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Quantum switch instabilities with an open
control
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The superposition of causal orders shows promise in various quantum technologies. However, the
fragility of quantum systems arising from environmental interactions, leading to dissipative behavior
and irreversibility, demands adeeper understandingof the possible instabilities in the coherent control
of causal orders. In this work, we employ a collisional model to investigate the impact of an open
control system on the generation of interference between two causal orders. We present the
environmental instabilities for the switch of two arbitrary quantum operations and examine the
influence of environmental temperature on each potential outcome of control post-selection.
Additionally, we explore how environmental instabilities affect protocol performance, including
switching betweenmutually unbiasedmeasurement observables and refrigeration powered by causal
order superposition, providing insights into broader implications.

Quantum coherence is one of the important features of the quantum
description of nature that distinguishes it from classical theories1–6. This
intrinsically quantum phenomenon can be employed to lead to the inde-
finiteness of the causal structures underlying the application of quantum
operations7–9, which may be a resource for new quantum advantages10.
Paradigmatic examples associated with this are given by processes
that utilize an auxiliary quantum control to devise a superposition of
causal orders (SCO) of operations in a system of interest, such as the
quantum switch (QS)11. SCO has been interpreted as a superposition
of time evolution12 and applied in a plethora of fields13, ranging
from computation11,14,15 and communication16–18 to metrology19 and
thermodynamics20–25. However, there are still open questions and a debate
aboutwhether (and how) the SCO resulting from theQS (or other processes
with a quantum control) can be considered genuine indefinite causal order
and benefit from the advantages associated with it26–28.

The quantum correlations formed when applying a QS are essential to
observe SCO effects after the control post-selection procedure11,26. There-
fore, it is imperative to understand and characterize their resilience under
more realistic scenarios as it is widely recognized that quantum states are
fragile due to their unavoidable interaction with environmental degrees of
freedom29,30. In general, these interactions lead to non-unitary processes
accompanied by dissipation and irreversibility, which directly affects the
existence of quantum resources and idealized closed dynamical frameworks
fail to capture. The microscopic derivation of open quantum system

dynamics is realized by explicitly including and modeling the external
environment.However, this process canbecome intricatewhendealingwith
more general dynamics that extend beyond the standard regime defined by
the weak coupling, Born–Markov, and secular approximations31,32. A
compelling alternative is given by the collisional model framework33–42,
which consists of modeling the environment as a set of identically prepared
auxiliary systems interacting with the system of interest through some
unitary evolution. Despite its straightforward conceptual and procedural
nature, this allows one to approach broad physical scenarios. In this sense,
one can choose the initial state of the auxiliary systems (e.g., Gibbs states for
thermal reservoirs) and the interaction terms, consider non-Markovianity43,
and derive local master equations under an appropriate scaling of the
interaction strength40.

In thiswork,we recognize thepost-selectionof the control as crucial for
SCO effects in theQS. Yet it also poses a potential exposure of the control to
environmental interactions. To account for such a process, we thus employ
the collisional model to examine the robustness of correlations between the
target and control states before thepost-selectionprocedure in theQSof two
arbitrary maps. The proposed general procedure is elucidated by con-
sidering the reservoir auxiliary systems as a set of qubits in the Gibbs state,
coupling with the system of interest through an excitation-conserving
interaction. Such an approach provides analytical results for the QS with an
open control. Within this analysis, we detect thermal instabilities caused by
environmental interactions. In particular, the instabilities in the QS of
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arbitrary quantum operations consistently diminish the contribution of
SCO terms, independently of the environment temperature. However, the
temperature influences the post-selection probabilities and conditional
states. In the low-temperature regime, the environment asymmetrically
shields one post-selection outcome, while in the high-temperature regime,
both outcomes are similarly affected, suppressing SCO. Overall, these
findings suggest that environmental interactions qualitatively alter the QS
behavior.

To illustrate our findings, we consider two paradigmatic applications.
First, we utilize our open-control QSmodel to analyze the SCO of channels
that describe non-selective measurements of incompatible observables,
transitioning from weak to strong projective measurement regimes44–46.
Additionally, we discuss how the dynamics of an open control can impact
the coefficient of performance of an SCO-powered refrigerator20. In both
cases, the instabilities and asymmetry caused by environmental interactions
strongly influence the effectiveness of the QS for the intended application.

Results
Quantum switch setup
Consider a quantum system S initially in a state ρS with local Hamiltonian
HS. The introduction of an auxiliary control degree-of-freedom C enables
the implementation of the QS, where the state ρC determines the order of
application of two (or possiblymore) quantummaps. That is, depending on
the state of the control, themaps are applied indifferent orderings.Given the
completely positive trace-preserving (CPTP) maps M and N with Kraus
operators {Mi} and {Ni}, respectively, such that

P
iM

y
i Mi ¼

P
jN

y
j Nj ¼

1S, the controlled-Kraus operators are written as

Wij :¼ MiNj � ∣0i 0h ∣C þ NjMi � ∣1i 1h ∣C: ð1Þ

The maps M and N act on the same system S, which is undergoing the
switch. Therefore, they both sum to the identity in the same space, i.e., 1S.
Note, however, that i and j can run over any finite number of values, which
need not coincide.

Then the effect of the QS map on the system-control state is

ρM$N
SC :¼ SM;N ðρS � ρCÞ ¼

X
ij

WijðρS � ρCÞWy
ij; ð2Þ

where the composite system-control state is assumed to be initially
separable. It follows that, if the control is in the state ∣0iC or ∣1iC , the maps
are applied in the definite order characterized by the sequential application
ofM andN or vice-versa, respectively.Hence, if the control is in a coherent
state, e.g., ∣ψ

�
C ¼ ffiffiffi

p
p ∣0iC þ ffiffiffiffiffiffiffiffiffiffiffi

1� p
p

∣1iC (p ≠ 0, 1), a superposition
between the causal orders can be achieved. Note that two states of C are
sufficient to implement a QS between two processes, which allows one to
effectivelymodel the control as a two-level system (i.e., a qubit) regardless of
the dimension of S. Then, the composite system-control state post-QS can
be written as25

ρM$N
SC ¼ Aþþ � ρC þ Aþ� � ρCσz

þ A�þ � σzρC þ A�� � σzρCσz;
ð3Þ

where σz is the z-Pauli matrix and we have defined the operators

Axy :¼
1
4

X
i;j

Mi;Nj

h i
x
ρS Mi;Nj

h iy
y

ð4Þ

with x, y ∈ {+ , −}, [X, Y]−:= XY − YX (i.e., the commutator) and
[X, Y]+: = XY + YX (i.e., the anti-commutator). Eq. (3) is fully general
regarding the channels applied in the QS and the initial state of the control.
For the purposes of this work, however, we take the paradigmatic special
caseof the initial state of the control beingρC ¼ ∣þi þh ∣C (where ∣± i are the
eigenstates of σx), which features maximal coherence in the computational
basis and, therefore, is among the best suitable initial states to explore SCO.

Thus, Eq. (3) becomes

ρM$N
SC ¼ Aþþ � ∣þi þh ∣þ Aþ� � ∣þi �h ∣

þ A�þ � ∣�i þh ∣þ A�� � ∣�i �h ∣:
ð5Þ

The joint state ρM$N
SC carries terms related to SCO. To see that, define the

following operators

Adef :¼ Aþþ þ A�� ¼ 1
2

X
i;j

MiNjρSN
y
j M

y
i þ NjMiρSM

y
i N

y
j

� �
ð6Þ

and

Aindef :¼ Aþþ � A�� ¼ 1
2

X
i;j

MiNjρSM
y
i N

y
j þ NjMiρSN

y
j M

y
i

� �
: ð7Þ

Observe that Adef is a convex combination of two terms: One with M
applied to the system, followed byN , and the other term representing the
opposite order. Therefore, Adef corresponds to a mixture of definite orders.
Aindef, however, corresponds to interference terms between the causal
orders, i.e., terms without definite causal order in the quantum description.
Since

A± ± ¼ 1
2
Adef ±

1
2
Aindef ; ð8Þ

we indeed see that indefinite order leaves an imprint in linearly independent
components of the joint system-control state of Eq. (5).

Even though the global state ρM$N
SC may carry terms associated with

SCO, the local state of system S is, up until this point, oblivious
to such phenomenon. In fact, tracing out the control in Eq. (5) leads to
A++ + A−− = Adef. In order for SCO to manifest upon the state of S
locally, a post-selection of the control state must be performed. This later
measurement, if implemented in the computational basis (associated
with the operator σz), defines an order for the operations. Indeed, since
the switch map associates each element of the control basis of σz with a
definite order of application of the maps M and N , the switch channel
maps, in particular, σz-incoherent states of the control onto σz-incoherent
states that can be associated with a classical mixture of orders. Because of
this, it is common to consider a post-selection of the control in a state
that has maximum coherence in the σz basis, e.g., the eigenstates ∣þi or
∣�i of the x-Pauli operator. From Eq. (5), the probability of each out-
come in the post-selection is simply

ppostð± Þ ¼ trSC 1S � ∣± i ±h ∣C
� �

ρM$N
SC

n o
¼ trS A± ±

� 	
: ð9Þ

Given that a post-selection of the control was made (and therefore
ppost( ± ) > 0), the conditional state of the system S is

ρM$N
S;± ¼ A± ±

tr A± ±

� 	 : ð10Þ

Given the fact that ρM$N
S; ± is proportional to A±±, we know that these

conditional states, obtained after the post-selection of the control, carry
terms associated with SCO.

Quantum switch with open control
Consider now an interaction of the control with an environment E right
before its post-selection. For that, we will make use of the collisional model,
in which the environment is represented as a stream of qubits in a well-
defined Gibbs state, i.e., ΘE ¼ expð�βEHEÞ=ZE , where HE is the bare
Hamiltonian of each environment qubit, βE = 1/TE is the inverse of tem-
perature TE, and ZE ¼ trfexpð�βEHEÞg is the partition function.
Throughout this work, we use units such that ℏ = kB = 1. Also, both the
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Hamiltonians of C and E are assumed to be resonant, and the eigenbasis of
HC is assumed to coincide with the post-selection basis, i.e., f∣þiC; ∣�iCg.
Then, we can write HC;E ¼ �ωσC;Ex =2 for a certain ω. Observe that the
choice of eigenbasis f∣þiE; ∣�iEg for HE does not constitute a further
restriction of our model since the reference frame for the environment can
be chosen arbitrarily. Meanwhile, the specified control Hamiltonian guar-
antees that, up to a phase, the post-selection basis is invariant over its free
dynamics. This model is represented in Fig. 1.

Between the controlled operation and the post-selection, the envir-
onment qubits interact one by one with the control qubit, i.e., each envir-
onment qubit couples with the control through some interaction
Hamiltonian for a finite time τ. After each interaction (also referred to as
collision), the composite system-control state is updated according to the
following map

ρnSC ¼ trE U ρn�1
SC � ρE

� �
Uy� 	

; ð11Þ

wheren is thenumberof collisions, the trace is appliedover the environment
degrees of freedom, and U ¼ expð�iτHtotÞ is the joint time evolution
operator with

Htot ¼ HS þ HC þHE þ VCE ð12Þ

the totalHamiltonian,Hα the bareHamiltonian of subsystemα, andVCE the
interaction between control and each individual environment qubit. The
latter will be assumed to have the following form

VCE ¼ g
2

σCz σ
E
z þ σCy σ

E
y

� �
; ð13Þ

where g is the coupling strength.
Note that Eq. (13) can also be expressed as

g ∣þi �h ∣C � ∣�i þh ∣E þ h:c:
� �

, with “h.c.” denoting Hermitian conjugate.
This corresponds to the usual Jaynes-Cummings coupling for a reservoir of
qubits47 (in the ∣± i basis representation). Such form represents a standard
system-reservoir coupling describing the exchange of excitation43,48. More-
over, this model is of thermodynamic interest since it commutes with the
sumof the local bareHamiltonians of the control and environment auxiliary
systems, i.e., ½HC þ HE;VCE�� ¼ 0. While the former assures excitation
conservation, the latter satisfies the strict energy conservation during the
energy flow49, which characterizes a thermal operation50,51 and also implies
that no work is performed during the collisions42. In simpler terms, the
thermal state is a steady state of the collisional map, and themean energy of
the interaction is constant, such that all energy that leaves the control enters
the environment, and vice versa.

It is noteworthy that our model considers a thermal environment and,
hence, it is relevant to matter-based implementations of SCO, e.g.,
Refs. 22,52. For photonic implementations, different noise sources are
relevant, and a different model needs to be considered.

Moreover, it is usual to assume that the interaction between the system
of interest (the control in our case) and each individual qubit of the envir-
onment is fast relative to a relevant temporal scale, e.g., gτ≪ 1. The model
can always be constructed to satisfy this condition, regardless of whether it
represents a scenarioofweakor strongcoupling.With this assumption, each
collision corresponds to a perturbation of the system of interest, and its
overall dynamics is more easily matched with the “standard” dynamics of
open systems. Indeed, this condition is necessary to derivemaster equations
from collisionalmodels38–41. In our work, however, we onlymake use of this
assumption in Eqs. (18) and (23).

Also, observe that the number of collisions is proportional to the
duration of exposure of the control to the environment, i.e., the lapsed time
between the end of the QS application and the measurement of the control.
Thus, thenumber of collisions that should be taken into account depends on
the specific experimental setup. One of our goals is to analyze how long or
short this period should optimally be.

Finally, starting with the post-QS state in Eq. (3) and considering the
initial stateρC ¼ ∣þi þh ∣C for the control, the difference equation inEq. (11)
canbe solved, leading to the followingcomposite system-control state aftern
collisions:

ρnSC ¼ BþþðnÞ � ∣þi þh ∣C þ Bþ�ðnÞ � ∣þi �h ∣C
þ B�þðnÞ � ∣�i þh ∣C þ B��ðnÞ � ∣�i �h ∣C;

ð14Þ

where Bþ�ðnÞ ¼ By
�þðnÞ :¼ einτωcosnðgτÞUn

SAþ�U
yn
S and

B ± ± ðnÞ :¼ 1
2 1 ± f E 1� cos2nðgτÞ
 �� 	

An
def

± 1
2 cos

2nðgτÞAn
indef

ð15Þ

with US :¼ expð�iτHSÞ being the time-evolution operator of the system,
An
def :¼ Un

SAdefU
yn
S ,An

indef :¼ Un
SAindefU

yn
S , and f E :¼ tanhðβEω=2Þ. Note

that An
def and An

indef are the time-evolved versions of Adef and Aindef for a
period τ, respectively. Eq. (14) constitutes ourmain result, as it gives the joint
system-control state after n collisions, for any implementation of the
2-quantum switch with its control affected by the environment. Hence, we
can now examine how this open control affects the operation of the QS.

Note that Eq. (14) is analogous to Eq. (5), differing only by the change
Axy ! BxyðnÞ. Given that this is the only formal change on ρM$N

SC intro-
duced by the open control, we can understand the effect of the environment
by analyzing how these coefficients Bxy behave and how they compare to

Fig. 1 | General scheme of the model analyzed in this work. One starts with a
system in the state ρS and a control in the state ρC. Initially, they are uncorrelated and
the composite state ρS ⊗ ρC undergoes a quantum switch (QS) map SM;N . Before
being measured, the control is then considered to interact with an external thermal
environment with the inverse of temperature βE, which is modeled according to the
collisional model framework. The environment then consists of a stream of qubits in
the thermal state ΘE ¼ expð�βEHEÞ=ZE (HE and ZE ¼ trfexpð�βEHEÞg are the

Hamiltonian and partition function, respectively) which one-by-one come and
locally interact with the control degree-of-freedom through the unitary UCE. After
each collision, the new composite system-control state is given by ρkSC , where k
corresponds to the number of collisions that have already happened. Finally, after n
collisions, onemeasures the σx operator of the control, which is equivalent tomaking
projections onto the basis f∣þiC; ∣�iCg. The result of the measurement directs the
local state of the system to either ρnS;þ or ρnS;� .
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Axy. Before we do so, first note that

Bxyð0Þ ¼ Axy; ð16Þ

so the limit with the traditional closed control in Eq. (5) is reproducedwhen
there are no collisions. Second, the local state of the system after n collisions
is given by

ρnS ¼ trC ρnSC
� 	 ¼ BþþðnÞ þ B��ðnÞ ¼ An

def

¼ 1
2
Un

S N °MðρSÞ þM°N ðρSÞ

 �

Uyn
S

ð17Þ

for alln, where the last equality comes fromEq. (6) and thedefinitionofAn
def .

This shows that ρnS corresponds to themixture of causally ordered quantum
maps, unitarily evolved according to the local Hamiltonian, as expected.
Third, in the limit ofmany collisions,n→∞, the joint system-control state is

lim
n!1

ρnSC ¼ lim
n!1

BþþðnÞ
h i

� ∣þi þh ∣C þ lim
n!1

B��ðnÞ
h i

� ∣�i �h ∣C

¼ lim
n!1

An
def

� �
� 1þ f E

2
∣þi þh ∣C þ 1� f E

2
∣�i �h ∣C

� 

¼ ρ1S �ΘβE

;

ð18Þ

wherewehaveused that cos gτ
� �

<1 to calculate the limits ofBxyðnÞ, andΘβE
corresponds to the thermal state of the control relative to the inverse of
temperature βE. That is, the joint state becomes a product one, showing that
the correlations are suppressed in the asymptotic limit, with the control
system being in the thermal state, as expected.

Post-selection
Since the local state of the system S can only carry effects of SCOwith a post-
selection of the control, we now focus on the effect of the environment on
such post-selection (again, in the ∣± iC basis). The equations that give us the
post-selection probabilities and conditional states can be obtained directly
from Eq. (14) (and by direct analogy with Eqs. (9) and (10)), i.e.,

pnpostð± Þ ¼ tr 1S � ∣± i ±h ∣C
� �

ρnSC
� 	 ¼ tr B ± ± ðnÞ

� 	
; ð19Þ

and

ρnS; ± ¼ pnpostð± Þ
h i�1

B ± ± ðnÞ; ð20Þ

respectively.

We note that Eqs (19) and (20) make explicit what was already
anticipated: In order to understand howSCO is affected by the environment
and the different parameters of this interaction (such as the number of
collisions, temperature, etc), we only need to analyze how these parameters
change the operators B ± ± . To do so, we first rewrite these as

B ± ± ðnÞ ¼
b±
def ðn; f E; gτÞ

2
An
def þ

b±
indef ðn; gτÞ

2
An
indef ; ð21Þ

where, by Eq. (15),

b±
def ðn; f E; gτÞ :¼ 1 ± f E 1� cos2nðgτÞ
 �

;

b±
indef ðn; gτÞ :¼ ± cos2nðgτÞ: ð22Þ

Eq. (21) shows that b±
indef modulates the impact of SCO in the post-selection:

The higher jb±
indef j, the higher the SCO effect of a given QS; whenever this

term is null, there is no SCO effect at all. In fact, we can get valuable
information from the dependence of b±

indef on n: Collisions monotonically
decrease the effect of SCO. Indeed, using that 0 < gτ < 1,

jb ±
indef ðnþ 1; gτÞj<jb±

indef ðn; gτÞj: ð23Þ

Moreover, the maximum value of jb±
indef j, obtained at n = 0, is

jb ±
indef ðn ¼ 0; gτÞj ¼ 1, while in the asymptotic limit we get

b±
indef ðn ! 1; gτÞ ¼ 0, in accordance with Eq. (17). This qualitative
behavior of jb±

indef ðn; gτÞj is depicted in Fig. 2, where we have assumed that
gτ= 0.2. Note that b±

indef ðn; gτÞ is not a function of the temperatureTE of the
bath and its frequency ω.

Such independence, however, does not imply that these quantities
have no effect on the post-selection as a whole. Indeed, b±

def is affected by
these parameters through fE, which, in turn, impactsB ± ± , reflecting on the
post-selection probability pnpostð± Þ and the conditional states ρnS; ± . Using
the fact that tr An

indef

� 	 ¼ tr Aindef

� 	
and tr An

def

� 	 ¼ 1, Eq. (19) can be
rewritten as

pnpostð± Þ ¼
1
2

b±
def ðn; f E; gτÞ þ b±

indef ðn; gτÞ tr Aindef

� 	
 �
: ð24Þ

Also, with Eqs. (20) and (21), we have

ρnS;± ¼ pnpostð± Þ
h i�1 b±

def ðn; f E; gτÞ
2

An
def þ

b±
indef ðn; gτÞ

2
An
indef

� �
: ð25Þ

Let us look into the impact of the two extreme temperature regimes on
these objects. Themost interesting case is the conditionTE→ 0 (i.e.,βE→∞
and fE→ 1), particularly for the post-selection on ∣�iC . In this case, it can be
seen that b�def ¼ �b�indef . Then, from Eq. (25), we get

lim
βE!1

ρnS;� ¼ b�def Adef � Aindef

� �
b�def 1� tr Aindef

� 	� � ¼ An
��

tr An
��

� 	 : ð26Þ

Therefore, independently of the particular channels inside of the QS, the
conditional state ρnS;� is completely shielded from the environmental
interactions. After a post-selection on ∣�iC , the obtained state of S is
oblivious to the impact of the environment on the control, being the result of
local evolution independently of thenumber of collisions. This limitmust be
considered with care, though, since the probability of attaining such a post-
selection goes to zero as n increases since

lim
βE!1

pnpostð�Þ ¼ cos2n gτ
� � 1� tr Aindef

� 	� �
2

ð27Þ

¼ cos2n gτ
� �

p0postð�Þ; ð28Þ

Fig. 2 |Monotonic behavior of superposition-of-causal-order (SCO) features as a
function of the number of collisions n. It has been assumed that gτ= 0.2. As follows
from Eq. (23), the SCO features encoded in jb±

indef ðn; gτÞj decrease monotonically
with increasing number of collisions n. In our framework, this happens indepen-
dently of the environment temperature TE and the system’s frequency ω.
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where p0postð�Þ is the probability of post-selection without any environ-
mental action on the control. Intuitively, in the limit TE → 0, the bath is
initialized in ∣þi þh ∣E , which induces thermalization of the control in the
state ∣þi þh ∣C , reducing the probability of post-selection on ∣�iC .

The low-temperature regimedoesnot provide sucha shielding effect in
the case of post-selection in the ∣þiC outcome,which occurswith increasing
probability as n grows. Indeed, in that case bþdef ¼ 2� bþindef , and sub-
stituting this into Eq. (25) shows that there is always an impact of the
environmental interactions on the state ρnS;þ. Specifically, as we already
know, the SCO contribution is suppressed with increasing n, and only
definite order terms survive.

Finally, in the TE →∞ case (i.e., βE → 0 and fE → 0), b±
def ¼ 1 for all

values of n, implying that the definite order terms are not affected by the
interactions. The latter only suppresses the SCO contributions to ρnS;± , thus
providing no shielding effect. As another difference to theTE→ 0 regime, in
which the probability of the post-selection in the ∣�iC state always decreases
with n, in the high-temperature regime the collisions may affect the post-
selection probabilities in different ways depending on the model. That is,
whether pnpostðþÞ or pnpostð�Þ increases with n depends on the particular
implementation of the QS, as it depends on the sign of tr Aindef

� 	
, as evi-

denced by

lim
βE!0

pnpostð± Þ ¼
1þ b ±

indef tr Aindef

� 	
2

: ð29Þ

In Fig. 3, we show some examples of the behavior of b±
def with temperature,

where an intermediate and the limit cases described above can be seen.
In this section, we have analyzed the general, model-independent

results coming from Eq. (14). However, the expression for the conditional
states and actual value of pnpost depend on the particular implementation of
the QS. These results are organized in Table 1.

To illustrate our results, we present next two particular applications. In
both applications, we consider two operations whose composition leads to
the same resulting operation, regardless of the order of composition.Hence,

any deviation from the expected output after the QS indicates SCO. Spe-
cifically, the first application considers a QS of two monitoring channels
associated with MUBs. Monitoring channels are interpolations between
weak and strong non-selective measurements45. In particular, in the limit of
strong measurements, the monitoring map becomes a dephasing channel,
and the composition of two of these maps associated with MUBs becomes
the complete depolarizing channel, independently of the order of compo-
sition. Nevertheless, there is a benefit in using the QS in this case: the
resulting channel is capable of partiallymaintaining the quantumcoherence
of a given input, i.e., there remains some available quantum information
after an input system goes through the channels in SCO. We analyze in
detail how the remaining information is susceptible to environmental effects
on the control. Our conclusions are summarized in Figs. 4 and 5. These
resultsmay be relevant for the discussions of communication through noisy
channelswith SCO16,53.Moreover, theymay facilitate an in-depth analysis of
how instabilities manifest in higher-dimensional systems in future work.

In the second application, we shift our focus to the analysis of how the
open control impacts the performance of a thermodynamic protocol, spe-
cifically the refrigeration enabled by SCO20. The protocol considers two
baths at the same temperature. While a system thermalizes to this tem-
perature when both baths are applied to it, the action of these baths in SCO
leads the system to thermalize to a distinct (lower) temperature. Hence, this
protocol corresponds to a QS-based refrigerator. It is noteworthy that this
particular machine requires a specific post-selection of the control state.
Crucially, as we show, this outcome is associated with the scenario where
instabilities are most pronounced, although they can still be mitigated in a
low-temperature regime. To illustrate our findings, we present in
Figs. 6 and7how the coefficient of performanceof the refrigerator is affected
by the environmental interactions with the control.

Application: Monitoring of mutually unbiased bases (MUBs)
Monitoringmaps areCPTPmaps that interpolate betweenweak and strong
non-selective measurements. They can be defined as44,45

Mϵ
OðρSÞ :¼ ð1� ϵÞρS þ ϵΦOðρSÞ; ð30Þ

where 0⩽ ϵ⩽ 1 is themeasurement strength and themapΦO is a dephasing
of system S in the eigenbasis of the operator O ¼PααOα, i.e.,

ΦOðρSÞ :¼
X
α

OαρSOα ¼
X
α

pαOα ð31Þ

with pα ¼ trfOαρSg, and Oα are projectors such that OαOα0 ¼ δαα0Oα.
MapΦO can be interpreted as the projective measurement of observable O
without having its outcome revealed. A possible choice of Kraus decom-
position for this operation is K0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
1� ϵ

p
1S and Kj ¼

ffiffiffi
ϵ

p Oj. These
maps satisfy the property

Mϵ
O°Mϵ0

OðρÞ ¼ Mϵ00
O ðρÞ; ð32Þ

where ϵ00 ¼ ϵþ ϵ0 � ϵϵ045.

Fig. 3 | Thermal effects on definite order features as a function of the number of
collisions n. It has been assumedω = 1, and gτ = 0.2. βE has units of inverse ofω. The
red solid curve represents βE = 0, the dotted purple curve represents βE = 1, and the
dot-dashed blue curve represents βE = 10. In low-temperature regimes, the definite
order terms are suppressed for (b) the ∣�i-output compared to (a) the ∣þi-output. In
the limit TE→∞, both quantities converge to the same value—as can be seen in (a)
and (b).

Table 1 | Limiting cases for the open control model

Impact of temperature onQS as the number of collisions n→∞

ρnS;� pn
postð�Þ ρnS;þ pn

postðþÞ
Low-TE
(βE → ∞)

Shielding effect:
SCO survives

Goes to 0 SCO is
suppressed

Goes to 1

High-TE
(βE → 0)

SCO is
suppressed

Goes to 1
2

SCO is
suppressed

Goes to 1
2

For highexternal temperaturesTE, theSCOcontribution for bothpost-selectedstates is suppressed
with probabilities approaching 1/2. For low temperatures, while the SCO contribution for ρnS;þ is

suppressed, the contribution for ρnS;� shows to be shielded against the environmental interactions,

i.e., independent of the number of collisions. Despite the shielding, the probability of post-selecting
∣�iC and ∣þiC goes to 0 and 1, respectively.
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Before discussing the application of these channels in SCO, it is
worth noting that the above operations always decrease the amount of
information in the reference frame of the system. By the concavity of the
von Neumann entropy, it follows that SðMϵ

OðρSÞÞ⩾ ð1� ϵÞSðρSÞ þ
ϵSðΦOðρSÞÞ and

I ðρSÞ � I ðMϵ
OðρSÞÞ⩾ ϵCOðρSÞ⩾ 0; ð33Þ

where COðρÞ :¼ SðΦOðρSÞÞ � SðρSÞ is the relative entropy of coherence
related with the observable O and I ðρSÞ ¼ ln dS � SðρSÞ is the available
informationon the system,withdS being the system’s dimension.Therefore,
the available information exhibits a monotonic relation as a function of the
monitoring strength45.

Here, we are interested in the scenario in which the operators O and
O0O′ are associated with MUBs. In this case, it can be verified
that ΦO° ΦO0 ðρSÞ ¼ ΦO0 ° ΦOðρSÞ ¼ 1S=dS. This implies that two con-
secutive monitorings of MUBs commute, in the sense that

Fig. 4 | Available information in the system after the post-selection of the control
in the state ∣þi þh ∣ as a function of the measuring strength. Here, we assume
ρS ¼ ∣þi þh ∣S,ωS=ω= 1, and gτ= 0.2. βhas units with the inverse ofωS.We consider
the behavior of I ðρnS;þÞ as a function of the strength ϵ of the monitoring maps for
different number of collisions n and in the case in which the control has been
exposed to an environment with (a) high and (b) low temperatures before its post-
selection. The red curve ("definite'') shows the available information for the mon-
itoring maps applied in definite causal order.

Fig. 5 | Available information in the system after the post-selection of the control
in the state ∣�i �h ∣ as a function of the measuring strength. Here, we assume
ρS ¼ ∣þi þh ∣S, ωS =ω = 1, and gτ = 0.2. β has units with the inverse ofωS. The graphs
show the available information for different numbers of collisions n in the case of an
environment with (a) high and (b) low temperatures. It can be observed that part of
the instabilities associated with this post-selection can be attenuated in the low-
temperature regime. The red curve ("definite'') shows the available information for
the monitoring maps applied in definite causal order.

Fig. 6 |Normalized coefficient of performance (COP) as a function of the number
of collisions. The dashed line represents the point where COPn/COP0 = 0 and
separates the regions where 0 ⩽ COPn/COP0 ⩽ 1 (red/blue tones) and COPn/
COP0 < 0 (white/black tones and out of the regime of interest). Parameters:
ωS = ω = 1, βhot = 1, βcold = 1.5βhot, 0 ⩽ βE ⩽ βcold, gτ = 0.1 and ΔβE = 0.01 for the
density plot.

Fig. 7 | Normalized coefficient of performance (COP), considering the control
heat exchange, as a function of the number of collisions. The dashed line repre-
sents the point where COP0n=COP

0
0 ¼ 0 and separates the regions where

0⩽COP0n=COP0
0⩽1 (red/blue tones) and COP0

n=COP
0
0<0 (white/black tones and out

of the regime of interest). Parameters: ωS = 1, βhot = 1, βcold = 1.5βhot, gτ = 0.1 and
Δω = 0.01 for the density plot.
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Mϵ0
O0 °Mϵ

OðρSÞ ¼ Mϵ
O°Mϵ0

O0 ðρSÞ for every measurement strengths ϵ and
ϵ0. The output state reads

Mϵ0
O0 °Mϵ

OðρSÞ ¼ ð1� ϵÞð1� ϵ0ÞρS þ ϵð1� ϵ0ÞΦOðρSÞ
þ ϵ0ð1� ϵÞΦO0 ðρSÞ þ ϵϵ01S=dS:

ð34Þ

Employing the concavity of the von Neumann entropy, it follows that

I ðρSÞ � I ðMϵ0
O0 °Mϵ

OðρSÞÞ⩾ϵϵ0I ðρSÞ þ ϵð1� ϵ0ÞCOðρSÞ
þ ϵ0ð1� ϵÞCO0 ðρSÞ:

ð35Þ

which is a non-negative quantity from the positivity of the available
information, the relative coherence for each basis, and 0⩽ ϵ; ϵ0 ⩽ 1.
Therefore, we conclude that

I ðρSÞ⩾ I ðMϵ0
O0 °Mϵ

OðρSÞÞ; ð36Þ

which implies the monotonicity of the available information under con-
secutive monitoring.

For simplicity, from now on we set ϵ ¼ ϵ0 to discuss the quantum
switch of these monitoring maps. Consider the general equation after QS
and collisions of control with an environment at inverse temperature β in
Eq. (14) with M ¼ Mϵ

O and N ¼ Mϵ
O0 (same monitoring strength

ϵ ¼ ϵ0), where the operators are O ¼PααiOi and O0 ¼Piα
0
iO0

i
(Oi ¼ ∣oi

�
oi
�

∣ and O0
i ¼ ∣o0i

�
o0i
�

∣ are projectors onto the bases f∣oi
�gi andf∣o0i

�gi, respectively). In this case, M0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� ϵ

p
1S, Mj ¼

ffiffiffi
ϵ

p Oj,
N0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
1� ϵ

p
1S, and Nj ¼

ffiffiffi
ϵ

p O0
j.

A trivial case is when O0 ¼ O. Because of the property in Eq. (32), it
can be checked that the switch map reduces to Mϵ0

O � 1C , where
ϵ0 ¼ 2ϵ� ϵ2. This conclusion and the property in Eq. (34) may lead
someone to wrongly believe that a similar result holds when the eigenbases
ofO andO0 areMUBs, for which hoijo0ji ¼ eiϕij=

ffiffiffiffiffi
dS

p
. However, this is not

the case. Indeed, from Eqs. (6), (7), and (26), we have

ρnS;± ¼ b±
def ðn; f E; gτÞ þ b±

indef ðn; gτÞ
2pnpostð± Þ

Un
SMϵ

O0 °Mϵ
OðρSÞUyn

S

þ ϵ2
b±
indef ðn; gτÞ

2dSpnpostð± Þ
×

1
2

X
i;j

Un
S e2iϕij ∣oi

�
o0j
D

∣ρS∣oi
�

o0j
D

∣þ h:c:
� �

Uyn
S � 1S

" #
;

ð37Þ

where

pnpostð± Þ ¼ tr B ± ± ðnÞ
� 	 ¼ b±

def ðn; f E; gτÞ
2

þ b ±
indef ðn; gτÞ

2
Re χ
� 	 ð38Þ

with Re χ
� 	 ¼ tr Aindef

� 	
and

χ ¼ ð1� ϵÞ2 þ 2ϵð1� ϵÞ þ ϵ2

d3=2S

X
i;j

eiϕij
D
o0j∣ρS∣oi

E
: ð39Þ

This result is valid for any finite-dimensional system. For simplicity, in the
specific case that the system is a qubit in the initial state ρS ¼ ∣þi þh ∣S, the
Hamiltonian is in the σx basis and the observables areO ¼ σz andO0 ¼ σx ,
the state post-QS, collisions and post-selection reads

ρnS; ± ¼ 1
2pnpostð± Þ 1� ϵ

2

� �
b±
def ðn; f E; gτÞ þ b±

indef ðn; gτÞ
� �

∣þi þh ∣S



þ ϵ
2 b±

def ðn; f E; gτÞ þ b±
indef ðn; gτÞ 1� ϵð Þ� �

∣�i �h ∣S
� ð40Þ

with pnpostð± Þ ¼ 1
2 b±

def ðn; f E; gτÞ þ b±
indef ðn; gτÞ 1� ϵ2

2

� �
 �
. One then sees

that the post-selected state is diagonal in the eigenbasis of σx. Finally, we
calculate the available information to analyze how much information is

stored in this state as the number of collisions increases for different
measurement strengths,
I ðρnS; ± Þ ¼ ln 2� 1

2pnpostð± Þ
ϵ

2
� 1

� �
b±
def ðn; f E; gτÞ þ b ±

indef ðn; gτÞ
� �h

ln
1� ϵ

2

� �
b±
def ðn; f E; gτÞ þ b±

indef ðn; gτÞ
� �

2pnpostð± Þ

 !

� ϵ

2
b±
def ðn; f E; gτÞ þ b±

indef ðn; gτÞ 1� ϵð Þ� �
ln

ϵ

2
b ±
def ðn; f E; gτÞ þ b ±

indef ðn; gτÞ 1� ϵð Þ
2pnpostð± Þ

 !#
:

ð41Þ

With the help of graphs, we shall analyze it.
In Fig. 4 we plot the available information I ðρnS;þÞ—the control is

found to be in the ∣þiC state—for an increasing number of collisions in two
different temperatures: (a) one order of magnitude above and (b) one order
ofmagnitude below the energy scale of the system. In both temperatures, for
zero collisions and ϵ = 1.0, one sees that the QS followed by post-selection
secures some information in the state of the system. As the number of
collisions increases, the available information decreases monotonically to
the lower limit of definite causal orders, where ϵ = 1.0 means that no
information is left in the state of the system.

On theotherhand,when the control is found tobe in the ∣�iC state, the
situation changes dramatically. When plotting I ðρnS;�Þ in Fig. 5, also for (a)
high and (b) low temperatures and different number of collisions, the
anticipated consequences previously discussed is observed. Already for high
temperatures, when the number of collisions is low (ρ0S;� ¼ ∣�i �h ∣S
exceptionally) the available information is non-monotonic with ϵ, even-
tually reaching monotonicity for a high number of collisions, for which the
available information coincides with the definite order scenario. However,
when the temperature is low, the available information has a valley for a
small value of ϵ and grows back to the maximum value for increasing
measurement strength. This increase becomes slower for more collisions,
such that, for ahighnumberof collisions (n≳300),wehavemonotonicity in
ϵ, and the curves approximate the definite order behavior. It is worth noting
that, followingEq. (25)wehaveρnS;� � ∣�i �h ∣S for anarbitraryn. This state
has maximum available information I ð∣�i �h ∣SÞ ¼ ln 2. It means that, as
the temperature approaches zero, the probability of projecting the control
on ∣�iC is suppressed and, at the same time, the anticipated shielding effect
presented in Table 1 is observed.

Application: QS-based refrigerator
In the context of quantum thermodynamics, a QS has been employed to
design a refrigerator cycle20. Instead of introducing the original proposal,
here we start by presenting a modified version of it that includes the
environmental effects on the control, i.e., adding a step in which the control
interacts with a thermal environment within the collisional model para-
digm. Such an interaction takes place right after the switch is performed and
before themeasurement of the control qubit (see Supplementary Note 2 for
more details). The reason for not introducing the original proposal from
Ref. 20 is that it is fully recovered in our model in the limit of no collisions,
i.e., n→ 0.

Let us assume the system S is a qubit described by a Hamiltonian
HS ¼ �ωSσ

S
z=2. Initially, the system is prepared in a thermal state with the

inverse temperature βcold relative to a reference cold bath, i.e.,
Θβcold

¼ expð�βcoldHSÞ=Zcold
S , where Zcold

S ¼ trfexpð�βcoldHSÞg is the
partition function. The system is then put together to a control auxiliary
systemC in the ground state of −σx (i.e., ∣þi þh ∣),whichplays the role of the
degree-of-freedom conducting the causal order of two identical thermali-
zation maps with cold baths characterized by βcold (the protocol requires at
least two baths to operate). Hence, the composite state system-control pre-
QS is given by the following product state Θβcold

� ∣þi þh ∣C .
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Then, the QS is applied to the target system according to Eq. (2), with

Mi ¼ Nj ¼
ffiffiffiffiffiffiffiffiffiffi
Θβcold

2

r
Ui;

ð42Þ

where the fUigi form a set of orthogonal unitary operators. Following the
procedure in Ref. 20, the state post-QS is given by

ρ0SC ¼ 1
2

Θβcold
� 1C þ Θ3

βcold
� σx

� �
; ð43Þ

where the upper index 0 denotes that this is the state pre-open dynamics.
As a next step, we consider that before measuringC and post-selecting

the state of S, the control will be interacting with a thermal bath with the
inverse of temperature βE for a certain time. Here we follow the guidelines
presented in the main text, with all the local Hamiltonians and interactions
there presented. Thefinal composite system-control state aftern collisions is
then found to be equal to

ρnSC ¼ 1
2
Θβcold

� 1C þ 1� b�def ðn; f E; gτÞ
� �

σx

 �

� 1
2
b�indef ðn; gτÞΘ3

βcold
� σx;

ð44Þ

where f E :¼ tanh βEω=2
� �

. SubsequentlyC ismeasured in the f∣þiC; ∣�iCg
basis, resulting in two possible procedure branches. On the one hand, if one
measures ∣þi þh ∣C , the post-selected state of the system ρnS;þ is classically
thermalized to the cold temperature βcold and the cycle is repeated. On the
other hand, in case one measures ∣�i �h ∣C , the post-selected state of the
system ρnS;� goes through two consecutive classical thermalizations with a
hot and cold bath, respectively characterized by βhot and βcold, s.t.,
βcold > βhot. This last step closes the cycle in this branch, allowing the
repetition of the whole procedure (the protocol is represented in
Supplementary Fig. 1).

Thepost-measurement state of the systemaftern collisions iswritten as

ρnS; ± ¼
Θβcold

2pnpostð± Þ
b±
def ðn; f E; gτÞ þ b ±

indef ðn; gτÞΘ2
βcold

h i
ð45Þ

with measurement probability given by

pnpostð± Þ ¼
b±
def ðn; f E; gτÞ

2
þ b ±

indef ðn; gτÞ
2

1� 3
4
sec h2

βcoldωS

2

� 
� 

:

ð46Þ
The refrigerator works by effectively removing energy from the cold
reservoir in a cyclic manner. The energetic exchange from each step can be
straightforwardly computed, as well as its average quantities over many
cycles (see SupplementaryNote 2 formore details). In this sense, the average
heat transferred from the cold bath is given by Qn � pnpostð�ÞQn;�, where

Qn;� :¼� ωS
b�indef ðn; gτÞ
8pnpostð�Þ tanh

βcoldωS

2

� 

sech2

βcoldωS

2

� 


þ 1
2
ωS tanh

βhotωS

2

� 

� tanh

βcoldωS

2

� 
� � ð47Þ

is the heat exchanged from a single cycle of the branch if one measures
∣�i �h ∣C . The setup works as a refrigerator whenever Qn>0, when we
guarantee that heat is extracted from the cold baths (see Supplementary
Fig. 2 for the case n = 0).

Additionally, since the average energetic cost of the measurement is
null, the average work expended for running the refrigerator is entirely due
to Landauer’s erasure process54 once one considers the stored measured

information, i.e.,

Wn :¼ Werasure
n � � 1

βhot

X
k¼±

pnpostðkÞ ln pnpostðkÞ
� �

: ð48Þ

Note that we consider the erasure to be performed with the accessible hot
bath, so the cold one remains unperturbed during such a process, and no
other bath is necessary to be included.

Along these lines, the efficiency of the refrigerator can be quantified by
the coefficient of performance (COP), defined as the ratio of the heat
transferred from the cold bath over the work cost, i.e.,

COPn :¼
Qn

Wn

¼ pnpostð�Þ Qn;�
Werasure

n
: ð49Þ

Figure 6 shows the refrigerator’s performance behaviour considering
the control is an open system, for different numbers n of collisions and
distinct values of βE for the external thermal bath, s.t., 0 ⩽ βE ⩽ βcold. As
expected, such interaction, characterized by the collisions, decreases the
refrigerator’s cooling ability, i.e., COPn < COP0 for n > 0. From Eq. (44) it is
clear the composite system-control state asymptotically approaches a cau-
sally ordered product state in terms of n, such that both states S and C are
locally thermal. The open control dynamics destroy the desired correlations,
which decreases the amount of heat extracted from the cold bath due to the
applicationof theQS.Also, it is possible to observe theCOPdecay slower for
lower temperatures, closer to the cold bath one, which means the refrig-
erator functioning is more resilient over low-temperature perturbation.

Nevertheless, if the control is, in fact, in contactwith the cold bath, such
that βE ≡ βcold, then one should also take into account its energy change.
Such a situation is reasonable for settings where the control cannot be fully
detached from the other physical systems, particularly from the cold bath
under consideration. In this sense, the heat transferred to the control after n
collisions with the cold bath is given by

Qn
CE ¼ � 3

8
ωsec h2

βcoldωS

2

� 

þ 1

2
ωb�def ðn; f cold; gτÞ

þ 1
2
ωb�indef ðn; gτÞ 1� 3

4
sec h2

βcoldωS

2

� 
� 

:

ð50Þ

Hence, both the average heat and COP should be modified, s.t., Q0
n ¼

pnpostð�ÞQn;� þQn
CE and

COP0n ¼ pnpostð�Þ Qn;�
Werasure

n
þ Qn

CE

Werasure
n

: ð51Þ

Note that in such a scenario, one is effectively including C into the working
substanceof the refrigerator. Figure 7 showshowtheCOP0

n behaves in terms
of ω and n when the control is explicitly considered. In particular, it is
possible to see the normalized COP remains positive for a specific gap
bandwidth. These values correspond to the parameter region where C can
extract energy from the cold bath after the switch application, i.e., under
these conditions, one guarantees heat flux such thatQn

CE > 0, which assists
the cooling process (see Supplementary Note 2 for more details and Sup-
plementary Fig. 3 for the case n = 100).

Discussion
In this work, we have characterized the environmental-induced instabilities
mediated by the control system in the QS of two arbitrary quantum opera-
tions. Having an open control (with the Jaynes–Cummings-like interaction
presented here) always negatively impacts the contribution of SCO in aQS. An
important aspect highlighted in this work is the influence of the bath para-
meters on the SCO. In the low-temperature case, the bath induces an inter-
esting asymmetry, where ρnS;� is shielded from the impact of the environment
—even though such a post-selection becomes more unlikely with each addi-
tional collision. However, the favored outcome in the low-temperature regime,
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∣þiC , is always affected by the collisions, which suppress SCO. Both outcomes
are similarly affected in the high-temperature regime, with SCO being sup-
pressed and the post-selection probability for each outcome becoming equally
likely in the limit n → ∞, as summarized in Table 1. Therefore, in any
implementation of the QS where the control may be subject to environmental
interactions, one should expect a qualitatively different behavior.

From a thermodynamic perspective, the environment auxiliary sys-
tems play major roles, i.e., they both exchange an energy amount ΔEn

E with
the control and induce entropic changes. Such couplings are the root of the
process of dissipation and irreversibility undergone by the control. As
previously mentioned, given the Hamiltonian structure of Eq. (12), energy
conservation holds during each collision in away that nowork is performed
and ΔEn

C :¼ tr ρnC � ρn�1
C

� �
HC

� 	 � �ΔEn
E . Hence, the total heat trans-

ferred to the control after n collisions can be cast as (see Supplementary
Note 1 for more details)

2
ω
Qn

CE ¼ b�def ðn; f E; gτÞ � 1
� �þ b�indef ðn; gτÞ þ 1

� �
tr Aindef

� 	
: ð52Þ

Therefore, the total entropy production of the composite SC state is given by
the difference between the total entropy change ΔSn

SC ¼ SðρnSCÞ � Sðρ0SCÞ
and the total entropy flux βEQn

CE accompanied by the heat55, i.e.,

Σn
SC ¼ ΔSn

SC � βEQn
CE; ð53Þ

whereSðρÞ :¼ �trfρ ln ρg is the vonNeumannentropyof ρ. This quantifies
in thermodynamic terms the irreversibility of the open system dynamics of
the control with the environment.

The main result of this work is to provide a methodology for con-
sidering an open control quantum switch that can be employed to analyze
the effect of the environmental instabilities in the figure of merits of several
quantum switch-based protocols. To illustrate this, we have employed our
framework to analyze the consequences of having an open control in two
distinct contexts, namely, the QS of monitoring of mutually unbiased bases
(MUBs) and a quantum refrigerator induced by SCO20. In particular, we
have considered the available information after n collisions and post-
selection of the control, I ðρnS;± Þ. This quantity was shown to have asym-
metric behaviors according to the post-selection, i.e., while a post-selection
in ∣þiC preserves themonotonic decreasing relation with themeasurement
strength of each map, the ∣�iC post-selection breaks such monotonicity.

The significant instabilities identified in this study, particularly in the
asymmetric input-output configuration of the control, hold special rele-
vance for protocols relying solely on this post-selection as the refrigerator
induced by SCO20. In this model, we have demonstrated how these
instabilities consistently degrade its performance. An intriguing avenue for
future research would involve developing protocols resilient to such
instabilities or considering whether they can be identified as an additional
resource. Moreover, our collisional model can be adjusted to incorporate
features such as non-thermal baths with quantum coherence41 and non-
Markovian interactions56, for instance.

Finally, the instabilities observed in the SCO with an open control are
not restricted to the quantum switch protocol. These instabilities may also
affect any quantum-controlled protocol that necessitates a final measure-
ment in the control system, thereby rendering the system susceptible to
environmental influences. This applies, e.g., to protocols such as the
superposition of operations16,53, superposition of opposite time directions57,
and quantum-controlled delayed-choice experiments5.
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