric and thermoelectric dis-
crete-element models. The implementation of the STS 
scheme in the framework of the DEM is very simple since 
it requires few changes to the standard solution algorithm. 
Numerical simulations have shown that the STS scheme 
gives a significant speedup with respect to the standard 
explicit forward Euler method. The runtime improvement is 
gained thanks to a reduction in the number of time steps. The 
speedup and accuracy depend on the length of the superstep, 
which in turn depends on the value of STS parameters, the 
number of substeps Nτ  and parameter ν. The smaller the 

ν and the larger Nτ  are, the larger the length of the super-
step and speedup are. However, the errors are larger with the 
increase in the length of the superstep. Thus, the efficiency 
is a tradeoff against the accuracy. Higher speedups are 
obtained at the cost of an increase in errors. The values of 
the STS parameters should be chosen so that the speedup is 
as high as possible with acceptable errors. Numerical inves-
tigations performed in this work have shown that Nτ = 10
–20 combined with ν = 1e−4–1e−3 give the speedups as 
high as 15 and the solutions with acceptable errors.

The results of the performance studies show that the STS 
acceleration scheme gives a considerable improvement in 
the explicit integration of the first-order differential equa-
tions, and it can be successfully applied in the DEM frame-
work for transient thermal, electric and thermo-electric 
analyses.

The present work is limited to the DEM simulations 
on the fixed particle configurations, and it can be used in 
problems in which the dynamic effects can be neglected. 
Coupling with the dynamics will be the subject of further 
investigation.

Appendix: Eigenvalue estimation

The formulation of the STS algorithm developed by Alex-
iades [35] and used in this work, employs the parameter ν 
satisfying inequality (25) that involves the minimum and 
maximum eigenvalues of the discrete system, λmin and 
λmax, respectively. Since the global matrix is not built in 
the numerical implementation of the solution algorithm, the 
spectral bounds for the thermal problem are estimated below 
using computationally efficient approximations, rather than 
by explicitly solving a global eigenvalue problem.

A.1 Estimation of eigenvalues for thermal problem

Estimation of the maximum eigenvalue

The largest eigenvalue λth
max will be estimated taking advan-

tage of its direct relationship to the critical time step of the 
explicit forward Euler scheme given by Eq. (21). In the 
numerical simulation of the thermal problem, the integra-
tion time step ∆tcr was assessed by taking the minimum of 
the critical time steps for two-particle systems

min(∆tcrij) = 7.1663e−8 s

and multiplying it by a safety factor α = 0.3 as given in 
Eq. (27)
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∆tcr = 0.3 · 7.1663e−8 s = 2.1499e−8s.

For the evaluation of λth
max, we determined the actual criti-

cal time finding the maximum value of α giving the stable 
solution. We performed simulations for 0.3 < α < 1. We 
obtained the stability limit using the bisection method—we 
were iteratively halving the interval and checking the stabil-
ity of the solution in the midpoint. Unstable solution was 
signalled by a sudden and rapid/sudden increase of tempera-
ture to unrealistic values (explosion of the solution). In this 
way, the limiting value for stability α∗ ≈ 0.71 was found. 
Thus, the actual critical time step was determined as

∆t∗
cr = 0.71 · 7.1663e−8 s = 5.0881e−8 s.

Accordingly, the maximum eigenvalue is estimated as:

λth
max = 2

∆t∗
cr

= 2
5.0881e−8 s

= 3.93074e7s−1.

Estimation of the minimum eigenvalue

The smallest eigenvalue λth
min of the discrete system will 

be assessed using the analytical solution of the eigenvalue 
problem corresponding to the continuous heat conduction 
equation equivalent to the analysed discrete problem. The 
thermal problem analysed in Sect. 9.1 can be idealised as a 
one-dimensional heat conduction problem along the z-axis. 
Due to the uniform prescribed temperatures at the top and 
bottom and insulated lateral boundaries heat in the radial 
direction can be neglected, and temperatures at sample 
cross-sections are approximately uniform. Therefore the 
analysed problem can be described approximately by the 
differential equation

∂T (z, t)
∂t

= D
∂2T (z, t)

∂z2
� (48)

with Dirichlet boundary conditions

T (0, t) = Tbottom = 0◦C , T (L, t) = Ttop = 10◦C ,� (49)

where L, the height of the DEM sample, is the length of the 
computational domain, and Dth is an effective thermal dif-
fusivity evaluated as:

Dth = κth
eff

ρbcth .� (50)

Assuming a solution of Eq. (48) in the form

T (z, t) = ϕ(z)e−λDtht ,� (51)

where ϕ(z) satisfies the boundary conditions (49), we obtain 
a spatial eigenvalue problem

−∂2ϕ

∂z2 = λϕ .� (52)

with λ being the eigenvalue and ϕ—the corresponding 
eigenfunction. Solution of the eigenvalue problem (52) 
yields the eigenvalues in the form [60, 61]:

λn = n2π2Dth

L2 .� (53)

The smallest eigenvalue is that corresponding to n = 1

λth
min = λ1 = π2Dth

L2 .� (54)

Calculations defined by Eqs. (50) and (54) have been carried 
out taking parameters given in Sect. 9.1, specific heat capac-
ity cth = 640 J/(kg K) and the sample height L = 166 µm

, as well as effective properties determined in our previ-
ous work [28], effective thermal conductivity κth

eff = 41.5 
W/(m K) and bulk density ρb = 4633.44 kg m−3. Using 
these data in Eqs. (50) and (54) we obtain the effective dif-
fusivity Dth = 1.399e−5 m2s−1

and the minimum eigenvalue

λth
min = 5.0124e3 s−1 .

Hence the eigenvalue ratio is given as:

λth
min

λth
max

≈ 1.275e−4.

A.2 Estimation of eigenvalues for electrical problem

Taking advantage of the mathematical analogy between 
thermal and electrical problem, we evaluate the eigenvalues 
in the electrical problem in the same way as it was done 
above for the thermal problem.

Estimation of the maximum eigenvalue

Maximum eigenvalue λel
max is estimated using its relation-

ship to the critical time step of the explicit forward Euler 
scheme given by Eq. (21). In the electrical problem, the 
minimum of the critical time steps for two-particle systems 
was determined as

min(∆tcrij) = 1.9424e−8 s.
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The limiting value for stability of α∗ ≈ 0.79 was found 
iteratively by the bisection method. The actual critical time 
step was determined as

∆t∗
cr = 0.79 · 1.9424e−8 s = 1.5345e−8 s.

Accordingly, the maximum eigenvalue is estimated as:

λel
max = 2

∆t∗
cr

= 2
1.5345e−8 s

= 1.3034e8 s−1.

Estimation of the minimum eigenvalue

The smallest eigenvalue λel
min for the electrical problem 

will be estimated using the analogy between thermal and 
electrical problem. Analytical solution of one-dimensional 
heat conduction problem presented in Appendix A.1 can be 
translated to an electrical problem yielding the solution of 
the minimum eigenvalue problem in the form:

λel
min = π2Del

L2 ,� (55)

where L, the height of the DEM sample, is the length of 
the computational domain, and Del is an effective electrical 
diffusivity (analogous to thermal diffusivity, cf. [62]) evalu-
ated as:

Del = κel
eff

ρbcel .� (56)

Calculations defined by Eqs. (56) and (55) have been car-
ried out taking parameters given in Sect.  9.2, specific 
electric capacity c = 2e6 F/kg) and the sample height 
L = 166 µm, as well as effective properties determined in 
our previous work [21], effective electrical conductivity 
κel

eff = 4.518e5 S/m and bulk density ρb = 4633.44 kg m−3

. Using these values, we obtain the effective diffusivity 
Del = 4.875e−5 m2s−1 and the minimum eigenvalue

λel
min = 1.746e4 s−1 .

Hence the eigenvalue ratio is given as:

λel
min

λel
max

≈ 1.34e−4.
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