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A B S T R A C T

Anisotropic yield criteria and kinematic hardening laws have been independently validated for additively 
manufactured alloys. However, their specific combination has not been implemented in a finite element user 
subroutine and validated against 360◦ sequential biaxial probing data for LENS-deposited nickel-base alloys. 
Present work delivers the first validated implementation of this coupling for LENS-deposited Inconel 625, 
combining the Szczepiński quadratic yield criterion with Armstrong–Frederick kinematic hardening. The 
implemented return-mapping algorithm accumulates the plastic multiplier across Newton–Raphson iterations 
before updating the plastic and equivalent plastic strain state variables. This distinction is significant for the non- 
radially-symmetric Szczepiński surface where the flow direction rotates at each iteration unlike the fixed radial 
direction of isotropic return mapping. A two-step iterative boundary-condition correction scheme ensures each 
probing direction converges within ±1.5◦ of the experimental stress angle, achieved for 16 of 17 sequential 
paths. Path P1, the virgin specimen opening probe retains a residual angular deviation of − 2.97◦ due to absent 
accumulated back-stress at the start of the sequential cycle. The validated UMAT reproduces all 17 directional 
yield points with a mean absolute angular error of 0.86◦, mean absolute axial and shear stress deviations of 11.4 
MPa and 12.5 MPa, respectively. Path-level deviations reach a maximum of 32 MPa in axial stress at P10 and 
41.4 MPa in shear stress at P5, attributed to angular misalignment between back-stress and probing direction in 
the compressive–shear and near-pure-torsion sectors, respectively. This establishes the framework as a compu
tational tool for characterising multiaxial yield surface under complex loading.

1. Introduction

Nickel-based alloys fabricated via Laser Engineered Net Shaping 
(LENS) are increasingly deployed in structurally critical components 
such as aerospace turbine hardware, biomedical implants, and repair 
tooling [1,2]. The layer-by-layer thermal cycling inherent to LENS 
processing induces a pronounced columnar grain morphology and 
build-direction-dependent mechanical anisotropy in Inconel 625 
(IN625), rendering isotropic yield criteria fundamentally inadequate for 
predicting plastic onset under generalised stress states. Sharp thermal 

gradients during rapid solidification promote the formation of columnar 
grains with a strong 〈001〉//deposition-axis crystallographic fibre 
texture, while inter-layer sintering sequences progressively redistribute 
solute elements and introduce build-direction-dependent dislocation 
sub-structures [1,3]. These features collectively produce a noticeable 
mechanical anisotropy, manifested in the directional resistance to 
plastic flow and the yield threshold vary substantially with both the 
loading direction and the accumulated plastic strain history. A pro
nounced Bauschinger effect [4,5] further modifies this effect where 
pre-straining in one direction lowers the yield threshold upon reversal in 
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the opposite direction. Consequently, the elastic domain is not merely 
scaled but translated, distorted, and rotated in multiaxial stress space 
[6]. To capture these phenomena at the fundamental level, it is neces
sary to characterise the material response directly through the multi
axial yield surface instead of scalar yield stress evaluated from a single 
uniaxial tensile test. The classical isotropic Huber-Von Mises-Hencky 
criterion [5], which predicts a perfect circle centred at the stress space 
origin, is explicitly inadequate for textured, AM alloys because it applies 
both isotropy and centrosymmetry i.e. equal tensile and compressive 
yield thresholds, two conditions simultaneously violated by 
LENS-deposited IN625.

The theoretical and experimental foundations of plasticity-based 
frameworks for path-dependent materials have evolved progressively 
over more than a century of sustained research. The historical founda
tion was established by Bauschinger [7,8], who observed that Bessemer 
steel, after plastic deformation in tension, exhibited a markedly reduced 
yield stress upon subsequent compression. This direction-dependent 
asymmetry, known as the Bauschinger effect, demonstrated for the 
first time that the yield limit is not a fixed scalar but is inherently sen
sitive to the direction and history of prior plastic deformation. Von Mises 
[5,9] formalised this understanding by developing a general yield 
function for polycrystalline materials, which remains the standard 
isotropic reference surface in modern plasticity. Later on, Prager [10] 
introduced the back-stress tensor as a tensorial internal variable that 
translates the yield surface rigidly in stress space providing the first 
physically motivated constitutive description of kinematic hardening 
under multiaxial loading. Further, Armstrong and Frederick (1966) [4,
11] enriched Prager's model by incorporating a dynamic recovery term 
that drives the back-stress to a direction-dependent saturation limit. This 
enables the simulation of ratcheting and mean stress relaxation under 
cyclic and non-proportional loading histories, precisely the loading 
regime central to the sequential probing method employed in present 
work.

Recognising the inadequacy of translational and isotropic yield 
models for textured and pre-deformed materials, Szczepiński [5] pro
posed an anisotropic yield criterion for multiaxial stress states based on 
a second-order quadratic formulation incorporating linear stress terms. 
In the bi-directional axial-shear (σ, τ) stress space, the Szczepiński cri
terion requires only five independent material parameters for calibra
tion of the yield surface represented by an elliptical function. Unlike 
Hill's [12] orthotropic yield criterion which imposes principal axis 
alignment with the material symmetry axes, the Szczepiński model 
simultaneously captures yield surface translation, distortion, and rota
tion. Consequently, the model is uniquely suited for LENS-deposited 
alloys in which the principal anisotropy axes may be misaligned with 
respect to the deposition direction due to scan-vector rotation between 
build layers [13,14]. Numerous experimental investigations [13–15] 
established the utility of the sequential single-specimen probing meth
odology for yield surface identification for various additive manufac
tured alloys. The methodology, which applies a series of short radial 
loading probes in an axial-shear stress plane to a thin-walled tubular 
specimen, each depositing a small controlled increment of equivalent 
plastic strain Δεᵖ, was systematically applied by Szczepinski and 
co-workers [5,16,17]. Later on, Dubey et al. [13] utilised the Szczepiński 
quadratic criterion with a least-squares fitting procedure to quantify 
ellipse centre shift and axis ratio from sequential biaxial probing data for 
conventional CP-Ti alloy.

The extension of kinematic hardening models to AM alloys has been 
an active research frontier over the past decade. Agius et al. [6] pro
posed an efficient modelling scheme for additive manufactured 
Ti–6Al–4V that combines the Hill [12] anisotropic yield function with 
Armstrong–Frederick kinematic hardening rule. They reported that su
perposition of multiple back-stress components is necessary to repro
duce the Bauschinger effect and the cyclic stress-strain evolution across 
different build orientations. Geng and Harrison [18] utilised Crystal 
Plasticity Finite Element Modelling (CPFEM) to simulate functionally 

graded Ti–6Al–4V alloy. They demonstrated that microstructural gra
dients inherent in AM processes directly govern the activation of indi
vidual slip systems and the resulting shape of the yield locus under 
varying stress states. Complementing this, Somlo et al. [19] adopted a 
multiscale methodology based on CPFEM and periodic representative 
volume elements (RVEs) to simulate the direction-dependent behaviour 
of AM 316 L stainless steel and Ti–6Al–4V alloys. By incorporating 
crystallographic texture and columnar grain morphology, they cali
brated Hill's [12] and YLD2004-18 P yield surface models and confirmed 
that AM-induced texture produces an anisotropy that can only be 
partially reproduced by Hill's model [12]. This behaviour motivated the 
use of more general quadratic criteria such as Szczepiński yield model 
for materials with significant shear-coupling terms. Notably, these 
CPFEM studies confirmed that they require accurate and extensive EBSD 
maps, single-crystal elastic constants and slip systems along with sub
stantial computational expense for RVE averaging. These computational 
requirements impose significant limitations that the present phenome
nological Szczepiński-UMAT approach explicitly circumvents by cali
brating directly against specimen based experimental yield points. In 
pursuit of a related approach, Hu et al. [20] utilised Chaboche 
rate-dependent model [21] to predict subsequent yield surfaces of alloy 
steel under tension–torsion sequential loading. Their simulation results 
demonstrated that J2-based classical models with combined iso
tropic–kinematic hardening can reproduce the experimental yield locus 
translation but systematically underestimate the ellipse distortion at 
large offset plastic strains. This finding directly motivated the accep
tance of the non-circular Szczepiński surface in the present work, where 
the coupling coefficient and the anisotropy ratio produce a measurable 
ellipse inclination and aspect-ratio distortion that a J2-based model 
cannot capture.

Despite these advances, a specific and unaddressed gap persists in the 
computational mechanics literature for AM nickel-base alloys. Hill-type 
UMATs have been implemented for AM Ti–6Al–4V but impose principal 
axis alignment with material symmetry axes, which is violated in LENS- 
deposited IN625 due to scan-vector rotation between build layers that 
misaligns the principal anisotropy axes [6]. YLD/Barlat-family criteria 
provide excellent sheet-forming accuracy but require six or more inde
pendent anisotropy coefficients obtained from multi-specimen biaxial 
tests an experimental burden incompatible with the single-specimen 
sequential probing protocol adopted here [19]. Chaboche-type com
bined isotropic–kinematic hardening models have been applied to alloy 
steel under tension–torsion, but J2-based flow surfaces systematically 
underestimate ellipse distortion at large offset plastic strains, as 
demonstrated quantitatively by Hu et al. [20]. Crystal plasticity FEM 
approaches accurately resolve texture-induced anisotropy but require 
extensive EBSD characterisation, single-crystal constants, and RVE 
averaging, imposing computational costs that are disproportionate for 
phenomenological yield surface identification [19]. The present 
contribution is therefore not the introduction of a new constitutive 
concept, but the first validated transfer and deployment of the specific 
combination of (i) the Szczepiński five-parameter general quadratic 
yield criterion implemented in a 2D axial-shear UMAT, (ii) Arm
strong–Frederick nonlinear kinematic hardening integrated via implicit 
Euler update, (iii) a plastic multiplier accumulation correction across 
Newton–Raphson iterations, and (iv) an iterative two-step boundar
y-condition correction scheme. It can be noted that the application of 
this constitutive law against 17 full 360◦ sequential biaxial probing 
paths on LENS-deposited IN625 has not been previously reported. 
Table 1 summarises the specific elements of the present contribution 
relative to the most closely related prior works, highlighting what is 
adopted from existing literature and what constitutes the novel combi
nation delivered in this study.

As Table 1 clarifies, Dubey et al. [13] and Kopec et al. [15] applied 
the Szczepiński criterion purely as a curve-fitting tool to experimental 
data, without embedding it in a finite element UMAT capable of forward 
simulation. Agius et al. [6] coupled an anisotropic yield surface with 
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Armstrong–Frederick hardening in ABAQUS, but for the Hill criterion 
under uniaxial cycling, not for the Szczepiński surface under full biaxial 
sequential probing. The present contribution is therefore not the intro
duction of a new constitutive concept, but the first validated transfer and 
deployment of specific coupling of Szczepiński yield criterion with 
Armstrong–Frederick hardening within a forward-simulating UMAT for 
LENS-deposited IN625 under a full 360◦ sequential biaxial probing 
technique, a material system and loading regime for which this combi
nation has not previously been demonstrated.

In response to these gaps, the present work develops and validates a 
novel UMAT subroutine within ABAQUS software specifically designed 
to simulate the sequential evolution of the anisotropic yield surface of 
as-received LENS-deposited Inconel 625 under 17 sequential biaxial 
tension/compression–torsion probing paths spanning the full 360◦ of the 
(σ, τ) stress space. The subroutine implements the Szczepiński aniso
tropic yield criterion within a robust elastic predictor–plastic corrector 
return-mapping framework incorporating Armstrong–Frederick 
nonlinear kinematic hardening mechanism. A documented imple
mentation practice ensures correct plastic multiplier accumulation 
across Newton–Raphson iterations for the non-radially-symmetric 
Szczepiński surface. This practice avoids a known failure mode in 
which only the final iterative correction is mistakenly treated as the total 
plastic multiplier. This correction confirms reliable identification of the 
0.01% plastic strain offset yield point consistently across all 17 
sequential loading paths. This investigation thereby addresses a signif
icant gap in the computational mechanics of AM alloys, providing a 
validated, physically consistent, and computationally efficient numeri
cal methodology for simulating multiaxial yield surface evolution in 
materials exhibiting AM-induced crystallographic anisotropy and path- 
dependent kinematic back-stress accumulation.

2. Materials and experimental methodology

The material studied in the present study was additively manufac
tured Inconel 625 (IN625) alloy. Thin-walled tubular specimens with an 
outer diameter of 12 mm and a length of 72 mm were fabricated using 
the LENS-MR7 system. The IN625 powder feedstock, supplied by Car
penter Additive, comprised a nominal chemical composition (wt.%) of 
balance Ni, 21 Cr, 9 Mo, 4 Nb, 5 Fe, 1 Co, 0.5 Si, 0.5 Mn, 0.4 Ti, 0.4 Al, 

0.1 C, 0.015 S, and 0.015 P. Fabrication was conducted in a high-purity 
argon atmosphere with the build direction oriented vertically. The 
processing parameters employed during deposition were as follows: 
laser power of 380 W, layer thickness of 0.3 mm, hatch spacing of 0.45 
mm, contour scanning speed of 14 mm/s, volume scanning speed of 15 
mm/s, and powder feed rate of 11.2 RPM, corresponding to an 
approximate volumetric energy density of 200 J/mm3. These parame
ters were optimized to obtain fully dense, thin walled tubular structure. 
After the AM process, the tubes were removed from the build plate using 
wire electrical discharge machining (WEDM) and subsequently 
machined to obtain the final specimen geometry shown in Fig. 1(a). The 
inner surface of the tubular specimens was finished using WEDM, 
whereas the outer surface was precision-machined by turning operation. 
The gauge section was finish machined prior to mechanical testing, 
though surface roughness was not quantitatively characterised. The 
specimen roughness is also specified on technical drawing of Fig. 1(a). 
All specimens were tested in the as-built condition without any post- 
build heat treatment, thereby preserving the columnar, texture- 
bearing microstructure inherent to the LENS deposition sequence.

Mechanical tests were performed at room temperature (23◦C) using 
the MTS 858 servo-hydraulic biaxial testing machine with the maximum 
loading capacities of ±25 kN in axial force and ±100 Nm in torque. 
Uniaxial tensile tests were first carried out on three specimens at a 
constant strain rate of 0.00025 s− 1 to determine the fundamental me
chanical properties of the material. Subsequently, the yield points in the 
axial stress-shear stress space were experimentally determined using a 
sequential proportional loading methodology based on a single- 
specimen probing approach. This single-specimen strategy minimizes 
specimen-to-specimen variability while substantially reducing experi
mental cost and material consumption. However, an inherent limitation 
is the progressive accumulation of plastic deformation from preceding 
loading paths which may influence subsequent yield measurements. 
This effect was deliberately minimized by restricting each probing step 
to a small plastic offset strain of 0.01% and by adopting an appropriate 
sequence of loading directions for yield surface identification. The yield 
surface probing methodology consisted of a total of 17 proportional 
strain paths [13]. The loading sequence initiated in tension and pro
gressed sequentially through the prescribed loading directions before 

Table 1 
Comparison of present contribution relative to closely related prior works.

Literature Yield Criterion Kinematic Hardening Material Validation Data

Agius et al. [6] Hill (orthotropic) Armstrong–Frederick AM Ti–6Al–4V Monotonic + cyclic uniaxial
Hu et al. [20] J2 Von Mises Chaboche combined Alloy steel Tension–torsion sequential
Somlo et al. [19] Hill + YLD2004 CPFEM AM 316 L, Ti–6Al–4V RVE texture averaging
Dubey et al. [13] Szczepiński (fitted) no FE-UMAT CP-Ti Sequential probing
Kopec et al. [15] Szczepiński (fitted) no FE-UMAT AM 316 L Sequential probing
Present work Szczepiński (UMAT) Armstrong–Frederick LENS IN625 Sequential probing

Fig. 1. (a) Schematic of the thin-walled tubular specimen and (b) loading sequence of strain paths for yield points determination in the biaxial strain space.
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returning to tension in the same direction within 
(

εxx,

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
3

(1+ν)2

)√

εxy

)

strain space, as shown in Fig. 1(b), where ν is the Poisson's ratio. For 
each path, strain-controlled loading began from the origin and 
continued until a pre-defined small plastic offset strain was achieved. 
Then, the stress-controlled unloading process was executed until the 
force and torque reached zero values. Yield points corresponding to each 
loading direction were determined using the offset strain method, in 
which yielding was defined as the point where the equivalent 
stress-strain response deviated from the linear elastic response by 
0.01%. To ensure accurate strain measurement and control during 
biaxial loading, Vishay 120 Ω strain gages were bonded at the 
mid-section of the outer surface of gauge region of the tubular speci
mens. Strain acquisition was performed using the 
manufacturer-specified gauge factors supplied with the strain gauges 
and no additional experimental gauge-factor calibration was required. 
Prior to testing, the measurement system was verified through standard 
bridge balancing and zeroing procedures. Axial and shear strain com
ponents were obtained from the three-element 45◦ rectangular rosette 
(EA-05-125RA-120) using the standard strain-transformation equations 
implemented in the Vishay strain acquisition system, while hoop strain 
was measured independently using a linear-pattern rosette 
(EA-13-062AK-120 The accuracy of the force, torque, and strain mea
surements was governed by the specifications of the MTS 858 biaxial 
testing system and the Vishay strain measurement system. To assess 
experimental repeatability, the complete sequential yield surface iden
tification procedure was independently performed on three specimens. 
The resulting scatter in the identified yield points was quantified using 
the coefficient of variation (CV), which ranged from 1% to 6% across the 
individual loading paths. These relatively low CV values confirm good 
repeatability of the proposed experimental procedure and indicate that 
experimental scatter has a negligible influence on the identified initial 
yield surface. The experimental methodology adopted for precise 
multiaxial strain measurement and closed-loop strain control is 
described in detail by Dubey et al. [13,14].

3. Numerical methodology

Present study employs two distinct user-defined subroutines 
addressing two physically distinct regimes of the material response. 
Section 3.1 develops a VUMAT within Abaqus/Explicit to reproduce the 
large-strain, damage-coupled tensile response through to ductile frac
ture, governed by triaxiality-dependent void growth and mesh- 
regularised softening. Section 3.2 is focused mainly on development of 
UMAT within Abaqus/Standard to identify the anisotropic yield surface 
under small-offset (0.01% equivalent plastic strain) sequential biaxial 
probing, a regime in which damage evolution is by design absent. No 
single existing constitutive framework addresses both regimes simulta
neously motivating the use of two different purpose-built subroutines. 
Both models share common elastic properties of Young's modulus, E and 
Poisson's ratio, ν. The resulting isotropic elastic stiffness tensors are 
calibrated once from the tensile test in Section 2 and applied identically 
in both subroutines. The plastic hardening and damage parameters 
calibrated for the tensile VUMAT are specific to the large-strain fracture 
problem and are not transferred to the Szczepiński-UMAT. Its five yield 
surface material parameters are instead calibrated independently from 
the sequential biaxial probing dataset.

3.1. Uniaxial tensile deformation

The FE-model developed is validated against experimental uniaxial 
tensile data obtained from LENS-deposited IN625 specimens fabricated 
and tested under the conditions described in Section 2. 3D finite element 
model of tubular tensile specimen similar to experimental one was 
created in ABAQUS having cylindrical gauge section of 20 mm with an 

outer and inner diameters of 10.4 and 8.4 mm respectively. The whole 
model is discretised using 8-node linear brick elements which generated 
uniform mesh with 6000 elements and 12121 nodes. A reasonably fine 
and structured mesh was generated in the gauge section to accurately 
capture the highly localised stress gradients, necking phenomena, and 
the rapid damage evolution during the post necking phase. Thereafter, 
boundary conditions were kept similar to the experimental procedure of 
uniaxial tensile test. The bottom circular face of the specimen was fully 
constrained in all directions. At the other end of the circular grip section, 
it was kinematically coupled with a central Reference Point (RP). At this 
RP, a displacement-controlled loading condition was applied. The 
applied displacement magnitude was set to exceed the experimentally 
observed failure displacement of LENS-deposited IN625 under all tested 
conditions. To validate that the simulation remained truly quasi-static, 
the energy balance was continuously monitored and the kinetic en
ergy of the deforming specimen was verified to remain negligible 
compared to the internal strain energy throughout the deformation 
process prior to final fracture.

3.1.1. Constitutive model
The numerical model is adopted within the framework of continuum 

damage mechanics. Strain equivalence law is utilised to decouple the 
plasticity computations from the material degradation. This principle 
states that the deformation behaviour of a damaged material can be 
represented by the virgin material behaviour when the true macroscopic 
Cauchy stress tensor, σij, is replaced by the effective stress tensor, σ̃ij 

[22]:
σ̃ij =

σij
1− D (1) In Equation (1), σ̃ij represents effective Cauchy stress 

tensor, σij stands for nominal (damaged) Cauchy stress tensor and D is a 
scalar isotropic damage variable, 0 ≤ D < 1. For a given strain incre
ment Δεij, the trial effective Cauchy stress σ̃tr

ij is computed using the 
undamaged isotropic elasticity tensor [4,22]: 

σ̃tr
ij = σ̃n

ij + 2μΔεij + λΔεkkδij (2) 

In Equation (2), σ̃n
ij is effective stress, Δεij is strain increment tensor, 

Δεkk is volumetric strain increment, δij is Kronecker delta, μ and λ are the 
Lamé constants, derived from the Young's modulus E and Poisson's ratio 
ν.

3.1.2. Yield criterion and plasticity framework
The onset of plastic flow is governed by the J2 (Von Mises) yield 

criterion evaluated in the effective stress space. The yield function f is 
defined as [9]:

f = q̃tr
− σY

(
εpl) ≤ 0 (3) In Equation (3), q̃tr

=

̅̅̅̅̅̅̅̅̅̅̅̅̅
3
2S̃

tr
ij S̃

tr
ij

√

is the trial 

effective Von Mises equivalent stress, S̃
tr
ij is the deviatoric component of 

the trial stress, and σY
(
εpl) is the flow stress (isotropic hardening) 

dependent on the equivalent plastic strain εpl. It can be argued that if 
f > 0, the step is plastic. The J2 plastic multiplier Δγ, which corresponds 
to the increment in equivalent plastic strain Δεpl, is calculated via the 
radial return method [23]:

Δεp = ΔγJ2
=

q̃
tr
− σY(εpl)

3μ (4) In Equation (4), Δγ is distinct from the 
Lamé constant λ used in the elastic stiffness tensor and from the Hessian 
eigenvalues κ1, κ2. Using Equation (4), the effective stress is then radially 
projected back onto the yield surface.

3.1.3. Damage initiation and evolution
Damage initiation is governed by a triaxiality-dependent critical 

plastic strain, εc(η) following the Rice–Tracey void growth mechanism 
[24]: 

εc(η) = εc,0 exp
[
− αe

(
η − ηref

)]
(5) 

In Equation (5), εc,0 is the critical damage initiation strain at 
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reference triaxiality, αe is coefficient for triaxial state, η = p
σVM 

stress 
triaxiality ratio where, p = − (1 /3)⋅tr(σ) is the hydrostatic pressure. ηref 
is the reference triaxial state of material. Henceforth, the ductile fracture 
by numerical procedure can be evidenced as elements at gauge section η 
accumulate fracture earlier, whereas outward elements fail thereafter. 
Once εpl ≥ εc(η), damage progresses accordingly by softening law 
exponentially to remove mesh-dependency [25]: 

hloc =
σY ⋅l c

Gf
(6) 

In Equation (6), hloc is local softening rate, σY is current flow stress at 
damage onset, l c is the element characteristic length and Gf is the mode- 
I fracture energy. This confirms that the energy dissipated per unit 
fracture area equals Gf regardless of mesh size, rendering the load- 
displacement response mesh-independent. The damage variable can be 
defined as [22,26]: 

Dtgt = 1 − exp
[
− hloc

(
εpl − εc,0

)]
(7) 

In Equation (7), Dtgt is an unconstrained damage value where Dtgt ≥

Dn and Dn is irreversibility constraint. During rapid damage growth, the 
explicit solver tends to develop high-frequency stress oscillations. To 
mitigate this numerical instability, regularization scheme is utilised, 
which smoothen the damage evolution, as follows [26–28]: 

Dn+1 = Dn +
Dtgt − Dn

Δt + μv
Δt (8) 

In Equation (8), Dn+1 is regularised damage at new time step, μv is the 
viscous relaxation time. The updated nominal Cauchy stress is expressed 
as [26]: 

σn+1
ij =

(
1 − Dn+1)σ̃n+1

ij (9) 

In Equation (9), σn+1
ij stands for nominal Cauchy stress at new 

increment whereas ̃σn+1
ij represents effective stress at new increment. An 

element is considered fully failed when D ≥ Ddel = 0.95, where all stress 
components are reduced to threshold value, representing physically 
separated or fracture state of computational specimen.

3.2. Multiaxial sequential loading simulation

The material performance under a complex loading scenario and its 
yield surface evolution comprising non-proportional loading is one of 
the highly demanding problems in computational plasticity. Classical 
yield criteria (Von Mises, Hill) assume the yield locus remains centred at 
the stress-space origin and simply expands isotropically. However, in 
reality successive plastic probes shift, distort, and rotate the elastic 
domain through kinematic hardening. Capturing anisotropic yield 
behaviour within the built-in constitutive models of commercial finite 
element software is not adequate for general quadratic criteria such as 
the Szczepiński model. Therefore, capturing that behaviour in a finite 
element simulation requires a user-defined material subroutine (UMAT) 
written at the constitutive level, combined with a carefully controlled 
experimental-numerical probing strategy. This section broadly describes 
the mathematical formulations for UMAT developed for this study, its 
numerical implementation within ABAQUS, and the iterative probing 
methodology used to extract yield points from simulation output. All 17 
simulated probing paths developed in this section are validated quan
titatively against the experimental yield points with angular accuracy 
assessed against αexp and stress accuracy assessed against σexp and τexp. 
The constitutive parameters used in the UMAT comprising the five 
Szczepiński yield-surface coefficients and Armstrong–Frederick kine
matic hardening constants were calibrated by inverse modelling against 
experimentally measured sequential probing data using a Lev
enberg–Marquardt nonlinear least-squares optimizer, as elaborated in 
Sections 3.2.1 and 3.2.7.

3.2.1. The Szczepiński yield criterion
The Szczepiński yield criterion defined in the (σ, τ) stress space of 

axial normal stress and shear stress is a general quadratic function [5]: 

f(σ, τ)=Asσ2 + 2Bsσ⋅τ + Csτ2 + 2Dsσ + 2Fsτ − 1 = 0 (10) 

In Equation (10), As,Bs,Cs,Ds, Fs are five material constants that fully 
define the shape, size, orientation, and centre position of the yield el
lipse. It can be noted here that the form is consciously general: when 
Bs = Ds = Fs = 0 and As = Cs = 1

σ2
Y
, it reduces to the Von Mises criterion. 

The linear terms Ds and Fs shift the ellipse centre away from the stress- 
space origin, which is exactly what physically causes the kinematic 
amplification, while the coupling term Bs allows for ellipse inclination. A 
MATLAB program has been developed to obtain the best fit of all 17 
experimental yield surfaces using a least-squares optimisation 
procedure.

The goodness of fit achieved is 99% with RMS error of 0.08255 and 
maximum absolute deviation of 0.1123 which demonstrate the excellent 
fit with experimental points. The five constants calibrated for LENS- 
deposited Inconel 625 in its initial state are As = 5.827 × 10− 6, Bs =

4.147 × 10− 7, Cs = 1.145 × 10− 5, Ds = -5.025 × 10− 7 and Fs = -1.096 ×
10− 4. The Szczepiński coefficients were calibrated using a Lev
enberg–Marquardt (LM) least-squares optimizer and also used for 
Armstrong–Frederick parameters identified in Section 3.2.7, ensuring 
methodological consistency across both stages of the constitutive 
calibration.

3.2.2. Elastic-plastic split and stress definition
The total strain increment Δε is decomposed into elastic and plastic 

parts, as follows [12]: 

Δε=Δεel + Δεpl (11) 

In Equation (11), Δε represents total strain increment tensor, Δεel 

stands for elastic strain increment and Δεpl is plastic strain increment. An 
elastic predictor trial stress is computed first by using the following 
expression [12]: 

σtr = σ(n) + Cel : Δε (12) 

In Equation (12), σtr is trial stress tensor, σ(n) is stress at the end of 
previous increment and Cel is the isotropic elastic stiffness tensor which 
can be evaluated using following relation [23]: 

Cel
ij = λδijδkl + μ

(
δikδjl + δilδjk

)
(13) 

In Equation (13), λ, μ and δij represent material constants defined in 
Equation (2).

3.2.3. Yield function in shifted stress space
The Szczepiński criterion in Equation (16) is evaluated using the 

shifted stress evaluated by subtracting back-stress α and expressed as [5,
10]: 

σ̂ = σ33 − α33 (14) 

τ̂ = σ23 − α23 (15) 

f(σ̂, τ̂)=As σ̂2
+2Bs σ̂ ⋅ τ̂ +Cs τ̂2

+2Ds σ̂ +2Fs τ̂ − 1 (16) 

In Equation 14 and 15, α is the back-stress tensor with α33 and α23 

denoting its axial and shear components, respectively. If f ≤ 0: the 
response is elastic, the trial stress is accepted directly and if f > 0: plastic 
flow has occurred and return mapping is performed.

3.2.4. Plastic flow rule and return mapping
For the Szczepiński quadratic yield function f(σ̂, τ̂), the associative 

flow rule is expressed as [12]: 
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Δεpl =Δγ⋅
∂f
∂σ̂ (17) 

In Equation (17), Δγ is plastic multiplier increment and ∂f
∂̂σ 

stands for 
the yield surface gradient. Accordingly, the components of the yield 
surface outward normal gradient g = ∂f

∂̂σ 
which defines the direction of 

associative plastic flow as follows [5,16]: 

gσ =
∂f
∂σ̂ = 2As σ̂ + 2Bs τ̂ + 2Ds (18) 

gτ =
∂f
∂τ̂ = 2Bs σ̂ + 2Cs τ̂ + 2Fs (19) 

In Equations (18) and (19), gσ and gτ are the axial and shear com
ponents of the yield surface gradient g at the current stress state. These 
are unnormalized gradient components of the quadratic yield function 
which is the standard form for associative flow rules with non-circular 
yield surfaces. The true unit normal can be represented as: 

n̂ = g/‖g‖ (20) 

In Equation (20), 
⃦
⃦g‖ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2

σ + g2
τ

√
, and is used explicitly in the 

Armstrong–Frederick back-stress evolution (Section 3.2.7). In the 
return-mapping equations, the unnormalized gradient is used directly 
alongside a consistently defined plastic multiplier Δγ exactly as the 
deviatoric stress sij serves as the unnormalized flow direction in classical 
Von Mises return mapping.

The stress return is computed iteratively. In each Newton iteration, 
the stress correction is expressed as [23,29]: 

σnew
33 = σtr

33 − 2μ⋅Δγtot⋅nσ (21) 

σnew
23 = σtr

23 − 2μ⋅Δγtot⋅nτ (22) 

σnew
11 = σnew

22 = σtr
11 − λ⋅Δγtot⋅nσ (23) 

In Equations 21–23, λ is the first Lamé constant, Δγtot is total accu
mulated plastic multiplier across all Newton–Raphson iterations and σtr

33,

σtr
23 are trial axial and shear stresses. Notably, above equations represent 

the cumulative stress correction after convergence and within each 
Newton iteration, incremental corrections Δ(Δγ) are applied. The plastic 
multiplier incremental correction in each Newton–Raphson iteration is 
obtained by linearising the yield function residual with respect to Δγ, 
accounting for the simultaneous evolution of stress and back-stress [29]: 

Δ(Δγ)=
f(σ̂, τ̂)

H
(24) 

In Equation (24), the total algorithmic modulus H is written as: 

H =(λ+2μ)g2
σ +2μg2

τ +CAF
(
g2

σ + g2
τ
)
− γAF

ασgσ + ατgτ

‖g‖
(25) 

In Equation (25), the first two terms represent the elastic stiffness 
projection onto the yield surface gradient in the axial and shear di
rections respectively, consistent with the plane-stress Szczepiński 
formulation where the axial direction involves both Lamé constants 
(λ+2μ) and the shear direction involves 2μ only. The third term 
CAF

(
g2

σ +g2
τ
)

is the linearised kinematic hardening contribution from the 
Armstrong–Frederick modulus, which increases the total modulus and 
stabilises convergence by capturing the rate at which back-stress accu
mulation resists further plastic flow. The fourth term − γAF(α ⋅g)/ ‖g‖ is 
the nonlinear dynamic recovery projection, which reduces the effective 
modulus when the back-stress is aligned with the current flow direction 
correctly capturing the saturation behaviour of the Armstrong–Freder
ick rule. This complete expression of H is the one implemented in the 
UMAT subroutine and is the correct denominator for the New
ton–Raphson linearisation of the combined Szczepiński
–Armstrong–Frederick return-mapping problem.

It is worth clarifying the relationship between the yield surface 
gradient components gσ , gτ and the unit normal n̂ used in the Arm
strong–Frederick update. In the stress-return equations (21)–(23) and 
PEEQ update equations (30)–(33), the unnormalized gradient g is used 
directly which is the standard and correct form of the associative flow 
rule for a quadratic yield function, where the plastic multiplier Δγ is 
defined consistently with the unnormalized gradient. In the Arm
strong–Frederick back-stress evolution (Equation (34)), the unit normal 
n̂ = g/‖g‖ is used which is also correct, because the AF rule physically 
requires the direction of plastic flow (a pure direction vector, magnitude 
= 1), not the gradient magnitude. The two conventions are therefore not 
inconsistent as they serve different physical roles in the same algorithm. 
The complete return-mapping procedure converges in a mean of 3–5 
N–Raphson iterations per increment across all 17 probing paths, 
confirmed by the tolerance 

⃒
⃒f | ≤ 10− 8 enforced in the UMAT.

It is important to distinguish this implementation detail from stan
dard practice in radially symmetric yield criteria. For the J2/Von Mises 
criterion, the return-mapping direction is fixed throughout iteration, 
and many implementations use a closed-form single-step solution with 
no Newton iteration at all [29,30]. In such cases, there is no practical 
distinction between a local Newton correction and the total plastic 
multiplier. For the Szczepiński quadratic surface, the gradient direction 
depends on the current shifted stress and therefore changes at every 
Newton iteration. Convergence typically requires 3–5 iterations per 
increment. Each local correction, Δγi satisfies the yield residual 
incrementally.

The physically meaningful plastic multiplier for the increment is the 
converged sum, Δγtot =

∑
iΔγi, applied with the gradient evaluated at 

the converged stress state, consistent with implicit backward-Euler re
turn mapping theory. Utilising only the final iteration's local correction 
instead of the converged sum systematically underestimates the plastic 
strain and equivalent plastic strain increment because the 0.01 offset 
yield criterion used in this numerical methodology is evaluated directly 
against the accumulated PEEQ state variable. This underestimation 
would propagate into an incorrect identification of the yield point for 
every one of the 17 sequential paths. This is worth highlighting here 
because it represents a specific and reproducible hazard for anisotropic, 
non-radially-symmetric return mapping, not because summation over 
Newton iterations is itself a new numerical concept.

3.2.5. Convexity and thermodynamic admissibility of associated flow
The use of associated flow with a yield function containing linear 

stress terms has a clear precedent in the anisotropic plasticity literature 
[31]. Szczepiński [5] proposed a general quadratic yield condition for 
metals displaying the Bauschinger effect in which additional linear co
efficients were introduced alongside the quadratic anisotropy terms. 
These linear coefficients broke the tension-compression symmetry of the 
yield surface, thereby capturing the reduced yield strength observed 
after load reversal. Associated plastic strain increments were obtained 
directly from this yield function, with no modification to the normality 
rule. The planar five-constant Szczepiński form adopted in the present 
work follows the same structure. The linear coefficients Ds and Fs 
perform the equivalent role. Convexity of the present yield function 
follows from the Hessian of its quadratic part, expressed as: 

Q=

[
As Bs
Bs Cs

]

(26) 

In Equation (26), Q is the Hessian matrix of the quadratic part of the 
Szczepiński yield function. The surface is convex if and only if Q is 
positive definite. The linear terms Ds and Fs translate the ellipse centre in 
stress space. They do not appear in Q and leave the curvature un
changed. Convexity is therefore independent of the back-stress trans
lation applied during sequential probing. For the calibrated LENS- 
deposited IN625 constants provided in Section 3.2.1, the eigenvalues 
of Q are: 
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κ1,2 =
(As + Cs) ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(As − Cs)
2
+ 4B2

s

√

2
=5.797×10− 6 and 1.148 × 10− 5

(27) 

Both eigenvalues are strictly positive. The determinant provides an 
independent check as follows: 

det(Q)=AsCs − B2
s = 6.65 × 10− 11 > 0 (28) 

Since As > 0 and det(Q) > 0, Q is positive definite. The calibrated yield 
locus forms a strictly convex ellipse across the full 360◦ stress domain. 
This convexity result allows Drucker's stability postulate [32] to be 
invoked directly. For a convex yield surface, the associative normality 
rule assures: 

(σ − α) : dεpl ≥ 0 [for any sequential stress path] (29) 

This condition ensures stability of the plastic response and consis
tency with the second law of thermodynamics. Since the linear terms Ds 

and Fs only translate the surface, this property is preserved identically as 
the yield locus shifts under the evolving Armstrong–Frederick back- 
stress. Thermodynamic admissibility of the associated flow assumption 
is therefore maintained throughout the 17 paths sequential probing 
history.

3.2.6. Equivalent plastic strain (PEEQ) update
The plastic strain increments assuming incompressibility are [31]: 

Δεpl
33 =Δγtot⋅nσ (30) 

Δεpl
23 =Δγtot⋅nτ (31) 

Δεpl
11 =Δεpl

22 = −
1
2

Δεpl
33 (32) 

Notably, all other plastic strain components 
(

Δεpl
12 and Δεpl

13

)
are 

zero in the plane-stress Szczepiński formulation. Furthermore, the Von 
Mises equivalent plastic strain increment is governed by Ref. [31]: 

Δεpl =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3

[(
Δεpl

11

)2
+
(

Δεpl
22

)2
+
(

Δεpl
33

)2
+ 2

(
Δεpl

23

)2]
√

(33) 

The cumulative plastic strain limit is updated as εpl
new = εpl

old+ Δεpl and 
stored in user defined state variable in subroutine. The factor 2/3 en
sures energy-conjugacy and the factor 2 on the shear term accounts for 
engineering shear strain convention. A positive inner product signals 
continued loading; negative signals elastic unloading or reverse loading.

3.2.7. Armstrong–Frederick evolution law
The back-stress tensor α evolves according to the Armstrong–

Frederick nonlinear kinematic hardening rule [11]: 

α̇=CAF(σ − α)ε̇pl
− γAF α ε̇pl (34) 

In Equation (34), α is the back-stress tensor, whose components α33 

and α23 represent the kinematic shift of the yield surface centre in the 
axial and shear directions, respectively. CAF is the kinematic hardening 
modulus controlling the rate of back-stress accumulation during forward 
plastic loading and γAF is the dynamic recovery coefficient that governs 
saturation and directional decay of the back-stress.

Additionally, the first term CAF(σ − α)ε̇pl drives the yield surface to 
translate in stress space, capturing the Bauschinger effect under 

sequential loading. The second term γAF α ε̇pl is the nonlinear recall term 
which opposes unrestricted back-stress growth and drives the back- 
stress to saturation, αsat = (CAF /γAF)n, enabling simulation of yield 
surface rotation under the non-proportional sequential paths. The six 
independent components of the symmetric back-stress tensor are stored 
in the developed subroutine and updated at each converged New

ton–Raphson increment via implicit Euler integration rule.

3.2.8. Calibration of Armstrong–Frederick parameters
The two Armstrong–Frederick constants, CAF and γAF, governing the 

rate of back-stress accumulation and its dynamic recovery, respectively, 
were identified by inverse modelling against the sequential single- 
specimen probing dataset described in Section 2, rather than from an 
independent cyclic loading test. The identification was performed using 
Levenberg–Marquardt nonlinear least-squares optimizer implemented 
in MATLAB, consistent with the Szczepiński yield surface fitting method 
described in Section 3.2.1. The calibration was carried out in two 
sequential stages to separately resolve the linear hardening and satu
ration behaviour of the Armstrong–Frederick rule. In Stage 1, Paths 
P1–P2 were used, where the low accumulated plastic strain renders the 
dynamic recovery term negligible, allowing CAF to be isolated from the 
initial rate of back-stress accumulation. In Stage 2, Paths P5–P13 were 
used, corresponding to the regime in which the back-stress trajectory 
approaches saturation, αsat = (CAF /γAF), enabling identification of CAF 
and γAF held from Stage 1. The optimizer minimized the combined sum 
of squared residuals between simulated and experimental axial and 
shear stress components across all 17 sequential paths.

The final calibrated values are CAF = 52,000 MPa and γAF = 185, 
corresponding to a saturation back-stress of αsat = 281 MPa and a final 
objective function value (Sum of Squared Errors, SSE) of 0.083. These 
values were supplied to the UMAT and were held fixed for all forward 
simulations of the 17 sequential probing paths. This calibration pro
duced a mean absolute angular error of 0.86◦, a mean absolute axial 
stress deviation of 11.4 MPa, and a mean absolute shear stress deviation 
of 12.5 MPa.

3.2.9. Consistent tangent modulus
For quadratic convergence of the global Newton-Raphson iterations, 

the consistent tangent Dep is assembled as [29]: 

Dep
ij =Cel

ij −
2μ

n2
σ + n2

τ

(
nσCel

i3 + nτCel
i6
)(

nσCel
3j + nτCel

6j

)
(35) 

In Equation (35), Dep
ij is the consistent elastic–plastic tangent 

modulus, Cel
ij is the elastic stiffness tensor and nσ, nτ are the yield surface 

normal components. Cel
i3 and Cel

i6 denote columns of the elastic stiffness 
corresponding to axial and shear directions in Voigt notation. The factor 

2μ
n2

σ+n2
τ 

represents the plastic compliance in the active stress directions. 

Returning towards Dep instead of Cel ensures true quadratic convergence 
of the global equilibrium solver.

3.3. Probing methodology: sequential path-by-path strategy

The sequential probing strategy mirrors the Dubey et al. [13,14] 
experimental protocol, as explained in section 2 in which 17 radial 
loading paths are applied one after another on the same virtual spec
imen. Between each path, the specimen is fully unloaded via a 
force-controlled ramp to zero. Each path induces a PEEQ increment of 
0.0001, so the cumulative PEEQ after path k is k× 0.0001.

For each path k, the goal is to find the boundary condition (BC) set 
(U3,UR3) axial displacement and final rotation that drives the simula
tion to yield in the correct stress direction, matching the experimental 
angle αexp,k = arctan 2

(
τexp,σexp

)
.

3.3.1. The 5-step ellipse procedure
Given a target stress point (σ, τ) on the Szczepiński ellipse, the yield 

surface radius at that angle is computed analytically. Defining cos α and 
sin α from the loading angle, the quadratic form collapses to a scalar 
equations [5]: 

Ac =As cos2 α + 2Bs cos α sin α + Cs sin2 α (36) 
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Bc =2Ds cos α + 2Fs sin α (37) 

rell =
− Bc +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

B2
c + 4Ac

√

2Ac
(38) 

In Equations (36)–(38), α is probing angle in the (σ, τ) stress plane, 
α = atan 2(τ, σ), Ac is angular projection of quadratic Szczepiński co
efficients, Bc is angular projection of linear Szczepiński coefficients and 
rell is Szczepiński locus radius at angle α. The yield point coordinates are 
then: σY = rell cos α, τY = rell sin α.

3.3.2. Two-step angle correction
In practise, each prior probing path deposits a small increment of 

equivalent plastic strain that physically shifts the yield surface in stress 
space. During modelling, this is represented through the Armstrong–
Frederick back-stress update, which produces a progressive rotation of 
the elastic domain that causes the displacement-controlled boundary 
condition to overshoot or undershoot the experimentally realised target 
angle αexp. An equivalent angular drift is independently confirmed by the 
experimental data in Table 4, where αexp deviates from the nominal ideal 
direction by up to 7.9◦ at P15, with a mean absolute deviation of 4.1◦

across the 17 paths. The following two-step correction procedure ad
dresses this discrepancy numerically. A two-step iterative correction was 
therefore implemented: 

Step 1 Apply boundary condition along αBC = αexp. After successful 
completion of simulation, extract reaction force and moment at 
targeted plastic strain limit and compute αS1,sim and angle error 
by using following relation:

ΔαS1 =αS1,sim − αexp (39) 

Step 2 (if |ΔαS1| > 1.5◦): Apply corrected boundary conditions along:

αBC,S2 =αexp − ΔαS1 (40) 

In Equations (39) and (40), αexp is experimental probing angle, αS1,sim 

is simulated stress angle after Run 1 (uncorrected BCs), ΔαS1 is angular 
overshoot in Run 1 and αBC,S2 is corrected boundary condition angle for 
Run 2. If |ΔαS2| ≤ 1.5◦ then only acceptable for converged value of yield 
surface. The correction exploits the approximately linear relationship 
between boundary condition direction and stress direction, offsetting 
the boundary condition by exactly the overshoot angle to land at the 
experimental target.

4. Results and discussion

4.1. Tensile fracture simulation using VUMAT

The constitutive material constants were calibrated directly against 
the experimentally measured true stress vs. plastic strain curve and 
validated against the experimentally observed fracture morphology of 
LENS-deposited IN625. LENS-deposited IN625 alloy exhibits a complex, 
nonlinear constitutive response characterised by a pronounced strain- 
hardening plateau followed by a triaxiality-dependent post-necking 
(after ultimate tensile strength) softening behaviour. Such characteris
tics cannot be adequately reproduced by the built-in damage models in 
Abaqus/Explicit module. A user-defined subroutine VUMAT was 

therefore implemented to incorporate a piecewise-linear isotropic 
hardening law calibrated directly against experimentally measured true 
stress vs. true plastic strain data, coupled with a triaxiality-dependent 
ductile damage initiation criterion. This combination physically ac
counts for the stress-state sensitivity of void nucleation and coalescence 
at LENS-deposited inter-layer interfaces.

Since damage evolution and post-peak softening are inherently 
mesh-sensitive in the absence of regularization, the present damage 
model incorporates a Hillerborg-type fracture energy regularization in 
which the local softening slope is scaled by the element characteristic 
length, hloc = σy⋅Lchar/Gf , with fracture energy Gf = 50 N/mm cali
brated for IN625. This confirms the energy dissipated during softening 
remains independent of element size. To verify convergence for the 
present geometry, a mesh sensitivity study was conducted using three 
mesh sizes, benchmarked against the mesh adopted for all production 
simulations.

Table 2 summarises the results, with deviation reported relative to 
the adopted 6000 element mesh size.

As shown from Table 2, both the coarser and finer meshes deviate 
from the adopted 6000 element mesh by less than 1% (− 0.66% and 
+0.53%, respectively), confirming that the selected mesh density lies 
within a converged, discretization-insensitive regime for the predicted 
UTS value. This convergence behaviour verifies that the fracture-energy 
regularization embedded in the VUMAT effectively controls mesh 
sensitivity in the damage-softening regime. The 6000 element mesh was 
therefore adopted for all reported tensile damage simulations, providing 
converged accuracy at an effective computational cost.

Fig. 2 illustrates the engineering stress vs. strain response reproduced 
by the VUMAT subroutine superimposed on the experimental curve, 
with four different representative deformation stages as plastic strain 
progresses. As visualised, the numerically predicted response demon
strates close agreement with the experimental data across the complete 
deformation range. The VUMAT reproduces the initial elastic modulus, 
the gradual yielding transition, and the extended strain-hardening slope, 
achieving tensile strength prediction within ±3% of the experimental 
value in the hardening regime and within ±5% in the post-necking 
softening regime. The latter tolerance is consistent with the build- 
direction variability typically observed in LENS-deposited alloys due 
to inter-layer porosity gradients and thermally induced dislocation 
density fluctuations [13–15,33]. Four distinct computational deforma
tion stages visible in Fig. 2 reflect the initial uniform gauge state, the 
uniformly elongated gauge at diffuse necking onset, where the plastic 
deformation remains stable throughout the cross-section, the localised 
necked profile at concentrated necking and the final fractured state, 
corresponding to complete tensile rupture at D ≥ 0.95.

Fig. 3 presents a spatial comparison between the experimentally 
observed cup-cone fracture morphology and the VUMAT-predicted 
damage localisation contour at the rupture stage. The experimental 
fracture surface displays the two morphologically distinct zones that are 
the distinct feature of ductile fracture in alloys. These two zones 
comprise a visible central flat fibrous region dominated by void coa
lescence under triaxial tension and an outer inclined shear lip where the 
fracture plane rotates approximately 45◦ relative to the loading axis. As 
visualised from Fig. 3(a) and (b), the developed VUMAT reproduces 
both zones quantitatively. At the specimen periphery, the stress triaxi
ality drops to η ∈ [0.3, 0.6], transitioning the dominant failure mecha
nism from triaxial void growth to shear band driven voids. This resulted 
in the inclined shear lip whose spatial extent and angular inclination 
matches the experimental fracture surface. The predicted fracture plane 
location along the gauge length, its inclination angle relative to the 
loading axis, and the relative proportions of the flat fibrous and shear lip 
zones are all reproduced within the dimensional tolerances observable 
from the experimental fractured specimen image shown in Fig. 3(b). It 
can be highlighted here that the elastic constants calibrated at this stage 
are not only specific to the damage model but also define the isotropic 
elastic stiffness tensor used identically in Section 4.2. No separate elastic 

Table 2 
Mesh convergence study for the tensile damage simulation.

Mesh Size No. of Elements No. of Nodes σUTS (MPa) % Deviation

Coarse 4200 9745 873.8 − 0.66
Medium 6000 12121 879.6 0.0
Fine 6800 13736 884.3 +0.53
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calibration is performed for the multiaxial UMAT.

4.2. Biaxial sequential loading simulation

This section deals with the advanced finite element simulation that 
replicates all 17 sequential tension/compression–torsion probing paths 
of a single tubular specimen under combined displacement and rotation 
controlled loading, using a user defined Szczepiński-UMAT with itera
tive angular boundary condition correction, for AM nickel-base alloys. 
The Szczepiński-UMAT framework presented in this section is validated 
against the 17 experimental yield points with quantitative accuracy 
metrics reported path-by-path.

4.2.1. Specimen geometry and finite element model
To isolate the constitutive response from grip-induced end effects 

and to maintain a computationally efficient model, only the parallel 
gauge section of the experimentally tested tubular specimen is retained 
in the finite element model as shown in Fig. 4.

The gauge section is a hollow cylinder with outer radius Ro = 5.2 
mm, inner radius Ri = 4.2 mm and gauge length L = 20 mm resulting in 
wall thickness, t = 1.0 mm, giving a wall-to-radius (t /Ro) ratio of 0.192, 
close to the conventional thin-wall guideline of 0.2. As mentioned 
earlier, Paths P1 and P17 sequential probe are near-pure tension re
gimes. Both originate from the same virgin material state and hence
forth, use the same elastic constants calibrated in Section 4.1.Since this 

Table 3 
Mesh convergence study for representative sequential loading paths P1, P5, and P9.

Path Mesh Through thickness Elements No. of Elements No. of Nodes σsim (MPa) τsim (MPa) rsim (MPa) %Dev. vs M4

P1 M2 2 262 442 418.04 0 418.04 +0.93
M4 4 524 1054 414.21 0 414.21 -
M8 8 1048 2147 412.47 0 412.47 − 0.42

P5 M2 2 262 442 − 23.76 339.18 340.01 +2.24
M4 4 524 1054 − 23.24 331.78 332.59 -
M8 8 1048 2147 − 23.05 328.98 329.59 − 0.84

P9 M2 2 262 442 − 414.37 − 4.17 414.39 +0.90
M4 4 524 1054 − 410.68 − 4.14 410.70 -
M8 8 1048 2147 − 409.13 − 4.12 409.15 − 0.38

Table 4 
Experimental probing path angles and yield points for all 17 sequential biaxial 
loading paths of LENS-deposited Inconel 625.

Path Ideal α αexp (◦) σexp (MPa) τexp (MPa) rexp (MPa)

P1 0◦ 2.970 400.964 20.832 401.505
P2 30◦ 27.008 335.008 170.751 376.014
P3 45◦ 40.330 276.254 234.528 362.381
P4 60◦ 56.400 181.495 273.167 327.964
P5 90◦ 93.929 − 19.945 290.367 291.051
P6 120◦ 126.881 − 199.178 265.460 331.875
P7 135◦ 141.723 − 296.915 234.300 378.226
P8 150◦ 155.350 − 380.273 174.503 418.400
P9 − 180◦ − 179.039 − 404.323 − 6.785 404.380
P10 − 150◦ − 152.809 − 290.812 − 149.401 326.944
P11 − 135◦ − 137.639 − 251.867 − 229.669 340.859
P12 − 120◦ − 122.241 − 171.968 − 272.648 322.351
P13 − 90◦ − 89.201 3.886 − 278.505 278.532
P14 − 60◦ − 54.794 174.857 − 247.816 303.295
P15 − 45◦ − 37.077 287.631 − 217.351 360.518
P16 − 30◦ − 22.655 376.612 − 157.189 408.099
P17 0◦ 1.943 400.823 13.596 401.054

Fig. 2. Experiment and simulated superimposed tensile curve for LENS-deposited Inconel 625 alloy with different representative deformation stages.
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ratio is near the threshold, through-thickness stress uniformity was not 
assumed but explicitly verified via the mesh convergence and gradient 
analysis presented in Section 4.2.2. The section is discretised using 8- 
node linear brick, reduced-integration continuum solid elements 
(C3D8R) with ABAQUS default enhanced hourglass control, using four 
elements through the wall thickness and producing a structured mesh of 
524 elements. This mesh density was confirmed as adequate through the 
convergence study detailed in Section 4.2.2.

4.2.2. Mesh convergence study
The present simulations follow a sequential single-specimen probing 

method in which each loading path is applied only after the specimen 
has been fully unloaded following all preceding paths. Consequently, 
simulating nth path requires the model to first replay paths 1 through 
(n − 1) to correctly reconstruct the accumulated Armstrong–Frederick 
back-stress state, so the computational cost of each successive path in

creases cumulatively along the sequence. A full mesh convergence study 
repeated across all 17 sequential paths at multiple mesh densities would 
therefore require re-simulating the entire cumulative loading history 
multiple times over, at a computational cost disproportionate to the 
verification objective. To address mesh adequacy efficiently three 
representative paths were selected to span the full range of accumulated 
loading history and fundamental stress state: P1 (first path, no prior 
loading history, near-pure tension), P5 (after four prior probes, near- 
pure torsion where the stress state becomes most sensitive to through- 
thickness discretization), and P9 (after eight prior probes near-pure 
compression, near the sequence midpoint). For each path, three 
through-thickness mesh densities of 2 elements (M2), 4 elements as 
adopted in this study (M4), and 8 elements (M8) were evaluated with in- 
plane discretization kept fixed.

For each mesh density the axial and torsional shear stress compo
nents at yield were computed from the global reaction force (RF3) and 

Fig. 3. Experimentally and simulated (a) cup-cone fracture morphology at the onset of rupture and (b) VUMAT-predicted damage localisation contour for LENS- 
deposited IN625 alloy.

Fig. 4. Selection of computational domain form tubular thin walled hollow cylinder used for sequential bi-axial loading simulation.
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reaction moment (RM3) at the reference point, corresponding to the 
cumulative equivalent plastic strain reaching the 0.01% offset limit. This 
reaction-based approach converts the global force and moment output 
directly into nominal axial and shear stress via the thin-wall tube re
lations, independent of any local point-wise stress extraction. To addi
tionally assess the influence of through-thickness discretization on the 
internal stress field, axial and shear stress values were also examined at 
the innermost and outermost through-thickness integration points at the 
mid-gauge cross-section for the torsion-dominated path P5, quantifying 
the local gradient captured by each mesh density without altering the 
global reaction-based yield stress definition used for all reported results. 
Table 3 summarises these results.

The results confirm that the adopted 4-element (M4) mesh lies within 
the converged, discretization-insensitive regime for the reaction-based 
yield stress. Refinement to M8 changes the yield radius by less than 
1% for all three paths (0.42% for P1, 0.84% for P5, 0.38% for P9), while 
coarsening to M2 produces a deviation of up to 2.24% at the torsion- 
dominated path P5. A local through-thickness shear stress gradient is 
present at P5 and increases modestly with mesh refinement, as physi
cally expected for a tube with (t /Ro) close to the thin-wall limit. 
Quantitatively, the shear stress varies by approximately 24% between 
the inner and outer wall radii under torsion-dominated loading. This is 
consistent with the elastic through-wall gradient predicted by Saint- 
Venant torsion theory for the present (t /Ro) = 0.192 geometry. How
ever, this internal gradient does not influence the reaction-based yield 
stress values reported in the manuscript, since RF3 and RM3 are global 
equilibrium quantities integrated over the reference-point coupling 
rather than local stress samples. Since mesh sensitivity of the reported 
yield stress arises from spatial discretization of the global reaction 
output rather than from the magnitude of accumulated back-stress his
tory, convergence demonstrated at these three representative history 
depths is considered representative of mesh behaviour throughout the 
full 17 paths sequences. The 524-element mesh was therefore retained as 
the optimal choice, balancing converged accuracy against the compu
tational cost of the cumulative path replay required at each stage of the 
sequence.

Furthermore, the mesh topology, element type, and reference point 
coupling remain identical across all 17 sequential loading paths; only 
the magnitudes for axial deformation and rotational fields are updated 
path-by-path, with a cumulative equivalent plastic strain increment of Δ 
εp = 1 × 10− 4 per path serving as the consistent yield offset criterion, 
directly replicating the 0.01% plastic strain definition adopted in the 
experimental practices. The top surface of the gauge section is kine
matically coupled to a central reference point, through which the pre
scribed axial displacement U3 and torsional rotation UR3 are applied 

simultaneously in a displacement-controlled manner to impose the 
desired (σ, τ) stress ratio at the target probing angle αexp. The bottom 
surface is fully constrained, replicating the fixed grip condition of the 
experimental boundary condition. The initial boundary condition pair 
for each path is computed directly from the experimental yield stresses 
as U3 =

σexpL
E and UR3 =

τexpL
G⋅Ro

, establishing Run 1 with αBC = αexp. How
ever, the elastic anisotropy of the Szczepiński surface creates a compli
ance coupling between the axial and shear directions that prevents a 
purely displacement-controlled loading from reproducing the target 
stress ratio αexp accurately. The two-step iterative boundary condition 
discussed in Section 3.3.2 is therefore applied and quantified in Table 5
to drive the simulated stress angle to within the acceptance criterion 
|Δα| ≤ 1.5◦ for each path. Having established the geometry and kine
matic framework, the next section presents the experimental yield data 
that constitutes the primary benchmark for all subsequent comparisons.

4.2.3. Experimental yield locus and different path maps
Table 4 summarises the experimental probing path data for all 17 

sequential loading paths. The ideal α column lists the nominal target 
probing direction spanning 0◦ to 360◦, sampled in 15◦ increments be
tween P2–P3, P3–P4, P6–P7, P7–P8, P10–P11, P11–P12, P14–P15, and 
P15–P16 paths, whereas in 30◦ increments at P1–P2, P4–P5, P5–P6, 
P8–P9, P9–P10, P12–P13, P13–P14, and P16–P17 paths, reflecting the 
experimental strategy of sampling more densely in the near-tensile and 
oblique sectors where the yield locus curvature is higher, and more 
coarsely across the near-pure shear, compressive–shear, and pure 
compression transition sectors.

Notably, the actual experimental stress angle αexp deviates system
atically from the nominal ideal target across successive paths, with de
viations ranging from a minimum of 0.8◦ at P13 to a maximum of 7.9◦ at 
P15, and a mean absolute deviation of 4.1◦ across all 17 paths. It is 
important to emphasize that these deviations do not represent an 
experimental error or a misfit of the Szczepiński ellipse. The αexp values 
listed in Table 4 are the true experimentally realised stress angles the 
actual directions in the (σ, τ) plane along which yielding occurred in 
each probing path, computed directly from the measured reaction force 
and torque at the 0.01% plastic strain (PEEQ) offset as αexp =

arctan
(
τexp /σexp

)
.

Furthermore, the departure from the nominal ideal directions is a 
directly measured physical observation. The realised stress ratio in the 
gauge section consistently differs from the nominally prescribed 
displacement-controlled boundary condition. This discrepancy evolves 
path-by-path as the sequential probing cycle progresses. Distinctly, two 
physical mechanisms contribute to this observed angular drift. The first 
one is the elastic compliance coupling inherent to displacement- 

Table 5 
Simulated yield point data for all 17 paths illustrating converged angle αsim, residual Δα, actual simulated stresses σsim/τsim, Szczepiński locus radius rell, and ellipse- 
projected coordinates σY/τY .

αsim (◦) Δα (◦) σsim (MPa) τsim (MPa) rell (MPa) σY (MPa) τY (MPa)

0.000 − 2.970 414.205 0.000 414.357 414.357 0.000
26.264 − 0.744 347.327 171.390 377.996 338.973 167.268
40.356 +0.026 278.851 236.953 349.489 266.323 226.307
56.383 − 0.017 191.597 288.190 323.666 179.195 269.535
94.007 +0.078 − 23.243 331.781 306.357 − 21.410 305.608
126.259 − 0.622 − 216.382 295.011 341.513 − 201.983 275.380
142.801 +1.078 − 312.074 236.864 374.442 − 298.260 226.380
156.825 +1.475 − 376.868 161.333 402.064 − 369.620 158.230
¡179.423 − 0.384 − 410.684 − 4.136 413.679 − 413.658 − 4.166
¡153.798 − 0.989 − 322.795 − 158.848 364.661 − 327.189 − 161.011
¡137.743 − 0.104 − 244.294 − 221.953 329.085 − 243.569 − 221.294
¡120.973 +1.268 − 158.989 − 264.884 302.164 − 155.504 − 259.078
¡87.862 +1.339 11.096 − 297.240 286.552 10.690 − 286.352
¡53.840 +0.954 197.383 − 270.087 321.963 189.971 − 259.944
¡36.317 +0.760 299.458 − 220.110 358.889 289.176 − 212.553
¡21.461 +1.194 372.294 − 146.355 392.247 365.052 − 143.508
1.399 − 0.544 413.359 10.098 413.978 413.854 10.110
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controlled biaxial loading, whereby the prescribed displacement-to- 
rotation ratio at the specimen boundary does not map exactly onto the 
target stress ratio at the gauge cross-section. The second mechanism is a 
progressive path-by-path shift of the yield surface in stress space, as each 
preceding probe deposits a small increment of equivalent plastic strain 
that incrementally modifies the elastic domain seen by the next probe. 
The Armstrong–Frederick nonlinear kinematic hardening model adop
ted in this work provides a constitutive interpretation of second mech
anism. It represents the yield surface shift through the evolution of a 
tensorial back-stress variable. It is emphasised, however, that the back- 
stress is a model construct which cannot be measured directly from the 
experimental practise. Its application in present work represents a 
model-consistent interpretation of the observed angular drift, not an 
independently verified causal mechanism.

Furthermore, this experimentally observed angular drift between the 
nominal ideal direction and the realised stress angle αexp is the directly 
measured quantity that necessitates the two-step boundary-condition 
correction procedure described in Section 3.3.2. The correction is 
applied to the simulation to ensure the virtual probe reaches the same 
stress direction as the experiment regardless of the physical mechanism 
responsible for the drift. Its successful reduction of the simulation-to- 
experiment angular residual to within ±1.5◦ for 16 of 17 paths consti
tutes one of the principal algorithmic contributions of the present UMAT 
framework. The single exception, Path P1, is explicitly discussed in 

Section 4.2.8. It is noted that the scalar yield radius rexp =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2

exp + τ2
exp

√

represents the Euclidean distance from the stress-space origin to each 
experimental yield point in the (σ, τ) plane. As listed in Table 4, rexp 

varies from a minimum of 278.5 MPa at P13 (near-pure negative shear 
path) to a maximum of 418.4 MPa at P8 (compression–torsion path), a 
directional spread of 139.9 MPa representing 50.2% of the minimum 
value. It is essential to note that the physically meaningful isotropic 
comparator is therefore the Von Mises equivalent stress σVM =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
exp + 3⋅τ2

exp

√

, which remains constant at yielding for all probing di

rections in a truly isotropic material. Computing σVM directly from 
Table 4 reveals values ranging from 389.3 MPa at P10 to 506.8 MPa at 
P4, a directional spread of 117.5 MPa representing 30.2% of the mini
mum σVM. This directional variation constitutes direct and unambiguous 
experimental evidence that the yield threshold of LENS-deposited IN625 
is genuinely direction-dependent. This anisotropy cannot be captured by 
the classical Von Mises criterion and provides the primary quantitative 
motivation for implementing the five-parameter Szczepiński anisotropic 
yield function in the present UMAT framework.

It is noted that the deviation of αexp from the nominal Ideal α does not 
represent an experimental error or a fitting residual of the Szczepiński 
ellipse. Rather, it reflects two superimposed physical effects: the finite 
elastic compliance coupling of the biaxial testing machine under 
displacement-controlled loading, and the progressive shift of the yield 
surface accumulated from each preceding probing path. The αexp values 
are the true experimentally realised stress angles, computed directly 
from measured reaction force and torque at the 0.01% plastic strain 
offset and constitute the correct reference directions for all subsequent 
simulation validations.

Additionally, Paths P1 and P17 both target the near-pure tensile 
direction and serve as the opening and closing probes of the full 
sequential cycle, providing an intrinsic specimen level repeatability 
check. The experimental yield radii are rexp (P1) = 401.5 MPa and rexp 

(P17) = 401.1 MPa, agreeing to within 0.45 MPa (0.11%) despite the 
cumulative equivalent plastic strain of ΣΔεᵖ = 16 × 10− 4 introduced by 
the intervening 15 probing paths.

This near-identical yield response at the same stress direction after a 
complete 360◦ probing cycle confirms important features of the exper
imental dataset. The specimen remained mechanically stable 
throughout the sequential test and there is no significant isotropic 
hardening or progressive specimen damage accumulated beyond the 

controlled kinematic back-stress offset, and the experimental data are 
internally self-consistent. Together, these features confirm that the 
experimental points constitute a reliable quantitative benchmark for the 
subsequent numerical validation presented in Section 4.2.3 onwards.

Fig. 5 presents the polar representation in the (σ, τ) stress plane, with 
each point positioned at coordinates 

(
rexp, αexp

)
. The corresponding 

experimental paths are detailed in Table 4. This polar map provides an 
intuitive overview of the yield locus geometry and allows for evaluation 
of the initial boundary condition pairs (U3,UR3) for each simulation via 
the ellipse technique of Section 4.3.2. Any angular discrepancy in 
translating the experimental polar coordinates into combined displace
ment and rotation boundary conditions would propagate as a systematic 
bias in the probed direction on the yield surface. Therefore, to confirm 
that this propagation does not compromise the deformation condition of 
the model, the following section examines the uniformity of the simu
lated deformation field across the gauge section for representative 
loading combinations.

4.2.4. Verification of deformation field homogeneity
Fig. 6 illustrates the displacement magnitude contours at the yield 

instant for three different representative tension/compression-torsion 
paths that span the primary loading regimes as (a) P1 (αexp is 2.97◦, 
pure axial tension), (b) P5 (αexp is 93.9◦, pure torsion), and (c) P8 (αexp is 
155.4◦, combined compression and torsion, where rexp = 418.4 MPa the 
largest experimental yield radius among all 17 paths). In Fig. 6(a), the 
displacement contours vary monotonically along the specimen axis with 
circumferentially uniform iso-displacement coloured contours, con
firming the absence of torsional loading and a homogeneous uniaxial 
axial stress state across the full wall thickness. In Fig. 6(b), the contour 
field exhibits a linearly increasing angular rotation from the fixed base 
toward the loaded end, producing the characteristic helical element 
distortion expected under only torsional loading. In Fig. 6(c), the su
perposition of axial compression and angular twist generates a spiralling 
deformation field whose amplitude increases toward the loaded end. 
The spatial uniformity of the contour bands along the gauge length 
confirms that the selected mesh type resolves the combined stress state 
without additional end-effect penetration. The thin-wall assumption is 
therefore validated numerically for all three representative loading 
paths and for all 17 loading combinations confirming the stress extrac
tion from reaction outputs (force and moment) as the primary source of 
the (σsim, τsim) yield surface reported in Table 5.

4.2.5. Axial and torsional shear stress contour plots
Fig. 7 presents contour plots of the axial (SDV12) and torsional shear 

(SDV15) user-defined state variables at the 0.01% equivalent plastic 
strain offset for four representative paths spanning (a) P1 (near-pure 
tension), (b) P5 (near-pure torsion), (c) P9 (near-pure compression), and 
(d) P13 (sequential negative shear following twelve prior probes). These 
constitutive state variables are reported in place of the generic isotropic 
Von Mises invariant computed internally by ABAQUS, because plastic 
flow in the present framework is governed exclusively by the anisotropic 
Szczepiński criterion evaluated in the shifted stress space (σ̂ , τ̂) space. 
The built-in isotropic J2 invariant bears no direct relationship to the 
anisotropic yield surface driving the return-mapping algorithm and is 
therefore not the physically governing output in this framework.

Fig. 7(a): Contour plot of the axial stress state variable (SDV12) at the 
0.01% equivalent plastic strain offset for Path P1 (near-pure tension), 
showing a spatially uniform value of 414.4 MPa across the gauge 
section.

For Path P1, Fig. 7(a) shows a fully uniform SDV12 field of 414.4 
MPa, matching σsim = 414.205 MPa from Table 5 to within 0.05%, since 
pure axial extension (τexp ≈ 0) generates no through-wall shear gradient. 
This uniformity independently confirms the deformation field homo
geneity already established in Section 4.2.3 (Fig. 6(a)) and demonstrates 
that the plastic multiplier accumulation scheme of Equation (23)
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converges to a spatially constant solution under monotonic proportional 
loading.

For Path P5, Fig. 7(b) reflects SDV12 spanning − 36.8 to − 13.8 MPa 
whereas SDV15 spanning 283.6 to 306.2 MPa across the wall thickness, 
bounding σsim = − 23.24 MPa and τsim = 331.78 MPa listed in Table 5
within, or immediately adjacent to, the outer-surface extremum of this 
range. As mentioned earlier, this finite spatial spread is absent in Path P1 
which is a direct exhibition of the analytically quantified through-wall 
shear gradient acting in combination with the near-pure-torsion 
loading state, in which the Szczepiński ellipse bulges furthest beyond 
the isotropic reference (AI(α) = 1.215, Section 4.2.10) and is therefore 
most sensitive to any residual angular correction. The close bound be
tween the local SDV15 range and the section-averaged τsim confirms that 
the elevated shear response at P5 originates from a physically consistent, 
mesh-resolved stress state rather than from a localised numerical 
artefact.

Fig. 7(b)–(d): Contour plots of the axial (SDV12) and torsional shear 
(SDV15) stress state variables at the 0.01% equivalent plastic strain 
offset for (b) Path P5 (near-pure torsion): SDV12 ranges from − 36.8 to 
− 13.8 MPa and SDV15 ranges from 283.6 to 306.2 MPa across the wall 
thickness; (c) Path P9 (near-pure compression): SDV12 ranges from 

− 413.5 to − 408.4 MPa and SDV15 ranges from − 29.7 to 19.6 MPa; and 
(d) Path P13 (sequential negative shear, following twelve prior probing 
paths): SDV12 ranges from 3.4 to 28.8 MPa and SDV15 ranges from 
− 286.7 to − 228.6 MPa.

For Path P9, Fig. 7(c) shows SDV12 spanning − 413.5 to − 408.4 MPa 
and SDV15 spanning − 29.7 to 19.6 MPa, correlating σsim = − 410.7 MPa 
and τsim = − 4.1 MPa of Table 5. The near-symmetric magnitude of the 
SDV12 range relative to the P1 tensile value (414.4 MPa) provides direct 
visual confirmation of the near-symmetric tensile–compressive yield 
response of LENS-deposited IN625 discussed in Section 4.2.5, consistent 
with the small axial centre-shift encoded in the Ds coefficient of the 
calibrated Szczepiński surface.

Path P13, shown in Fig. 7(d), constitutes the most analytically 
informative case among the four contour sets. Despite targeting the same 
near-pure-shear direction as P5 (| αexp | ≈ 90◦), P13 exhibits the mini
mum experimental yield radius among all 17 paths (rexp = 278.5 MPa), 
yet its SDV15 field spans − 286.7 to − 228.6 MPa and only 3.5% below 
the corresponding SDV15 range at P5. This apparent contradiction is 
resolved directly by the accumulated Armstrong–Frederick back-stress. 
Twelve prior sequential probes, weighted toward the tensile and 
positive-shear sectors have driven the α23 back-stress component toward 

Fig. 5. Polar representation of the experimental yield locus for LENS-deposited IN625 in the biaxial (σ, τ) stress plane.
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the negative-τ quadrant, translating the effective Szczepiński surface 
centre and elevating the local yield threshold above the virgin-surface 
prediction (rell = 286.6 MPa, Table 5) to the simulated value rsim =

297.4 MPa (+6.8%, refer section 4.2.5). The elevated and spatially 
consistent SDV15 field in Fig. 7(d) therefore provides direct graphical, 
field-resolved evidence that the UMAT correctly retains and propagates 
the complete tensorial back-stress history across sequential paths.

Authors would like to emphasize that the simulated axial and 
torsional shear stress values in Table 5 are nominal and section-averaged 
stresses derived from the reaction force (RF3) and reaction moment 
(RM3) at the reference point, whereas the SDV12 and SDV15 contours 
represent local state-variable output distributed across the gauge- 
section wall thickness. The close correspondence between these two 
independently derived quantities across all four paths exact for P1, and 
within the physically expected through-wall gradient bound for P5, P9, 
and P13 confirms that the FE results are internally self-consistent.

4.2.6. Simulated stress trajectories
Table 5 presents the complete numerical output for all 17 paths 

simulations. The converged simulation angle αsim and angular residual Δ 
α = αsim − αexp quantify the directional accuracy achieved by the two- 
step boundary-condition correction and are discussed separately in 
Section 4.2.7. In Table 5, σsim and τsim are the actual Cauchy stresses at 
the yield instant, computed from reaction forces and moments at the first 
increment in which the cumulative equivalent plastic strain satisfies 
Δεᵖ ≥ 1 × 10− 4. These are the simulated yield points and constitute for 
quantitative comparison against the experimental data of Table 4. The 

scalar simulated yield radius is defined as rsim =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
sim + τ2

sim

√

, consistent 

with the experimental definition rexp =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2

exp + τ2
exp

√
, both measuring 

the Euclidean distance from the stress-space origin to the respective 
yield surface in the (σ, τ) plane.

Authors would like to highlight that this geometric radius must not 
be confused with the Von Mises equivalent stress σVM =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2 + 3τ2

√
, 

which equals the uniaxial yield stress σY only under the isotropic J2 
criterion, a formulation explicitly superseded here by the Szczepiński 
surface. The numerical difference between these two metrics can reach 
73% in near-pure shear directions, making the choice of radius defini
tion physically significant for every reported metric. The Szczepiński 
locus radius rell evaluated analytically at αsim and reported in the rell 
column of Table 5 is ellipse radius in the ideal radial direction at αsim. Its 
sole function in Table 5 is to define the ellipse-boundary coordinates 
used exclusively to draw the analytical ellipse curve in Fig. 8 and must 
not be used in any quantitative comparison.

Fig. 8 presents the comparison of experimental and simulated ma
terial response under biaxial loading in the (σ, τ) plane. It can be clearly 
observed that the simulated stress trajectories closely follow the exper
imentally obtained responses for each loading path. The simulated stress 
trajectories were reconstructed from the reaction force and moment 
histories at every converged increment across all 17 sequential loading 
paths. Each trajectory originates from the residual stress state inherited 
from the preceding path's elastic springback and propagates radially 
outward toward the target probing direction αexp, tracing the propor
tional displacement–rotation loading imposed by the boundary 
conditions.

The terminal point of each trajectory where the cumulative equiva
lent plastic strain first reaches Δεᵖ= 1 × 10− 4 defines the simulated yield 

Fig. 6. Deformed model contours at the yield instant for three representative sequential loading paths: (a) P1, near pure tension (b) P5, near pure torsion and (c) P8, 
combined compression and torsion confirming deformation field homogeneity across the gauge section.
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point from Table 5. The 17 trajectories collectively drawn over the full 
360◦ spectrum of the biaxial stress space, covering near-pure tension 
(P1, P17), progressive tension–shear combinations (P2–P4), near-pure 
shear (P5), compression–shear (P6–P12), near-pure compression (P9), 
and the complementary shear–tension return paths (P13–P16). The 
spatial distribution of the 17 terminal points reproduces the anisotropic 
geometry of the Szczepiński yield surface, with rsim ranging from 286 
MPa for near pure shear to 414 MPa in the near-axial directions, 
consistent with the directional yield strength differential of LENS- 
deposited IN625. Nevertheless, all 17 trajectories exhibit a measurable 
opening angle between the forward loading branch and the reverse 
elastic springback upon force removal, as depicted from the enlarged 
view of stress trajectory in Fig. 8. This opening is smallest for near-axial 
paths (P1, P9, P17), where the axial–shear elastic coupling term is 
negligible, and largest for oblique and shear-dominant paths (P5–P7, 

P10–P13), where the anisotropic elastic compliance of the LENS- 
deposited IN625 crystallographic texture is fully engaged [1,2]. The 
directional back-stress components accumulated from the preceding 
sequential paths further amplify the opening angle in oblique paths via 
the multiaxial Bauschinger effect [7,11]. The non-parallel orientation of 
the forward loading branch and the reverse elastic springback path, 
most pronounced for paths P5–P7 and P10–P13, is a direct consequence 
of the path-dependent anisotropy of the back-stress tensor. The yield 
surface centre has migrated in the loading direction, and therefore, the 
elastic domain encountered during unloading is geometrically asym
metric relative to the applied stress vector.

The enlarged view of Fig. 8 also reveals that no unloading trajectory 
returns precisely to the stress-space origin point; the endpoints of the 17 
springback paths are distributed within a region of approximately ±20 
MPa in σ and ±15 MPa in τ-stress space, offset from the origin, with the 

Fig. 7. Contour plots of the axial (SDV12) and torsional shear (SDV15) stress state variables at the 0.01% equivalent plastic strain offset for (a) Path P1 (near-pure 
tension), showing a spatially uniform value of 414.4 MPa across the gauge section, (b) Path P5 (near-pure torsion): SDV12 ranges from − 36.8 to − 13.8 MPa and 
SDV15 ranges from 283.6 to 306.2 MPa across the wall thickness, (c) Path P9 (near-pure compression): SDV12 ranges from − 413.5 to − 408.4 MPa and SDV15 ranges 
from − 29.7 to 19.6 MPa, and (d) Path P13 (sequential negative shear, following twelve prior probing paths): SDV12 ranges from 3.4 to 28.8 MPa and SDV15 ranges 
from − 286.7 to − 228.6 MPa.
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largest offsets in the compressive–shear paths (P6, P7, P10, P11). These 
non-zero residual stresses may arise from two coexisting physical 
mechanisms: (i) macroscopic self-equilibrating residual loads, where the 
elastic grip sections impose a constraining reaction on the plastically 
deformed gauge section upon actuator return, preventing complete 
stress relaxation [34]; and (ii) grain-scale intergranular residual stresses, 
where elastic low-Schmid-factor grains constrain the stress relaxation of 
adjacent yielded high-Schmid-factor grains, producing an intergranular 
back-stress that offsets the macroscopic mean stress from zero [35]. 
Evidently, the developed user subroutine UMAT reproduces both fea
tures within a single constitutive framework. The Armstrong–Frederick 
back-stress tensor accumulates direction-dependent components 
through each sequential probing step, governing the multiaxial Bau
schinger rotation of the unloading branch, while the Szczepiński crite
rion determines the directional yield threshold at which departure from 
elastic springback begins. With the stress trajectories confirming that the 
simulated loading paths reach the intended directions across all 
sequential quadrants, the following section reconstructs the complete 
yield locus from the 17 terminal points and provides a direct geometric 
comparison against the analytically calibrated Szczepiński ellipse.

4.2.7. Locus of yield surface and yield stress validation
This section constitutes the primary experimental validation of the 

proposed UMAT framework, directly comparing all 17 simulated yield 
points of Table 5 against their experimental counterparts from Table 4
across the full 360◦ biaxial stress space. Fig. 9 presents the complete 
yield locus of LENS-deposited Inconel 625 in the (σ, τ) plane, super
imposing the 17 experimental yield points from Table 4, the 17 simu
lated yield points from Table 5 and the Szczepiński analytical ellipse 
calibrated by least-squares optimisation against the experimental yield 
points. Notably, the Szczepiński ellipse achieves a calibration goodness- 
of-fit of 99% with an RMS error of 0.083 and a maximum absolute de
viation of 0.112, confirming an excellent representation of the experi
mental data.

The fitted surface differs from the isotropic Huber-Von Mises-Hencky 
yield surface in three simultaneously observable and physically distinct 
ways. First, near-axial yield radii of approximately 401–418 MPa versus 
pure-shear radii of 279–291 MPa exhibiting shear-to-axial strength ratio 
approximately 0.72, substantially above the isotropic value of 1/√3 ≈
0.577. This confirms LENS-deposited IN625 is relatively stronger in 
shear than the isotropic prediction. Second, the ellipse centre is dis
placed from the stress-space origin by approximately (+48.5 MPa, − 9.6 
MPa) in stress plane, corresponded by the non-zero linear coefficients Ds 
= − 5.025 × 10− 7 and Fs = − 1.096 × 10− 4. This centre offset is the 
geometric signature of the net kinematic back-stress imparted by the 
LENS process, the positive axial shift reflects a tensile-sense residual 
stress introduced by thermal contraction of deposit layers upon cooling, 
while the negative shear shift reflects a systematic shear back-stress 
arising from crystallographic texture asymmetry about the deposition 
axis [14,20]. Third, the non-zero coupling coefficient Bs = 4.147 × 10− 7 

produces a measurable inclination of the Szczepiński ellipse principal 
axes relative to the (σ, τ) coordinate frame, indicating crystallographic 
shear coupling in the 〈001〉 textured columnar grains characteristic of 
LENS-deposited Nickel-based alloys [2,14,36]. The 17 simulated yield 
points cluster closely around the Szczepiński ellipse, confirming 
self-consistent triple agreement. The Szczepiński calibration accurately 
represents the experimental data, and the UMAT accurately reproduces 
the Szczepiński surface in the finite element simulation. The triple 
agreement between the experimental yield points, the calibrated 
Szczepiński ellipse and the simulated yield points sustained across all 
four quadrants of the biaxial stress space constitutes the primary 
quantitative validation of the proposed methodology against the 
experimental dataset of Table 4.

This section decomposes the overall locus agreement into its scalar 
constituent components to identify directional accuracy patterns across 
all 17 probing paths. Fig. 10(a)–(c) present the comparison between 
experimental and FE yield stresses and yield radii across all 17 
sequential probing directions for LENS-processed IN625. For enhanced 

Fig. 7. (continued).
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visualization, Fig. 10(a)–(c) decompose the yield surface validation into 
three scalar graphical plots: axial stress, shear stress, and scalar yield 
radius, =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2 + τ2

√
, providing a path-resolved, component-level accu

racy assessment.
Fig. 10(a) presents the axial stress component at yield for all 17 

sequential probing paths. Both experimental and simulated stress pro
files exhibit the expected co-sinusoidal variation with loading angle 
confirming the full sign reversal of the axial stress component across the 
360◦ probing plane. The experimental axial stress ranges from − 404.3 
MPa at P9 (near-pure compression) to +401 MPa at P1 and at P17 (near- 
pure tension) (Table 4). The corresponding simulated values reproduce 
the same trend, ranging from − 410.7 MPa at P9 to +414.2 MPa at P1 
and +413.4 MPa at P17 (Table 4). The UMAT subroutine reproduces 
both sign and magnitude of σ consistently across all four loading 

quadrants, with a mean absolute deviation |Δσ| = 11.4 MPa corresponds 
to a relative error of 9.8%. The largest discrepancy arises at P10 (|Δσ| =
32.0 MPa), followed by P14 (|Δσ| = 22.5 MPa) and P6 (|Δσ| = 17.2 
MPa). These three paths share a common physical origin rooted in 
loading direction reversal relative to the accumulated back-stress vector. 
At P10, the loading direction enters the compressive–negative shear 
quadrant for the first time after nine preceding paths concentrated in the 
positive-shear sectors, maximising the angular misalignment between 
the accumulated back-stress tensor and the new probing direction, and 
producing the largest axial deviation. At P14 and P6, the oblique loading 
directions cross the σ-axis at angles where the axial back-stress 
component most strongly opposes the applied σ, yielding deviations of 
22.5 MPa and 17.2 MPa, respectively. By contrast, paths with large 
number of prior loading histories but near-axial or near-pure-shear 

Fig. 8. (a) Experimental and (b) simulated stress trajectories in the (σ, τ) stress plane for all 17 sequential biaxial loading paths of LENS-deposited IN625 alloy. 
Enlarged view of the elastic springback trajectories highlights the non-zero residual stress offsets upon unloading.
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orientations such as P16 (15 prior paths, |Δσ| = 4.3 MPa) and P13 (12 
prior paths, |Δσ| = 7.2 MPa) exhibit small deviations, because the back- 
stress direction closely aligns with the current probing direction, 
reducing the net axial threshold shift. This confirms that the dominant 
driver of path-to-path variation in axial stress accuracy is the angular 
misalignment between the accumulated Armstrong–Frederick back- 
stress tensor and the current probing direction instead of cumulative 
number of prior paths. The spatial concentration of the largest axial 
deviations in the compressive–negative shear and oblique-return sectors 
is therefore physically deterministic and directionally reproducible.

On similar pattern, Fig. 10(b) presents the shear stress component at 
yield. Both profiles exhibit a complementary sinusoidal pattern, with 
highest shear stress ±(290-332) MPa for near-torsional paths (P5, P13) 
and approaching zero at the near-axial paths (P1, P9, P17). The UMAT 
reproduces the directional shear response with |Δτ| = 12.5 MPa across 
all 17 paths. The single largest discrepancy occurs at P5 (|Δτ| = 41.4 
MPa, +14.2%), where two associated effects simultaneously reach their 
maximum: (i) the Szczepiński ellipse bulges furthest beyond the Von 
Mises yield surface, amplifying the sensitivity of τsim to any residual 
angular error; and (ii) the accumulated back-stress from paths P1–P4 has 
already shifted the elastic domain, requiring the highest angular 

correction (Δα1 = +13.2◦ at P5) and introducing the greatest residual 
angular uncertainty in τsim. The grey connector lines between each 
experimental–simulation bar pair confirm that the directional character 
of the shear response is reproduced consistently across the full angular 
span with no systematic sign error in any quadrant.

Fig. 10(c) presents the scalar yield radius alongside the percentage 
deviation Δr(%) on the right ordinate axis. The experimental yield radii 
span from 278.5 MPa to 418.4 MPa, reflecting the directional variation 
of the Szczepiński anisotropic criterion, with maxima in the near-axial 
directions and a clear minimum near pure shear (P13). Among the 17 
simulated paths, seven fall within the ±3% excellent agreement band, 
nine fall inside the ±3%–7% acceptable band, and one path P10 falls 
outside the ±7% tolerance yielding an overall path-averaged MAE of 
3.6%. The four paths with the largest radial deviations P5 (+14.3%), 
P10 (+10.0%), P13 (+6.8%), and P2 (+3.6%) are all located in the 
intermediate-angle regime (45◦ ≤ |α| ≤ 135◦), where cumulative kine
matic back-stress from the preceding sequential paths most strongly 
elevates the effective yield threshold beyond the as-calibrated Szcze
piński surface.

These two largest single-component deviations can also be expressed 
as a fraction of the experimental yield radius instead of the full vector 

Fig. 9. Experimental and simulated yield points of LENS-deposited IN625 in biaxial (σ, τ) stress plane along with Szczepiński analytical ellipse.

Fig. 10(a). Path-resolved comparison of axial stress between experimental and simulated yield stresses across all 17 sequential loading paths for LENS- 
deposited IN625.
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magnitude. On this basis, P10 (axial) shows a component-wise relative 
error of approximately 9.8%, using rexp = 327 MPa. P5 (shear) shows a 
component-wise relative error of approximately 14.2%, using rexp = 291 
MPa. Both values are consistent with the overall radial deviations of 
+10.0% and +14.3% reported above for the same two paths. The small 
numerical difference arises because the component-wise ratio considers 
only one stress component, σ or τ, in the numerator. In contrast, Δr(%) 
accounts for the full vector magnitude of both components combined. 
Having established the component-wise accuracy profile, the next sec
tion presents the normalised convergence metrics that provide a path- 
level scalar summary of both the radial and angular accuracy across 
the full sequential probing protocol.

4.2.8. Normalised yield radius and angular convergence
To provide a path-resolved scalar accuracy metric independent of the 

stress component decomposition, Fig. 11 presents the normalised yield 
radius ratio rsim/rexp for all 17 loading paths, with superimposed ±3% 
(excellent) and ±7% (acceptable) tolerance bands. Values above unity 
indicate radial overprediction and below unity indicate 
underprediction.

Seven paths fall within the ±3% excellent band. A directionally 
coherent trend is apparent for paths in the tensile-dominant quadrant 
(P1–P4) exhibiting a mild systematic overprediction within rsim/rexp ∈

[1.005, 1.053]. However, compression, oblique, and near-axial return 
paths (P8, P11–P12, P16) show a corresponding systematic under
prediction within rsim/rexp ∈ [0.937, 0.964], yielding a path-averaged 
MAE of 3.64%. This directional asymmetry is consistent with the 
anisotropic yield strength differential between the tensile and 
compressive loading regimes of the LENS-deposited microstructure and 
with the asymmetric saturation of the Armstrong–Frederick back-stress 
across the sequential probing procedure. Path P10 alone yields rsim/rexp 

= 1.10 (+10%), attributable to the maximum accumulated back-stress 
magnitude attained after nine prior paths loading predominantly the 
compressive and shear sectors, rotating and distorting the elastic 
domain beyond the corrective capacity of the two-step angle correction 
strategy. Notwithstanding this single outlier, 16 of 17 paths converge 
within ±7%, and the path-averaged MAE of 3.6% confirms that the 
Szczepiński-UMAT framework captures the anisotropic yield surface 
topology with excellent overall accuracy across the complete biaxial 
stress space.

Fig. 10(b). Path-resolved comparison of shear stress between experimental and simulated yield stresses across all 17 sequential loading paths for LENS- 
deposited IN625.

Fig. 10(c). Path-resolved comparison of scalar yield radius with percentage deviation Δr (%) on the right ordinate between experimental and simulated yield stresses 
across all 17 sequential loading paths for LENS-deposited IN625.
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Complementing the radial assessment, Fig. 12 presents the angular 
convergence performance of the two-step boundary-condition correc
tion strategy. Prior to correction, the Run-1 errors range from 7.8◦ at P12 
to 13.2◦ at P5, with a Run-1 MAE of 6.05◦.

A 13.2◦ Run-1 angular overshoot at P5, if uncorrected, would 
displace the simulated yield point by approximately | rell ⋅ sin(13.2◦)| 
nearly 70 MPa from the targeted locus completely diverting the shear- 
dominant branch of the yield surface and demonstrating the critical 
necessity of the correction strategy. The two-step correction reduces 
these errors significantly, with MAE dropping to 0.86◦, an 86% reduc
tion, and 16 of 17 paths satisfy the | Δα | ≤ 1.5◦ acceptance criterion. As 
depicted, Path P1 retains a residual of Δα = − 2.97◦, attributed to the 
virgin specimen condition at the start of P1 no prior back-stress is 
available to correct against, and the angular error is governed solely by 
the initial elastic anisotropy coupling. Since there is no prior back-stress 
history and the UMAT was developed from the Szczepiński ellipse co
ordinate point which is equal to the shift of the virgin elastic compliance, 
no correction run was performed. Paths P9 and P11 achieve final re
siduals of − 0.4◦ and − 0.1◦, respectively, within the ±0.5◦ excellent 
band confirming the robustness of the correction algorithm across varied 
loading directions. With both radial and angular accuracy validated 
numerically, the following three sections present a three-dimensional 

characterisation of the anisotropy structure that has governed all of 
the path-level observations presented above.

4.2.9. Three dimensional proportional loading trajectory
The two-dimensional yield locus of Fig. 9 and the bar charts of 

Fig. 10 quantify the accuracy of the UMAT at the yield-surface bound
ary. However they do not reveal the dynamic loading mechanism by 
which each simulated yield point is reached. Fig. 13 extends the two- 
dimensional locus view by presenting the three-dimensional (3D) pro
portional loading trajectories for all 17 paths in the extended space (σ, τ, 
f), where the vertical axis f = r(α)/rVM(α) is the Szczepiński yield func
tion normalised by the isotropic reference radius, so that f = 1 corre
sponds to the Von Mises isotropic yield threshold. Further, f > 1 
indicates a direction stronger than the Von Mises prediction and f < 1 
indicates a sub-isotropic direction. Each trajectory starts at the common 
stress-space origin and propagates radially outward in the (σ, τ) plane 
while ascending monotonically along the f-axis as elastic loading builds 
toward the yield boundary, forming the characteristic conical fan- 
shaped geometry observed in Fig. 13. The iso-f contour rings drawn at 
f = 0.25, 0.50, and 0.75 reveal the sub-yield scaling of the Szczepiński 
ellipse.

The non-circular in-plane geometry widest in the near-axial 

Fig. 11. Normalised yield radius ratio rsim/rexp for all 17 sequential loading paths, with ±3% and ±7% tolerance bands.

Fig. 12. Angular convergence of the two-step boundary condition correction strategy across all 17 sequential loading paths.
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directions and narrowest in the shear directions demonstrates that the 
yield function iso-surfaces are geometrically self-similar ellipses at all 
loading levels, however, with a non-uniform directional scale factor, a 
direct consequence of the eccentric, inclined Szczepiński ellipse geom
etry. The experimental yield points span fexp ∈ [0.940, 1.223] across the 
17 directions, confirming a total directional anisotropy range of 0.283 in 
the normalised yield function that explicitly disqualifies any isotropic 
yield criterion as a valid descriptor for this material.

The FEA yield points cluster near fsim ∈ [1.000, 1.279], and their 
close spatial co-location with the experimental terminal points provides 
a three-dimensional, visually unambiguous validation of the UMAT 
directional accuracy that cannot be achieved from either a 2D locus plot 
or a component bar chart alone. This 3D view of the loading mechanics 
motivates a direct quantification of the departure of the Szczepiński 
surface from the isotropic reference at every angular position, presented 
in the following section as a continuous three-dimensional deviation 
landscape.

4.2.10. Three dimensional anisotropy deviation surface
While Fig. 13 conveys the loading dynamics of each path, it does not 

directly isolate the magnitude and spatial distribution of the anisotropy 
itself. Fig. 14 addresses this by presenting the 3D deviation surface Δr 
(α) = rell(α) − rVM(α), where rell(α) is the Szczepiński locus radius and 

rVM(α) is the Von Mises reference radius, both evaluated as continuous 
functions of the probing angle α over the full 360◦ stress spectrum. A 
positive Δr indicates a direction where LENS-deposited IN625 is stron
ger than the isotropic prediction whereas a negative Δr indicates a sub- 
isotropic direction.

The orange displacement arrows shown in Fig. 14 connecting each 
experimental yield point to its corresponding simulated surfaces in the 
deviation-surface plane have a mean length of 12.9 MPa and reach a 
maximum of 34.3 MPa at P10 spatially and quantitatively consistent 
with the component-wise deviations. The spatial coherence of the 
largest arrows at P5 and P10 confirms that the residual discrepancies 
arise from the deterministic mechanism of back-stress saturation in the 
intermediate-angle quadrants rather than from randomly distributed 
numerical error. The deviation surface exhibits an approximate bilateral 
symmetry about the normal stress axis which is a consequence of the 
near-symmetric tensile and compressive yield radii of LENS-deposited 
IN625 in the near-axial directions, while the non-zero coupling coeffi
cient Bs = 4.147 × 10− 7 breaks τ-axis symmetry by inclining the 
Szczepiński ellipse principal axes relative to the coordinate frame, pro
ducing a monoclinic characteristics. Elevated yield radii in the off-axis 
tension–shear and compression–shear segments along with reduced 
radii along the pure-axial directions can be visualised from Fig. 14. 
Having characterised the full three-dimensional deviation profile, the 

Fig. 13. Three-dimensional proportional loading trajectories for all 17 sequential probing paths in the extended (σ, τ, f) space for LENS-deposited IN625 alloy.

Fig. 14. Three-dimensional anisotropy deviation surface for LENS-deposited IN625 alloy evaluated continuously over the full 360◦ biaxial stress space for all 
17 paths.
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final section distil this directional information into a single scalar 
anisotropy index per probing direction, providing the most compact and 
interpretable summary of the yield surface anisotropy.

4.2.11. Directional anisotropy rose
Fig. 15 presents the Anisotropy Rose for LENS-deposited IN625, 

constructed by plotting the dimensionless anisotropy index, AI(α) =
rexp(α)/rVM(α) for each of the 17 probing directions as a polar radial 
band, colour-coded on a red–yellow–green scale. Deep green (AI(α) >
1.05, stronger than isotropic), yellow (AI(α) ∈ [0.97, 1.05], near- 
isotropic), and red (AI(α) < 0.95, sub-isotropic). Among 17 paths, 13 
fall in the deep green regime confirming that LENS-deposited IN625 is 
directionally stronger than the isotropic Von Mises prediction across the 
majority of the biaxial stress space. Three paths P1, P9, and P17 (all 
near-pure axial loading) fall in the yellow near-isotropic band, consis
tent with the calibration assumption in which the Von Mises reference 
radius is normalised by the uniaxial yield stress. The sole red zone at P10 
with AI(α) = 0.940 represents the single direction in which the material 
falls measurably below the isotropic reference. Its spatial confinement 
between yellow-band neighbours P9 and P11 confirms a localised 
directional deficit attributed to the back-stress saturation mechanism 
identified in Section 4.2.7. The total directional spread ΔAI(α) = 1.223 
− 0.940 = 0.283 (28.3%) far exceeds the ±5% Von Mises tolerance band 
by a factor of 2.8. This demonstrates the unequivocal quantitative evi
dence that the LENS process introduces plastic anisotropy of a magni
tude that renders isotropic yield criteria physically inadequate for this 
class of nickel-based alloys.

The three near-axial paths (P1, P9, P17) correctly appear as yellow 
(near-isotropic) bands because along the build axis the columnar grain 
orientation and the approximately symmetric Schmid factor distribution 
together drive the macroscopic yield stress toward the isotropic limit, 
with only a marginal 2.5% discrepancy attributable to inter-layer defects 
and axial tensile residual stress. The sole red zone at P10 represents a 
localised directional deficit in the compression–shear sector, spatially 
confined between yellow-band neighbours P9 and P11, confirming it 

does not constitute a general compressive failure mode. A 5.1 
percentage-point asymmetry between the positive-shear peak (P5, AI(α) 
= 1.215) and the negative-shear peak (P13, AI(α) = 1.164) reflects the 
off-centre-symmetric offset of the Szczepiński ellipse centre from the 
stress-space origin. The net kinematic back-stress imparted by the LENS 
thermal cycling is stronger in the positive-shear direction, rendering the 
positive-τ hemisphere marginally stronger than the negative-τ hemi
sphere, a physical signature of the LENS layer-by-layer deposition 
asymmetry that would be entirely invisible to any isotropic plasticity 
analysis. The close correspondence between the FEA-predicted and 
experimentally measured AI(α) values with a mean absolute deviation of 
0.030 and a maximum of 0.075 at P5 confirms that the Szczepiński- 
UMAT subroutine framework captures both the magnitude and the 
directional distribution of the yield surface anisotropy across the com
plete 360◦ biaxial stress space. The Szczepiński ellipse envelops the Von 
Mises reference by up to +22.3% in the oblique shear-dominant sector 
and falls below it by only − 6.0% at the single confined direction P10, 
capturing the full 28.3% anisotropy span that is entirely invisible to any 
isotropic plasticity analysis. This establishes the proposed framework as 
a reliable computational tool for the multiaxial constitutive characteri
sation of AM-fabricated superalloys.

5. Conclusions

This work developed and validated a novel finite element framework 
for simulating the complete anisotropic yield surface evolution of LENS- 
deposited Inconel 625 (IN625) under 17 sequential tension/com
pression–torsion probing paths spanning the full 360◦ of the biaxial (σ, 
τ) stress space. A custom UMAT subroutine implementing the Szcze
piński anisotropic quadratic yield criterion with Armstrong–Frederick 
nonlinear kinematic hardening was developed within ABAQUS software 
and thoroughly validated against experimentally measured yield loci. 
The following conclusions are drawn from this work. 

Fig. 15. Directional anisotropy rose for LENS-deposited IN625: polar plot of the anisotropy index, AI(α) for all 17 probing directions. The peak anisotropy indices are 
AI(α) = 1.223 at P4 (+22.3%, combined tension–shear), AI(α) = 1.215 at P5 (+21.5%, near-pure shear), and AI(α) = 1.214 at P7 (+21.4%, compression–shear), 
forming a coherent deep-green arc spanning approximately α ∈ [27◦, 156◦] and [− 38◦, − 122◦]. This spatial pattern of directional strengthening is consistent with the 
〈001〉//deposition-axis crystallographic fibre texture characteristic of LENS-fabricated Ni-base superalloys, in which the Schmid factors for primary {111}〈110〉 
octahedral slip are maximised under oblique tension–shear and compression–shear loading relative to the pure-axial case, producing elevated directional resistance 
to plastic flow [2,3,19].
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1. Conventional ABAQUS implementations that treat only the final 
Newton–Raphson correction as the total plastic multiplier system
atically underestimate cumulative equivalent plastic strain, pre
venting reliable identification of the 0.01% offset yield point under 
sequential loading. The proposed accumulation scheme sums all in
cremental corrections across Newton–Raphson iterations to resolve 
this, enabling reliable yield-point identification across all 17 paths.

2. The Szczepiński anisotropic quadratic yield criterion was success
fully coupled with Armstrong–Frederick nonlinear kinematic hard
ening within a UMAT user subroutine in ABAQUS software for LENS- 
fabricated AM alloys. The five-parameter calibration achieved 99% 
goodness-of-fit with RMS error of 0.083, capturing simultaneously 
the ellipse centre-shift, distortion, and inclination that J2-based 
isotropic models fundamentally cannot reproduce.

3. The two-step iterative boundary condition correction reduced the 
mean angular residual from 6.05◦ (uncorrected) to 0.86◦ (corrected), 
with 16 of 17 paths satisfying |Δα| ≤ 1.5◦. Path P1, applied to the 
virgin specimen with no prior back-stress history, retains a residual 
of − 2.97◦, an inherent constraint of single-specimen sequential 
probing methodology. Proportional displacement-controlled loading 
without angular correction systematically misdirects the probing 
angle by up to 13.2◦ due to accumulated kinematic back-stress from 
prior sequential paths.

4. A total yield radius spread of ΔAI(α) = 28.3% was resolved across the 
biaxial stress space, with peak anisotropy indices of AI(α) = 1.223 at 
P4 (tension–shear) and AI(α) = 1.215 at P5 (near-pure shear) values 
2.8 times the ±5% tolerance band of the Von Mises criterion. This 
directional pattern is consistent with the maximum Schmid factor of 
the {111}〈110〉 octahedral slip systems aligned with the 〈001〉// 
deposition-axis fibre texture of LENS-deposited IN625.

5. This work's contribution lies not in the constitutive formulation it
self, since anisotropic yield criteria and kinematic hardening laws 
have independent precedent in the literature, but in the validated 
application of the Szczepiński–Armstrong–Frederick combination 
within a forward-predictive ABAQUS UMAT for the specific material 
system and loading protocol of LENS-deposited IN625 under full 
360◦ sequential biaxial probing.

6. The core algorithmic components are the Szczepiński yield function, 
the shifted-stress return-mapping algorithm, and the Armstrong–
Frederick nonlinear kinematic hardening law formulated entirely in 
terms of calibrated material constants. None of these parameters 
encode IN625-specific slip system geometry, crystallographic 
texture, or phase content, making the subroutine architecture reus
able across alloy systems. This structural reusability however, rep
resents an architectural property of the subroutine rather than a 
demonstrated predictive capability for other alloys.

6. Future scope

The extensibility of the present framework to a new material requires 
that its experimentally identified yield locus retain a quadratic (ellip
tical) form, as verified in the present work for IN625 with 99% goodness 
of fit (RMS error 0.083). Materials such as IN718 (γ′/γ″ precipitation 
strengthening), Ti–6Al–4V (HCP crystallography with tension- 
compression asymmetry), and SS316L (deformation-induced martens
itic transformation) may produce yield loci that deviate from this 
quadratic form, requiring independent verification, and potentially 
extension of the Szczepiński formulation itself, before the same UMAT 
architecture can be applied. Accordingly, the framework's applicability 
beyond LENS-deposited IN625 should be regarded as a structurally 
justified but experimentally unverified capability, not a validated result 
of the present study. Sequential probing characterisation of LENS- 
deposited IN718 is currently in progress and will be reported in a 
forthcoming study to test this hypothesis directly.
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